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Model-based optimization of the production of polyvinyl acetate
Fernando Aller
Institute Jožef Stefan, Department of Systems and Control,
Jamova 39, SI-1000 Ljubljana, Slovenia; Email:
Fernando.aller@ijs.si;

Abstract: A detailed dynamic model of the polymerization reaction of vinyl acetate in a reallife industrial reactor has been developed. The purpose of this model is to allow for different
optimization and control studies. With the recipe and the operating procedures observed in the
factory as inputs, the model predicts with reasonable accuracy the quality variables, namely:
the final conversion, the average particle diameter, the solids content and the viscosity. The
model provides further insight into the reaction kinetics and allows us to make knowledgebased decisions. The model is intended to run a model-based optimization of the policy of
adding monomer in order to reduce the batch time. This variable has to be modified together
with the initiator flow rate to keep the quality variables constant.
Keywords:
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INTRODUCTION

In an environment of increasing demands and competitiveness, polymer manufacturers
need to improve their production capabilities with the minimum of expenditure. The first
option to be considered, before deciding whether to invest in additional equipment, is to
optimise existing resources.
Mitol d.d., a medium-sized factory in Sežana, Slovenia, is currently working at over
ninety per cent of its capacity. The company now wants to increase its production capacity.
Current research efforts are focused on reducing the batch time. The large quantities of raw
materials and equipment resources involved in a batch prevent us from performing
experiments directly in the plant. For this reason, developing a reliable model of the
polymerization reaction as carried out in the factory is considered to be the best option.
No model to date has dealt with the behaviour of the reaction in a commercial
manufacturing process. Although the fundamental steps and mechanisms in the reaction
remain the same, other considerations regarding the operating procedures and the mechanisms
of control need to be included. The influence of human operators also introduces a degree of
uncertainty; a completely different situation to the accuracy and extensive documentation of
the experiments performed in laboratories.
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THE PROCESS

The reaction modelled is the polymerization of vinyl acetate, using poly(vinyl alcohol) as
the protective colloid and potassium persulphate as an initiator. The 7-m3 reactor is
continuously stirred. The use of a polymeric emulsifier affects the kinetics of the reaction and
the mechanism of stabilization of the particles [1-2]. It also increases the rate of thermal
decomposition [3][4].
The process followed in Mitol can be divided into three main steps:
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• Initial amounts of monomer (around 10%) initiator, as well as the whole amount of
poly(vinyl alcohol) are introduced into the reactor and heated. The thermal decomposition
of the initiator starts the reaction.
• Upon reaching 72ºC the heating is stopped. The remaining monomer is then fed in a
separate stream at a constant flow rate of 370 kg/h. The temperature in the reactor during
this step should be kept within the range 75–80ºC. This control is performed manually by
adding small amounts of initiator when the temperature decreases.
• When all the monomer has been added a larger amount of initiator is added in order to
finish the reaction. The temperature is then allowed to increase to 90ºC. The reaction is
finished when the temperature starts to decrease again.
Regarding the procedures followed during the production, some special features need to
be highlighted:
• The control of the temperature during step 2 is done manually. A condenser operating
in an open loop provides the cooling. When the temperature is reducing, more initiator is
added in order to accelerate the exothermic polymerization reaction and increase the
temperature.
• The flow rate of the monomer is constant.
• The operator, who bases his decisions on the temperature profile, decides the number
of additions of initiator.
The main variables affecting the duration of the reaction and consequently the
productivity are as follows: the temperature in the reactor, the initial amount of monomer, the
subsequent feed rate of monomer and the addition of the initiator [5]. The model has to
estimate correctly the influence of each of the variables, as these will be the variables
modified during the optimization process. The main quality variables are as follows: the
particles size, the final conversion, the solids content and the viscosity. These variables need
to be accurately calculated by the model, as they will define the final characteristics of the
product and also the duration of the reaction.
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THE MODEL

The model of the polyvinyl acetate production was developed using the gPROMS®
modelling tool. The four quality variables (conversion, particles size, solids content and
viscosity) are the outputs of the model. The initial amount of monomer, the temperature, the
flow rate of the monomer, and the manual addition of initiator are the model inputs. The
parameters involved are mostly taken from the existing literature. However, some of them
have needed further adjustment due to the existing uncertainties in the polymerization
theories. The complete set of equations is not included here due to its complexity. However, it
will soon be available in the journal ‘Mathematical and Computer Modelling of Dynamical
Systems’.
The aim of the model is to optimize the policy of adding the monomer and the initiator in
order to reduce the batch time, while at the same time maintaining the quality. The variables
defining the quality are the final conversion, the particle diameter, the solids content and the
viscosity. So the model has to predict, with a reasonable accuracy, the values of these
variables under different operating conditions.
The inputs to this model, i.e., the temperature and the flow rates of the monomer and the
initiator, are presented in figures 1, 2 and 3 respectively. The temperature and monomer flowrate profiles are real data from the process. The addition-of-initiator data comes from
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simulating the decisions made by the operators. When the temperature is reducing they add a
certain amount of initiator in order to increase the temperature. Hence, the addition of initiator
occurs in the valleys of the temperature profile.
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Fig. 1: Temperature profile of batch 110
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Fig. 2: Monomer flow rate of batch 110

7

50000

0.0010
0.0009

Initiator additions (mol/s)

0.0008
0.0007
0.0006
0.0005
0.0004
0.0003
0.0002
0.0001
0.0000
0

10000

20000

30000

40000

50000

Time (s)

Fig. 3: Initiator additions during Batch 110

The model was validated against real data from six batches of different durations and
temperature profiles. The figures correspond to batch 110. The other batches show similar
graphs, consistent with the different times and input variables that were used. The profile of
each output variable is depicted in the accompanying figures and explained below.
The conversion was measured only at the end of the process, after most of the
remaining monomer was extracted by a vacuum pump. The conversion estimated using the
model was made prior to the use of this pump, and as a result it is lower than that measured in
the factory. There are two features about the conversion profile that we can extract from the
observation of the reaction. The operator starts the monomer pump when the reflux through
the condenser has almost ceased. At this point the conversion is high. With the continuous
addition of monomer the global conversion is decreased. When all the monomer has been
added the addition of a double dose of initiator, together with the halt to the flow rate of
monomer, causes the conversion to increase to its final value. Although the exact value at the
end of the reaction is not accurately known, due to the improvement introduced by the
vacuum pump, the R&D personnel working in the factory estimate it at over 99%. In figure 4
we can see that the profile estimated by the model follows the expected behaviour.
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Fig. 4: Conversion against time (Batch 110)
According to the quality specifications of the final product, the average diameter of
the particles has to be in the range 1.0–1.5 microns. In figure 5 we can see the evolution of the
swollen and unswollen average diameters throughout the reaction. The points where they
approach correspond to the peaks in the conversion, just before the addition of monomer is
started and at the end of the reaction.
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Fig. 5: Swollen (Dps) and unswollen (Dpu) diameters of the particles (Batch 110)

The results calculated by the model are summarized in table III. The final conversion
is over 99% in all cases. The diameter of the particle, around 1.4 microns, is also in the
quality range of the product (from 1.0 to 1.5 microns). The solids content seems to be slightly
overestimated, since the range for this variable is 0.44–0.46. The viscosity is below its upper
quality limit of 34000 in most cases. However, this is not a determinant variable, since too
high values can be corrected simply by adding more water.
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Batch
No.
110
114
116
117
175
266

Duration
40800
39000
38100
411000
41100
52500

Model values
Dpu (µm)
Sc
1.37
0.470
1.33
0.467
1.37
0.465
1.36
0.47
1.34
0.467
1.38
0.472

X (%)
99.29
99.12
99.38
99.72
99.18
99.69

ν (P)
33967
33500
33446
34179
32626
34532

Table III: Values predicted by the model
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OPTIMIZATION AND CONTROL

Based upon the described model, the optimization and control strategies will be
developed. No results about this topic are available yet, but an outline of the main ideas to be
developed is given below.
Two variables can be modified during the semi-batch reaction of polymerization of
polyvinyl acetate: the flow rate of monomer and the flow rate of initiator. These flow rates are
the controlled variables. The only measured variable is the temperature, which is not a reliable
indicator of the state of the reaction. The semi-batch reaction has different stages, and even
within each stage the concentrations of the different species inside the reactor differ. The
effect that an addition of a certain amount of one of the reactants is going to have on the
temperature is strongly dependant on the state of the reactor. The state of the reactor at a
certain time is defined by the temperature in the reactor, which can be measured, but also by
the concentrations of reactants in the reactors and in the different phases. These
concentrations cannot be measured on-line. Thus, to predict the effect that a certain amount of
the reactants will have on the reaction, we need an accurate estimation of the state of the
reaction.
The model developed will be used for the on-line estimation of the state of the reaction.
The model will also predict the possible evolution of the reaction, determining the corrective
actions to be taken. We have to take into account that the model is not the reaction, and its
estimations are only approximate. To avoid the accumulative deviation of the model from the
real behaviour of the reactor, on-line corrections have to be introduced. The heat produced by
the reaction is a good indicator of its state. As the heat released by the reaction cannot be
directly measured, a rough estimation is introduced in the model, based upon the heat
exchanged in the heating coat and the condenser.
The control algorithm will try to keep the highest concentration of monomer in the water
without going beyond the limit of solubility. This ensures a maximum concentration of
monomer on the particles that ensures a high rate of polymerization. The addition of initiator
will be used for the control of temperature. It has to keep the reaction at its highest speed but
taking care that the heat released can be evacuated by the cooling system.
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CONCLUSIONS

The control and optimization of a polyvinyl acetate reaction requires the knowledge of its
current state and its future evolution. The available measurements are not enough to
accurately predict it, so a dynamical model of the reaction has been developed. The results of
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the model are encouraging and so an outline of its application in control and optimization of
the reaction is given.
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PREDICTIVE CONTROL
FOR MECHATRONIC LABORATORY MODELS
Květoslav Belda
Department of Adaptive Systems
Institute of Information Theory and Automation
Academy of Sciences of the Czech Republic
Pod vodárenskou věží 4, 182 08 Prague 8
CZECH REPUBLIC
E-mail: belda@utia.cas.cz
Abstract: The paper deals with the design of discrete adaptive model-based predictive
control for simple mechatronic systems. Simple mechatronic systems are considered
as Single-Input/Single-Output systems or possibly systems with low number of inputs
and outputs. However, the methods of adaptation and model-based control are not generally limited to this condition. In the paper, a combination of on-line identification
and generalized predictive control will be introduced. The identification is based on least
squares. The predictive control arises from state-space formulation. This idea is applied
to ARX models representing Input/Output formulation. The presented algorithms are
derived in computationally suitable square-root form and their correctness is documented
by tests on laboratory models.
Keywords: Mechatronic systems, Predictive control, I/O equations of predictions

1. INTRODUCTION
With steady growth of production, there is a necessity to develop different ways of the control
of individual components included in the production process. The components usually
combine some mechanical elements (mechanisms) and elements, mostly electrical, which
power (actuators – drive units), monitor (sensors) or control (control units) the component
state itself; i.e. altogether, it represents combination of mechanics and electronics, in single
word – mechatronics.
The main purpose of the control often consists in fulfillment of some predetermined motion
or in stabilization. The question is: ‘How to achieve such purpose?’. One of the possibilities,
being at the beginning of industrial application, is approach based on model-based control
strategies (Belda, 2005). These strategies offer complex solution on global level of whole
controlled system and not only of its individual elements. In this paper, as a powerful way,
the predictive control is presented (Ordis, 1993; Maciejowski, 2002). The main stress is laid
on obtaining of suitable model and its on-line use (adaptation) within control design.
The explanation is intended for simple mechatronic systems, which are considered as SingleInput/Single-Output type or possibly the systems with low number of inputs and outputs.
However, the methods of adaptation and model-based control are not generally limited to this
condition.
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2. MODEL DEFINITION
The model, description of a controlled system, represents very important part, which includes
specifically processed information for design of control actions. The best results of control
process are achieved, when the model is obtained on the basis of thoroughgoing mathematical
and physical analysis. It is often difficult. Therefore, different ways, how to obtain the model
describing the controlled system, are investigated.
Selection of model form is determined by used model-based control, in which the model is
involved. Due to digital character of automating devices, the discrete control techniques are
preferred. Therefore, the resultant models for control design are also discrete in spite of the
facts that controlled system may be continuous. Discrete realization is advantageous, because
naturally respects finite and predefined time for computation of control actions.
As was mentioned in introduction, the design of algorithms of predictive control will arise
from state-space formulation. However, only this idea will be used as inspiration for utilization of ARX models, which are Input/Output type. Thus, let us proceed from autoregressive
model with external input (ARX model) (Bobál, 2005)
n

n

i=0

i =1

y ( k ) = ∑ bi u ( k − i ) − ∑ a i y ( k − i ) + e( k )

where n is order of controlled system; y (⋅) and u (⋅) are values of its output and input; and
e(k ) is error, respective, some noise of measurement of system output y (k ). The ARX model
can be also written in the following condensed form
y (k ) = ϑk f k + e(k ) ,

ϑk = [b0 b1 L bn − a1 − a2 L − an ] ,
f k = [u ( k ) u ( k − 1) L u ( k − n) y ( k − 1) L y ( k − n)]T

The ARX model will be used for construction of equations of predictions (subsection 4.2)
and its condensed form is suitable for identification by least squares (section 3).

3. IDENTIFICATION
The sufficient and well known method of identification is method of least squares
(Söderström, 1989). In this paper will be briefly summed up in square-root form (Bobál,
2005). Let us consider ARX model, where e(k ) represents in view of least squares model
error expressed as follows:
e( k ) = y ( k ) − ϑk f k

On the assumption, that the parameters are close to constants or they are varied only slightly
during real control process, then it is possible to write necessary number of equations
with changeless vector of parameters ϑk
e k = y k − Fk ϑkT = [Fk y k ] ⎡ − ϑkT ⎤
⎢
⎥
⎣ 1 ⎦

where Fk is a matrix of past data, composed from data vectors f kT− i +1 , i = 1,L,2n .
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The criterion for identification is
J k = eTk e k , i.e. alternatively

J k = [ −ϑk 1 ] ⎡FT ⎤ [Fk y k
k
⎢ T⎥
y
⎣ k⎦

] ⎡− ϑ T ⎤
k
⎥
⎢
1
⎦
⎣

To minimize the criterion, it is sufficient to minimize only its square-root J following from

[Fk y k ] ⎡− ϑ T ⎤
k
min J k = || J || =
⎢
⎥
⎣ 1 ⎦

2

2

The computationally effective minimization is provided by orthogonal-triangular decomposition (e.g. house-holder algorithm (Golub, 1989)) which transforms extended matrix
R
R
[ Fk y k ] to upper triangular matrix R = ⎡ PP PR ⎤ .
⎢⎣ 0 cl ⎥⎦
This matrix consists of sub-matrices partly corresponding to the unknown parameters ϑk
and partly to square-root of loss of the criterion cl . By considering sub-matrices related
to unknown parameters, the following equation is obtained
− R PPϑkT + R PR = 0

from which, the parameters can be determined by backward substitution (due to triangular
form of matrix R PP ). This process is provided on-line in each time step with connecting
refreshed data f k and y (k ) to current triangular matrix R , which is again restored to new
upper triangular matrix R .

4. ALGORITHM OF PREDICTIVE CONTROL
Predictive control is a multi-step approach, combining feedforward and feedback control
design (Ordis, 1993). Feedforward is represented by predictions based on mathematical
model. This part is dominant component of control actions. Feedback from measured outputs
serves for compensation of some bounded model inaccuracies and low external disturbances.
The design consists in local minimization of quadratic criterion, in which the predictions
of future outputs y (⋅) are involved. The predictions are determined from specific equations
of predictions forming the basis of predictive control. The minimization is repeated in each
time step.
4.1 Model reorganization
To compose equations of predictions from available ARX model (defined in sections 2 & 3),
there are several possibilities how to do it. One of the possibilities is to express the equations
directly from ARX model. It is possible according to (Maciejowski, 2002), however such way
requires solution of Diofantic equation and storing previous values of inputs and outputs
as in ‘pseudo state-space’ possibilities. These further possibilities are generally called as statespace forms with non-minimal state. They will be helpful for the use of idea of state-space
formulation in predictive control, in which the forming of needed equations of predictions
consists in repetitive insertion of state-space model.
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The suitable model form arisen from described ARX model can be structured as follows:
⎡ y ( k − n + 2) ⎤ ⎡ 0
⎢
⎥ ⎢ M
M
⎢
⎥=⎢
⎢ y (k ) ⎥ ⎢ 0
⎢
⎥ ⎢
⎣ y ( k + 1) ⎦ ⎣ − an

1

⎤ ⎡ y ( k − n + 1) ⎤ ⎡ 0
⎥⎢
⎥ ⎢
O
M
⎥⎢
⎥ +⎢M
1 ⎥ ⎢ y ( k − 1) ⎥ ⎢ 0
⎥⎢
⎥ ⎢
L − a1 ⎦ ⎣ y ( k ) ⎦ ⎣bn

0 ⎤ ⎡u ( k − n +1) ⎤
⎥
M ⎥⎥ ⎢
M
⎥ ⇒
⎢
L 0 ⎥ ⎢ u ( k −1) ⎥
⎥⎢
⎥
L b1 ⎦ ⎣ u ( k ) ⎦
L

⎡ y ( k − n + 2) ⎤
⎡ y ( k − n +1) ⎤
⎡u ( k − n +1) ⎤
⎢
⎥
⎢
⎥
⎢
⎥ i.e. X( k +1) = A X( k ) + B u ( k )
M
M
M
0
⎢
⎥ = A⎢
⎥ + B0 ⎢
⎥
⎢⎣ y ( k +1) ⎥⎦
⎢⎣ y ( k ) ⎥⎦
⎢⎣ u ( k ) ⎥⎦
y ( k ) = [0

L

0 1] X( k )

i.e.

y ( k ) = C X( k )

This state-space model is equivalent to the usual state-space model. It has two pseudo
state-space matrices A and B 0 with similar dimensions as in the usual model.
4.2 Equations of predictions
Principle of the equations is an expression (prediction) of future values of outputs y from current
measured state X(k ) (Ordis, 1993). Considering the pseudo state-space model, the equations
of predictions can be composed as follows
ˆ ( k + 1) = AX ( k ) + B u ( k )
»X
0
2
ˆ
X ( k + 2 ) = A X ( k ) + AB 0u ( k ) + B 0 u ( k + 1)
ˆ ( k + 2 ) = A 2 X ( k ) + ([ AB 0] + [0 B ]) u ( k + 1)
»X
0
0
144
42444
3
B1
ˆ ( k + 3 ) = A 3 X ( k ) + AB u ( k + 1) + B u ( k + 2 )
X
1

u ( k + 1) = [u ( k − n + 2 ) L u ( k + 1)]T
u ( k + 1) = [u ( k − n + 1) u ( k − n + 2 ) L u ( k ) u ( k + 1) ]T

0

ˆ ( k + 3 ) = A X ( k ) + ([ AB 0] + [0 0 B ]) u ( k + 2 )
»X
1
0
144
42444
3
B2
3

, where

⋅⋅
⋅
N
ˆ
X ( k + N ) = A X ( k ) + AB N −2u ( k + N − 2 ) + B 0 u ( k + N − 1)
ˆ ( k + N ) = ANX ( k ) + ([ AB 0] + [0
»X
N −2
, N −1 B 0 ]) u ( k + N − 1 )
144
4
424n4
44
3
B N −1

= [uT( k ), u ( k + 1)]T
M
u ( k + N − 1) = [u ( k − n + N ) L u ( k + N − 1)]T
u ( k + N − 1) = [u ( k − n + 1) L u ( k + N − 2 ) u ( k + N − 1) ]T
= [uT( k + N − 2), u ( k + N − 1)]T

and appropriate matrix notation is
⎡ yˆ ( k + 1) ⎤ ⎡CA ⎤ ⎡ y ( k − n + 1) ⎤ ⎡CB0 L 0⎤ ⎡ u ( k − n + 1) ⎤ yˆ = f + G (:,1:n −1) ⎡u ( k − n + 1) ⎤ + G (:, n: N −1) ⎡ u ( k ) ⎤
M
⎢ M ⎥ = ⎢ M ⎥⎢ M ⎥+⎢
⎥
⎢ M ⎥
⎢ M ⎥
M ⎥ ⎢⎣u ( k + N − 1) ⎥⎦
⎢
⎥ ⎢
⎥ ⎣ y(k ) ⎦ ⎢ O
⎢
⎥
⎢
⎥
⎢⎣ CB N −1 ⎥⎦
⎢⎣ yˆ ( k + N ) ⎥⎦ ⎢⎣CA N⎥⎦
⎢⎣ u ( k − 1) ⎥⎦
⎢⎣u ( k + N − 1) ⎥⎦
f
+ G
u
yˆ
=
f
+
G
u ( k + N + 1) yˆ =
Such composed equations of predictions have the same dimension as the equations, which are
based on state-space model with minimal state.
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4.3 Computation of control actions
The control actions are obtained by minimization of quadratic criterion
N

Nu

J k = ∑ ( yˆ ( k + j ) − w( k + j ))Qy + ∑ u ( k + j − 1)Qu
2

j = No+1

2

j =1

where N , No and Nu are horizons; Qy and Qu are penalizations; and w( k +

j)

are desired

values. Using effective square-root algorithm, the vector u is obtained. It represents control
actions for whole horizon N . From it, only the first appropriate actions are really applied
to the controlled system. This process is repeated in every time step.

5. TESTS WITH MODEL ‘BALL ON ROD’
For real-time tests, simple laboratory model (Fig. 1) was used. From mathematical-physical
analysis, this model represents system of fourth order: electrical motor is second order
and the ball dynamics is expressed also by second order. The fast motor dynamics can be
omitted, and only ball dynamics of second-order can be considered.

Fig. 1. Laboratory model ‘ball on rod’.
The tests were realized in MATLAB-Simulink environment. The predictive controller
and algorithm of identification were implemented in Simulink blocks; see schemes in Fig. 2
and in Fig. 3. The presented predictive control was partly tested in adaptive mode (Fig. 2).
For comparison, the control was also tested in non-adaptive mode with constant model
from mathematical-physical analysis (Fig. 3). The aim of the tests was stabilization of the ball
in different positions y of desired rectangular signal w .

Fig. 2. Simulink scheme and time histories of adaptive predictive control.
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Fig. 3. Simulink scheme and time histories of predictive control
with mathematical-physical model.
The control process with model identification required relatively energetic control actions
for induction of the identification. It is achieved by penalization Qu , which was smaller, than
in case of using physical model. Therefore the actions were quite jittered.
The tests show successful realization of predictive control both non-adaptive and adaptive.
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Abstract: The cascade control of an elbow-like nonlinear limb model is described in this
paper. The control design method is based on linearization and backstepping using the
special cascade structure of the system. Using the proposed control structure, a regulation
problem is solved. The control can be extended to the trajectory following task.
Keywords: Biomedical Modelling, Musculoskeletal control, Non-linear Control, Backstepping.

1. INTRODUCTION
Motivation and aim: Even the simplest limb model exhibits strongly nonlinear dynamic behavior that calls for applying the results of nonlinear systems and control theory. The control
of musculoskeletal structures has considerable importance in the field of human locomotion
control, designing and controlling muscle prothesis and artificial limbs. Last but not least the
techniques of FES (functional electrical stimulation) - of patients with some kind of paralysis can be improved with appropriate control methods.
Application of nonlinear control for biomechanical systems has appeared in the literature several times in the past decades. A study proposed by Levine and Zajac [8] has shown, that in the
case of the pedaling problem, the control to achieve maximal acceleration for a simple skeletal
system is bang-bang. The article of Kaplan [7] provides an optimal control method for muscle
activity in the case of the pedalling problem using non-derivative quasi-Newton methods and
numerical gradient methods. A further research of acceptable controllers (incl. input-output
linearization) for the cycling problem was proposed by Abbot in his degree thesis [1]. Except
some articles, the most of the solutions are based on linearization of the model, or on optimization methods with significant need of computing power. In general the usage of nonlinear
control engineering methods is not prevalent in literature in this field, and also the applied
solutions can be refined with new methods (utilize the cascade properties of such systems).
Second, the proof of stability in the case of nonlinear system and control theory is always a
challenge for systems with complex state-space models. In this case the system described has
a quite complex dynamics, but we can avoid some of these difficulties by applying feedback
linearization ([5] or [6]), and by using the backstepping method.

18

2. THE SIMPLE NONLINEAR LIMB MODEL
2.1 Basic assumptions and system structure
A nonlinear input-affine state-space model has been developed [2] for a simple one-joint system
with a flexor and an extensor muscle (see Fig. 1) which is suitable for nonlinear system analysis
and control design.
During the modeling, the following basic assumptions have been made:
• The nonlinear properties of the force-length relation and the force-contraction velocity
relation are taken into account.
• Exerted forces depend linearly on the activation state of muscles, following the principles
in [12], [11] and [9].
• The tendon dynamics is not modeled separately as described in [3].

u1

u2

Flexor
muscle
dynamics
Extensor
muscle
dynamics

q1
Dynamics of
segments

Joint angle

q2

Fig. 1: The scheme and structure of the modeled system

The manipulable inputs of the model are the normalized activation signals of the muscles, the
measurable output is the joint angle. The number of state variables is 4.
2.2 Model equations
Segmental dynamics The dynamics of the segments in the open-loop case can be described
by the following equations:
dα
dt

= ω

dω
Mm (q1 , q2 , α, ω) + mlC cos(α − π/2)g
=
2
dt
Θ + mlC

(1)

where α [rad] is the joint angle, −π/2 [rad] is the angle between the global coordinate-system’s
x axis, and the not-moving upper segment of the limb, ω [rad/s] is the anglular velocity, Θ
[kgm2 ] is the moment of inertia defined to the mass-center point of the bone, m [kg] is the
mass of the moving limb part, lC [m] is the distance between the moving limb part’s center
of mass point and the joint axis, Mm [Nm] is the resulting joint torque of the muscles, and g
[m/s2 ] is the gravitational acceleration. q1 and q2 denote the activation states of the muscles.
If we study the model around α = π/2 joint angle, the forces of ligaments, bones and the
passive force of the muscles can be neglected, so we can write
f
f
e
e
Mm = Fmax
fLM
(α)fVf M (α, ω)df q1 + Fmax
fLM
(α)fVe M (α, ω)de q2

19

(2)

f
e
where fLM
and fLM
denote the function of the parabolic force-length characteristics in the
case of the flexor and extensor muscle, fVf M and fVe M denote the function of the arch. tangentlike force-contraction velocity characteristics in the case of the flexor and extensor muscle, d
denotes the moment arm, and Fmax denotes the maximal force. These characteristics are fully
described in [3] and they can be seen in Fig. 2.
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Fig. 2: FLM and FV M

Muscle dynamics The differential equation of the muscle defines the connection between q(t),
the activation state of the muscle and the activation signal u(t). With u(t) ∈ [0, 1] the equation
taken from Zajac [12] is:
µ

¶

dq
1
1
=−
(β + [1 − β]u(t) q +
u(t)
dt
τact
τact

(3)

where τact [s] is the activation time, showing how quick the muscle reacts on the external
activation signal coming from the nervous system, β is a constant, describing the correlation
between the decrease of the activation state and the external activation signal. If β = 1 then
the external activation signal does not affect the decrease of the activation state, if β = 0 then it
strongly affects the decrease. q1 (t) denotes the activation state of the flexor muscle, and q2 (t)
denotes the activation state of the extensor muscle.
State-space equations With the notation xi for the state-space variables (x1 = q1 , x2 = q2 ,
x3 = α, x4 = ω), the equations are as follows:
µ

¶

µ

¶

dx1
1
1
=−
(β + [1 − β]u1 (t)) x1 +
u1 (t)
dt
τact
τact
dx2
1
1
=−
(β + [1 − β]u2 (t)) x2 +
u2 (t)
dt
τact
τact
dx3
dx4
(Mm (x1 , x2 , x3 , x4 ) + mlC cos(x3 − π/2)g)
= x4
=
2
dt
dt
Θ + mlC

(4)

where the first two equations describe the dynamics of the muscles, and the second two describe the dynamics of the limb. u1 (t) denotes the activation signal of the flexor muscle, and
u2 (t) denotes that of the extensor muscle.
If we rearrange (4) we can get the following general form of input-affine systems:
ẋ = f (x) +

m
X

gi (x)ui (t) y = h(x)

i=1
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(5)

where
·

g1 (x) = −

1

(1 − β)x1 +

1

¸T

·

, 0, 0, 0

g2 (x) = 0, −

1

(1 − β)x2 +

1

τact
τact
τact
τact
¸T
1
1
M (x1 , x2 , x3 , x4 ) + mlC cos(x3 − π/2)g
f (x) = −
βx1 , −
βx2 , x4 ,
2
τact
τact
Θ + mlcom

¸T

, 0, 0

·

We assume that we can measure all the state variables, i.e. h(x) = x.
2.3 Model structure
Fig. 1 shows that the dynamics of the muscle activation do not depend on the dynamics of the
limb, therefore the model has a cascade structure. Thus, the complete dynamics of the limb can
be divided into two parts:
• The activation dynamics of the muscles, that is described by two simple first order systems, with the activation signals as input and the activation states as output.
• The movement dynamics of the limb with the activation states as input and the joint angle
as output. That corresponds to a second order dynamics.
3. CONTROL STRUCTURE DESIGN BY USING THE BACKSTEPPING METHOD
In this study we examine a steady-state point, which exhibits unstable properties in the open
loop case.
3.1 Structure and backstepping
The backstepping technique, which is described below, can be used for nonlinear systems that
can be written (possibly after a coordinates transformation) as a cascade of subsystems.
Backstepping is based on the idea, that if we can design a virtual feedback ξref for the second
subsystem of a cascaded structure which is influenced by the output of the first manipulable
subsystem, we can determine a feedback for the input of the first subsystem which stabilizes
the closed-loop cascade structure.
As detailed in [10] if we have the system structure
ξ˙ = a(z, ξ) + b(z, ξ)u

ż = f (z) + g(z)ξ
and there exists a virtual feedback ξref = α(z)

such, that z = 0 is an asymptotically stable equilibrium of
ż = f (z) + g(z)α(z)

(6)

with a Ljapunov function V that is positive definite at z = 0, and the form of a(z, ξ) and b(z, ξ)
is known. Then the feedback law for the input can be expressed as follows [4]:
u = b−1 (ξ, z)(A1 (α(z) − ξ) − a(ξ, z) +

21

dα
ż)
dz

(7)

Fig. 3: General structure for the backstepping method

where A1 is the feedback gain of the error y1 := ξ − α(z). In this case we obtain the feedback
transformed system
ż = [f (z) + g(z)α(z)] + g(z)y1

ẏ1 = −A1 y1
(8)

with storage function S1 = V (z) + 12 y12 , satisfying
dS1
≤ −ky1 k2 .
dt

(9)

In our case ż = f (z)+g(z)ξ corresponds to the dynamics of the limb, and ξ˙ = a(z, ξ)+b(z, ξ)u
denotes the muscle dynamics. Furthermore a(ξ, z) and b(ξ, z) are in the form of a(ξ) and b(ξ).
From (1) and (2) it can be easily seen, that the limb dynamics can also be transformed to the
form of (8), because q1 which is considered as input to the second subsystem, appears in the
state-space equation in a linear way.
Our aim is to control the output x3 (joint angle). The virtual feedback α(z) is determined via
a controller designed for the segmental dynamics, which uses linearization and pole placement
in this case. The reference signal for the muscle activation state (q1ref = ξref = α(z)), and the
manipulable input - the muscle activation signal - is determined via this virtual feedback.
Furthermore we have to note, that in this case, the transformed coordinates are identical to the
original ones, so z1 = x1 = α, z2 = x2 = ω.
3.2 Sub-controllers
Control of segments (2nd subsystem)

The dynamics of the limb has a relative degree of 2.

In the case of the segments, as an example we apply (exact) feedback linearization, and a
simple pole-placement design. In this case only the flexor muscle is used as input to get a
SISO structure. The control to the normalized variables is applied around a steady-state point
at α = π/2 joint angle. The coordinates of the steady-state point x∗ are the following:
x∗1 = 0.1456, x∗2 = 0.1, x∗3 = π/2, x∗4 = 0

(10)

Feedback linearization
As described in [5] for a nonlinear n-dimensional SISO system we need to apply the feedback
1
u=
(−Lnf h(x) + v(t))
(11)
n−1
Lg Lf h(x)
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and a suitable nonlinear coordinate transformation to obtain a linear system of order n which
is influenced by the input u - including the external input v(t). Here Lf h(x) denotes the Liederivative of h(x) along f .
This means, that the state-space model of the feedback linearized closed loop system is a simple
double-integrator in the new coordinates:
ż1 = z2

ż2 = v

y = z1

(12)

where z1 and z2 can be determined by using the coordinate-transformation zi = Lfi−1 h(x).
For the system in the new coordinates we can design a pole-placement controller:
v = −Kz

(13)

where K is a suitable state-feedback vector.
While tuning K, one had to keep in mind the time-domain behavior of the output response, and
the fact that the virtual feedback has an input constraint (q1 ∈ [0, 1]), too.
In fact, we can not act on the system at the point of muscle activation states, so we have to define
the value of (11) as reference signal for the flexor muscle’s activation state (virtual feedback).
Muscle control (1st subsystem)

We have to use (7) to determine the muscle activation signal.

3.3 Simulation results
Simulations were performed using MATLAB by numerically solving the differential equations.
The poles for the pole-placement controller were set to [-15 -20], and A1 was set to -100. The
starting values were the same as the coordinates of the steady state point, except for the joint
angle (α = x3 ) which was 0.2. As we can see in Fig. 4 the error has stable linear dynamics.
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Fig. 4: Transformed coordinates, muscle activation states, virtual feedback (the reference signal for
muscle activation) , the error, output, reference signal and input for regulation

Fig. 4 shows, that the input satisfy the input constraint (u(t) ∈ [0, 1]), even in this case, when
the starting position is very far from the reference.
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4. CONCLUSIONS AND FUTURE WORK
We described a stabilizing control of an elbow-like nonlinear limb model in this paper. The
control design method is based on linearization and backstepping using the special cascade
structure of the system. Several constants are available for controller tuning with which an
effective compromise could be found in any examined case in matching the input constraints
and optimizing the time-response of the system.
The possible tasks for the future could be to involve a gamma-loop model described in [3] in
the mechanism of control as a load-estimator and corrector structure. Furthermore it is planned
to utilize both of the muscles for a MIMO-fedback linearizing control, and compare the state
trajectories of the closed-loop system with trajectories recorded in the case of real movement
patterns.
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Abstract: The paper deals with an application of Bayes for estimation of the queue length
in junction arm. In Bayesian view the concept of probability is not interpreted in terms
of limits of relative frequencies but more generally as a subjective measure of belief of
a rationally and consistently reasoning person which is used to describe quantitatively
the uncertain relationship between the statistician and the external world. This model
splits controlled networks into microregions. The queue length and the occupancy of each
junction approach are the basic state quantities for fully expressed traffic situation at given
time instant. The occupancy determines relative time of the detector activation during
sample period, i.e. the proportion of time when detector has been occupied and total time
of measuring period. The optimization criterion for this attitude is minimization of the
queue length. For clearness, the model is derived for simple junction.
Keywords: Bayes estimation; traffic flow; queue length

1. INTRODUCTION
One of the main symbols of advanced society is high transportation. A lot of people permanently commutes to work and for pleasure. A lot of commodities travel from one country
to another, frequently through the continents. Increasing demand for transportation is the reason why the amount of vehicles increases very quickly. A lot of those vehicles means higher
density of transportation and large amount of junctions and roads are congested. Very frequent cause is older transport network, which has not sufficient capacity for contemporary vast
volume of traffic.
The most common approaches to solution of these transport network deficiencies are attempts
to rebuild parts of the network in order to increase their capacity, reroute transit traffic by
building large bypasses around affected locations or making drivers pay for entering central
zones. In many cities it is impossible or ineffective to reconstruct existing street network due to
their historical development. This is the reason why advanced traffic control is being applied.
And so different category of possible solutions is to maintain the present transport network
and improve the traffic control. But this control can be based on different ideas. Majority of
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attitudes uses detectors for giving feedback. Those detectors are based on inductive electric
coils placed under the road surface. Presence of huge metallic object above the coil changes its
magnetic properties and thus individual cars are detected. Each detector signalizes the presence
or absence of a car above it. From this signal, basic transportation quantities such occupancy,
intensity, density, velocity, number of cars, and others are evaluated or estimated.
For example Michal Kutil focuses [4] on the urban traffic control, based on the model using
difference state equations. Model is described by the number of vehicles in the queue and
mainly by the mean value of waiting time which describes the queue dynamics. To make the
appropriate non-linear model and to identify its parameters he uses real data measured during
one day in Prague. The objective of his work is to balance the vehicle waiting time on different
streets in one intersection.
The paper will present other way based on Bayes estimation [1, 6]. In Bayesian view the concept of probability is not interpreted in terms of limits of relative frequencies but more generally as a subjective measure of belief of a rationally and consistently reasoning person which is
used to describe quantitatively the uncertain relationship between the statistician and the external world [5]. This model splits controlled networks into microregions [3]. The queue length
and the occupancy of each junction approach are the basic state quantities for fully expressed
traffic situation at given time instant. The occupancy determines relative time of the detector
activation during sample period, i.e. the proportion of time when detector has been occupied
and total time of measuring period. The optimization criterion for this attitude is minimization
of the queue length. For clearness, the model is derived for simple junction.
2. NOTATIONS
2.1 Traffic data
Controlled networks are split into microregions. They are logically self-contained transportation areas of several crossroads with their adjoining roads. Their modeling and feedback control
exploit data measured by detectors based on inductive electric coils placed under the road surface. Presence of a huge metallic object above the coil changes its magnetic properties and
thus individual cars are detected. Each detector signalizes presence or absence of a car above
it. From this signal, basic transportation quantities are evaluated [3,7]:

Occupancy: determines the relative time of the detector activation during the sample period,
i.e. the proportion of time when the detector has been occupied and the total time of measuring
period. The occupancy unit is [%]. This quantity has similar meaning as the density. The higher
density decreases the vehicles velocity and intensities and queues are formed on the arms.
That is why the value of occupancy of the detectors under the queue increases. Conversely, if
the vehicles can go through faster in case of low traffic and they loose the minimum time by
queueing, the occupancy decreases.

Intensity: denotes the number of vehicles which have passed a detector during the sample
period. Usually, the value of this quantity is transformed into an hourly intensity of unit vehicles, i.e [uv/h]. This quantity captures the queue dynamics in a sense of the queue protraction
but it does not fully determine the actual situation. The value of intensity can be low because of
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low traffic or high density which are two converse traffic situations. Intensity is very important
information for considered models from a counting point of view.

Density: denotes the number of vehicles on some road segment and its meaning comes near
to the occupancy one, on condition of low velocities particularly. Its unit is [uv/km].

Velocity: can be point or segmental. It determines the average speed of vehicles passing over
a detector or a certain stage. Its unit is [km/h].
It is necessary to measure density and velocity to determine the actual traffic situation. The
standard outputs of the measurement are values of the intensity and occupancy. Experience
shows that detectors are fault-prone and their reparation is far from being easy. Therefore the
filtration of their data is necessary. Here, outlier filtration and normalization to zero mean and
unit standard deviation were applied on the raw data.

Fig. 1: Relations between basic traffic quantities

It is necessary to take into account intensity and density as, for example, from zero intensity it
is not clear whether the road is empty or it is completely stuffed with standing cars (Fig. 1).
Nevertheless, they are mutually dependent. It is well known that the relationship of intensity in
dependence on density, has concave parabolic shape. It reflects the basic types of traffic states:
• growth state: The road is free, the speed of cars is determined by the upper allowed speed
limit in cities. With increasing density, while the speed being still constant, the intensity
grows linearly, up to a certain limit. Then the distances between cars become too small
and safety reasons force the drivers to decrease speed.
• stagnant state: The further growth of density results in a continued decrease of the speed.
The intensity is almost constant and the top of the reversed parabolic shape is reached.
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• decay state: The drivers are afraid to go on and they slow down or stop when the distances
between cars fall below a certain critical level. The cars stack up and become a jumping
tail-back. This stage represents a collapse.
The parabolic shape (Fig.1) of the function is common but its precise course varies in dependence of the road monitored and other factors like the kind of a weekday, season etc. In
any case, the measured data pairs [d1,t , d2,t ] = [density, intensity]t represent points in an
intensity - density plane. They cluster there and form regions of increased data density. Each
detected region reflects a specific state of the traffic area. A description of these regions and
their intermediate stages is a useful model of the investigated system.
2.2 Queue length
The queue represents amount of vehicles at the end of red time. The main problem is the fact
that the queue length is not measurable in practice. The value of the occupancy is higher for the
longer queue because the vehicles pass the detector more slowly near to the end of this queue.
For the equation describing the queue length time course, the following equation is used:
ξt+1 = δt ξt − [δt S + (1 − δt )It ]zt + It ,

(1)

where
ξt
t
δt
S
It
zt

is queue length,
time instant,
indicates the possibility of queue creation, alternatively the type of the passage,
saturation flow,
input intensity,
green time.

Basic output equation is:
ηt+1 = −ξt+1 + ξt + It ,

(2)

where:
ηt+1

is passage (intensity on stop-line).

The linear relation between the occupancy and the queue length is:

Ot+1 = κξt + βOt + λ,

(3)

where:
Ot+1
κ, β, λ

is occupancy at time t + 1,
parameters (constants).

Constants κ, β and λ can be determined experimentally for each set of the subsequent detectors because distances between the detectors placed on one approach specify the minimum
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and maximum queue lengths and corresponding limit average values of the occupancy can be
measured. Assuming the linear relation, then the constants can be specified. In this paper is
supposed that the parameters of occupancy dependance are known and constant in time or they
can be changed continuously (known, time-dependent) or estimated (unknown, variable). For
measurements mentioned above is used a pair of remote and strategic detectors. The detectors
on stop-lines are not suitable (Fig.2).

Fig. 2: Detectors

3. STATE SPACE MODEL OF JUNCTION WITH 4 ARMS
This situation is displayed in Figure 2. State of the model is composed of queue length, intensity
of traffic flow and occupancy.
The state vector is:
xt = [ξ1 , ξ2 , ξ3 , ξ4 , O1 , O2 , O3 , O4 ]0

(4)

yt = [η1 , η2 , η3 , η4 , O1 , O2 , O3 , O4 ]0 .

(5)

and output vector is:

The state model can be written as:

xt+1 = Axt + Bzt + F,

(6)

yt+1 = Cxt+1 + G,

(7)
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where:
At
Bt
Ft
Ct
Gt

is matrix of parameters,
matrix reflects the passage dependence of splits,
vector adds the typical courses of intensities,
matrix reflects directional relations of the junction,
vector adds the typical courses of intensities and densities.

Model matrixes are:








A=







δ1 0 0 0 0 0 0 0
0 δ2 0 0 0 0 0 0
0 0 δ3 0 0 0 0 0
0 0 0 δ4 0 0 0 0
κ1 0 0 0 β1 0 0 0
0 κ2 0 0 0 β2 0 0
0 0 κ3 0 0 0 β3 0
0 0 0 κ4 0 0 0 β4



















,B = 



















I1
−b1 0


0 −b2 
 I2 




 I3 
−b3 0 



 I 
0 −b4 
 4 

,
,F = 
 λ1 
0
0 



 λ 
0
0 
 2 




0
0 
 λ3 
λ4
0
0

(8)

where:
bi = δi Si + (1 − δi )Ii ,

(9)

for i = 1, 2, 3, 4.
"

C=

α0 Cη
CO

#

"

,G =

α 0 Gη
GO

#

,

(10)

where:
αi j

is ration of cars which go from arm i to arm j,



Cη = 


1
0
0
0

0
1
0
0





CO = 

0
0
1
0
1
0
0
0

0
0
0
1
0
1
0
0

0
0
0
0
0
0
1
0

0
0
0
0
0
0
0
1

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0









 , Gη = 




0
0
0
0

0
0
0
0

ξˆ1 + I1
ξˆ2 + I2
ξˆ3 + I3
ξˆ4 + I4




,



(11)




 , GO = [∅].


(12)

Unknown parameters (β, κ, λ, S, α) and quantities (I) must be added to vector of estimated
parameters θ.
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4. ESTIMATION OF PARAMETERS
Linear Kalman filter
xt+1 = Axt + Bzt + vt ,

(13)

yt+1 = Cxt+1 + et ,

(14)

where
vt
et
cov(vt ) = Rv , cov(et ) = Re .

is the state noise,
is the output noise,

A priori estimation of state and covariant matrix are:
x̂1|0 = E[x1 |D0 , P1|0 = E[(x1 − x̂1|0 )(x1 − x̂1|0 )0 |D0 ].

Prediction of output

Data update

(15)

- This step is using before data update:

ŷt = C x̂t|t−1 ,

(16)

Qt = Re + CPt|t−1 C 0 .

(17)

- Estimation of state is repaired by new measured data yt :
x̂t|t = x̂t|t−1 + Kt (yt − ŷt ),

(18)

Pt = Pt|t−1 − Pt|t−1 CQt C 0 Pt|t−1 ,

(19)

where:
Kt = P t|tC 0 Qt −1

currently measured data.

Prediction of state
x̂t+1|t = Ax̂t|t + But ,

(20)

Pt+1|t = APt|t A0 + Rv .

(21)
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5. CONCLUSIONS
In the Institute of Information Theory and Automation of the Academy of Science of the Czech
Republic an algorithm for Bayes estimation of a queue length is developed by group which
is lead by Dr. Nagy and Dr. Kárný. The algorithm is tested on real traffic data samples and
the overall model estimation is done. The paper will present basic model for Bayes estimation.
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DESIGN OF SQUARE-ROOT DERIVATIVE-FREE SMOOTHERS
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Department of Cybernetics &
Research Centre Data-Algorithms-Decision Making,
Faculty of Applied Sciences,
University of West Bohemia in Pilsen,
Univerzitnı́ 8, 306 14 Plzeň, Czech Republic
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Abstract: Local state estimation approaches for nonlinear stochastic systems are considered. The derivative-free unscented transformation is introduced and used in the design of
a local smoothing algorithm. Its numerical properties are discussed and improved by the
derivation of the square-root smoothing algorithm. The numerical properties of proposed
algorithms are illustrated in a numerical example.
Keywords: stochastic systems, nonlinear systems, state estimation, estimation theory,
smoothing

1. INTRODUCTION
The problem of recursive state estimation of discrete-time stochastic dynamic systems from
noisy or incomplete measurement data has been a subject of considerable research interest for
the last several decades.
The general solution of the estimation problem, based on Bayesian approach, is given by
the Functional Recursive Relations (FRR’s) for computation of probability density functions
(pdf’s) of the state conditioned by the measurements. These pdf’s provide a full description
of the immeasurable state. The FRR’s are known for all three parts of the estimation problem
which can be distinguished, according to relation between time instant of the estimated state
and time instant of the last measurement, to prediction, filtering, and smoothing. It should be
mentioned that the FRR’s for the filtering and the one-step prediction are known as the Bayesian
Recursive Relations (BRR’s).
The closed form solution of the FRR’s is available only for a few special cases (Lewis, 1986;
Šimandl, 1996), e.g. for linear Gaussian system, where the solution of the filtering problem
is given by the well-known Kalman Filter. As a solution of smoothing problem, the RauchTung-Striebel Smoother (RTSS) (Lewis, 1986; Šimandl and Královec, 2000) can be used. The
alternative approach for smoothing is based on the doubling of the state dimension and on
the utilisation of common filtering techniques (Söderström, 1994; Šimandl and Dunı́k, 2006).
The multi-step prediction can be imagined as a multiply application of the one-step prediction
known from the filtering algorithm (Šimandl and Královec, 2000; Šimandl and Dunı́k, 2006).
In other cases it is necessary to apply some approximative methods.
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The local methods are often based on approximation of the nonlinear functions in the state
or measurement equation so that the Kalman technique can be used for the FRR’s solution.
This approach causes that all conditional pdf’s of the state estimate are given by the first two
moments, i.e. mean value and covariance matrix. This rough approximation of the a posteriori
estimates induces local validity of the state estimates and consequently impossibility to ensure
the convergence of the local filter estimates. Moreover, resulting estimates of the local filters
are suitable mainly for point estimates. On the other hand, the advantage of the local methods
can be found in the relative simplicity of the FRR’s solution.
The standard local nonlinear filtering methods are based on the approximation of nonlinear
functions in the state or the measurement equation with the Taylor expansion. The FRR’s
solution based on the Taylor expansion first order approximation leads to the Extended Kalman
Filter (EKF) or to the Iterated Kalman Filter (Lewis, 1986). Generally, the more exact Second
Order Filter (Athans et al., 1968; Henriksen, 1982) utilises the Taylor expansion second order
approximation. The Taylor expansion first order can be used to design the extended RauchTung-Striebel Smoother and the multi-step predictor as well (Šimandl and Královec, 2000).
In the last decade the novel approaches to the local filter design, based on the polynomial interpolation (Nørgaard et al., 2000; Ito and Xiong, 2000; van der Merwe and Wan, 2001; Dunı́k
et al., 2005) or on the unscented transformation (Julier et al., 2000; Ito and Xiong, 2000; Julier
and Uhlmann, 2004; van der Merwe and Wan, 2001; Dunı́k et al., 2005), have been published.
The approximation of the nonlinear functions by means of the Stirling’s polynomial interpolation first or second order leads to the Divide Difference Filters 1st order (DD1) or to the Divided
Difference Filter 2nd order (DD2), respectively, which are usually called as the Divided Difference Filters (DDF’s) (Nørgaard et al., 2000). Instead of direct substitution of the nonlinear
functions in the system description an approximation of the “already approximated” pdf’s representing state estimate by a set of deterministically chosen weighted points (so called σ -points)
can be utilised as a base for the local filters. This transformation is often called as the unscented
transformation. The Unscented Kalman Filter (UKF) (Julier et al., 2000; van der Merwe and
Wan, 2001; Šimandl and Dunı́k, 2005) or the Gauss-Hermite Filter (Ito and Xiong, 2000) exemplify this approach. The smoothing local methods utilising the Stirling’s interpolation and
unscented transformation was very briefly outlined in (Wan and van der Merwe, 2001) and
properly derived in (Šimandl and Dunı́k, 2006). Similarly to the standard local approaches the
multi-step prediction is realised by the multiple application of the one-step prediction known
from the filtering algorithm (Šimandl and Dunı́k, 2006). It is very important to mention that the
estimators based on the unscented transformation and the Stirling’s interpolation have common
features although the basic idea of these estimators comes out from quite different assumptions
(Nørgaard et al., 2000; Lefebvre et al., 2002; Dunı́k et al., 2005). Therefore, these local filters can be called together as the sigma point Kalman estimators or the derivative-free Kalman
estimators.
The numerical properties of the derivative-free local filters have been discussed in the several papers. For example the DDF’s have been directly designed in the square-root form
(Nørgaard et al., 2000) and although the UKF was originally derived in the “nonsquare-root”
form, its square-root versions have been subsequently derived in (van der Merwe and Wan,
2001; Šimandl and Dunı́k, 2005). However, the poor attention has been paid to the numerical
properties of the novel derivative-free smoothers. In (Šimandl and Dunı́k, 2006) only the final
algorithms of the derivative-free smoothers were presented without regular their derivation.
Therefore, in the paper the square-root smoothing algorithm, which is based on the unscented
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transformation, will be regularly derived. This modification improves not only numerical properties of the smoothing algorithms, but it slightly reduces their computational demands as well.
Mention that the same approach presented in this paper can be easily used for design of the
smoother based on the both first and second order Stirling’s interpolation.
The rest of the paper is organised as follows. Section 2 is devoted to the system description
and to the Bayesian solution of the estimation problem. Then, the derivative-free smoother
based on the unscented transformation is introduced in Section 3 as well as its square-root
modification. In Section 4 the theoretical results are illustrated in a numerical example. Finally,
some conclusion remarks are given in Section 5.
2. PROBLEM STATEMENT
Consider the discrete-time nonlinear non-Gaussian stochastic system
xk+1 = fk (xk ) + wk , k = 0, 1, 2, . . . ,
zk = hk (xk ) + vk , k = 0, 1, 2, . . . ,

(1)
(2)

where the vectors xk ∈ Rn x and zk ∈ Rn z represent the immeasurable state of the system and
the measurement at time instant k, respectively, and fk : Rn x → Rn x , hk : Rn x → Rn z are
known vector functions. The variables wk ∈ Rn x , vk ∈ Rn z are the state and the measurement
Gaussian white noises. The pdf’s of both noises pwk (wk ) = N {wk : 0n x , Qk }, pvk (vk ) =
N {vk : 0n z , Rk } are assumed to be known as well as the pdf of the Gaussian initial state
px0 (x0 ). The noises are mutually independent and independent of the initial state.
Mention that the system description with non-additive state or measurement noise can be transformed to the previous one (1), (2) by appending noise variables wk , vk to the state xk (Nørgaard
et al., 2000).
The system can be rewritten as a set of the conditional transient pdf’s pxk+1 |xk (xk+1 |xk ) =
pwk (xk+1 − fk (xk )) and the measurement pdf’s pzk |xk (zk |xk ) = pvk (zk − hk (xk )), ∀k. For the
sake of simplicity all pdf’s will be given by their arguments, i.e. p(xk+1 |xk ) = pxk+1 |xk (xk+1 |xk ).
The aim of the state estimation is to find the state estimate in the form of the conditional pdf
p(xm |zk ) given by the functional recursive relations known for the prediction (m > k), the
filtering (m = k) and the smoothing (m < k). The FRR’s are assumed in the following form
for the (m − k)-step prediction
Z
p(xm |zk ) =
p(xm |xm−1 ) p(xm−1 |zk )dxm−1 ,
(3)
where m > k, for the filtering
p(xk |zk ) =
where p(zk |zk−1 ) =

p(xk |zk−1 ) p(zk |xk )
,
p(zk |zk−1 )

(4)

p(xk |zk−1 ) p(zk |xk )dxk , m = k, and for the (k − m)-step smoothing
Z
p(xm+1 |zk )
k
m
p(xm |z ) = p(xm |z )
p(xm+1 |xm )dxm+1 ,
(5)
p(xm+1 |zm )
R

where m < k and zk = [z0 , . . . , zk ]. The recursive computation of the (m − k)-step prediction
(3) may start either from the filtering pdf p(xk |zk ) or from the predictive pdf p(xt |zk ), where
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m > t > k. The computation of the filtering pdf (4) comes out from the one-step predictive
pdf p(xk |zk−1 ). Finally, the recursion for the smoothed pdf (5) can be initiated either by the
filtering pdf p(xk |zk ) or by another smoothed pdf p(xt |zk ), where m < t < k.
The exact solution of FRR’s (3)–(5) is possible only for a few special cases, e.g. for linear
Gaussian systems. In other cases is therefore necessary to apply some approximative method.
The local methods based on the Taylor expansion or on the derivative-free alternatives are
known for the prediction, the filtering and the smoothing. While the local predictors and filters
are available in a numerical stable versions, the numerical stable versions of the local smoothers
have not been properly derived yet. Therefore, the aim of this paper is to propose the technique
how to design the numerical stable versions of the smoothers.
3. DESIGN OF DERIVATIVE-FREE SMOOTHERS
The smoothing problem can be generally divided into the three groups, namely fixed-point,
fixed-lag and fixed-interval smoothing (Grewal and Andrews, 2001; Šimandl and Dunı́k, 2006),
and the local smoothing algorithms based on the Rauch-Tung-Striebel smoother can be easily
used for the solution of all three smoothing problem. Therefore, in this paper the main stress
is laid on the derivation of numerical stable versions of the local RTSS. However, due the
space constrains the stress will be mainly laid on the numerical properties of the derivative-free
unscented RTSS.
The algorithms of the local estimators have the same structure as the estimators for the linear
Gaussian system, where the predictive, filtering and smoothing means and covariance matrices
are computed recursively. The crucial difference between the local estimators can be found in
the particular approximation of the system description which allows to apply the techniques
known from the linear Gaussian systems.
Therefore, in the first part of this section the Rauch-Tung-Striebel smoother, as base for design
of local smoother, will be introduced. Then, the unscented transformation and its application
in the smoother design will be recapitulated. Finally, the square-root modification of the unscented smoother will be presented.
3.1 Rauch-Tung-Striebel Smoother
As a main tool for design the unscented smoother, the results from the area of linear system
smoother design can be used.
Let the linear Gaussian system (1), (2) where fk (xk ) = Fk xk and hk (xk ) = Hk xk , ∀k be
considered. For these systems the exact solution of the smoothing problem p(xm |zk ), m < k
is given e.g. by the Rauch-Tung-Striebel smoother (RTSS) (Lewis, 1986). The RTSS can be
described by the following relations (Lewis, 1986)
x̂m|k = x̂m|m + Km|k (x̂m+1|m − x̂m+1|k ),

T
Pm|k = Pm|m − Km|k (Pm+1|m − Pm+1|k )Km|k
,

Km|k =

Px x,m+1|m P−1
m+1|m ,

T
Px x,m+1|m = E[(xm − x̂m )(xm+1 − x̂m+1|m )T |zm ] = Pm|m Fm
,
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(6)
(7)
(8)
(9)

where m = k − 1, k − 2, . . ., Px x,m+1|m is the cross-covariance matrix of the states xm and
xm+1 , x̂m|k = E[xm |zk ], Pm|k = cov[xm |zk ] are the smoothed mean and covariance matrix.
The filtering mean x̂m|m = E[xm |zm ] and covariance matrix Pm|m = cov[xm |zm ] and the onestep predictive mean x̂m|m−1 = E[xm |zm−1 ] and covariance matrix Pm|m−1 = cov[xm |zm−1 ]
are known from the “forward” run of the KF.
However, if the nonlinear system is considered, the covariance matrix Px x,m+1|m (9) cannot
be generally computed. To find the solution some approximative technique, e.g. the UT, has
to be used. Therefore, in the following section the UT will introduced by an example of the
transformation of random variable through nonlinear function.
3.2 Unscented Transformation
Let x ∈ Rn x and y ∈ Rn y be random vector variables related through the known nonlinear
function y = g(x) = [g1 (x), . . . , gn y (x)]T . The pdf of the variable x is characterised by the first
two moments, i.e. the mean x̂ and the covariance matrix Px , and the aim is to calculate the mean
ŷ and the covariance matrix P y of y and the cross-covariance matrix Px y . The general solution
of this problem is possible only for linear function g(·). In other cases some approximative
solution has to be applied.
One of the possible solution of this “transformation problem” is based on the so called unscented transformation (UT) (Julier et al., 2000). The UT is grounded on the idea that it could
be easier to approximate a Gaussian distribution that it is to approximate an arbitrary nonlinear
function. Then, the pdf of the random variable x is approximated by a set of deterministically
chosen weighted σ -points {Xi }, where
κ
X0 = x̂, W0 =
,
(10)
nx + κ
p

1
Xi = x̂ +
(n x + κ)Px , Wi =
, i = 1, . . . , n x ,
(11)
i
2(n x + κ)

p
1
(n x + κ)Px
, Wj =
, j = n x + 1, . . . , 2n x .
(12)
X j = x̂ −
j −n x
2(n x + κ)

√
√
The term (n x + κ)Px i represents i -th column1 of the matrix (n x + κ)Px and the variable
κ is introduced to have a possibility to influence the exactness of the UT. The set of σ -points exactly captures at least the mean and the covariance matrix of x. Then, each point is transformed
via the nonlinear function
Yi = g(Xi ), ∀i.
(13)
And the resulting characteristics are given as
ŷUA T

=

T
PUy,A
=
T
PU
x y,A =

2n x
X

i=0
2n x
X

i=0
2n x
X
i=0

Wi Yi ,

(14)

Wi (Yi − ŷUA K F )(Yi − ŷUA K F )T ,

(15)

Wi (Xi − x̂)(Yi − ŷUA K F )T .

(16)

1 The columns are used in the case that P is decomposed as P = S ST . If P = ST S the rows of P have to
x
x
x x
x
x
x x
be used in the σ -point computation.
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The recommended settings of the scaling parameter κ, a tool for adjustment of the UT accuracy,
is κ = 3 − n x for the Gaussian distribution (Julier et al., 2000). The introduced subscript A
highlights that these results are only approximations of the true mean and the covariance matrix
which cannot be generally computed.
3.3 Unscented Rauch-Tung-Striebel Smoother
By combining of the results presented in the previous two subsection, the Unscented RauchTung-Striebel Smoother (URTSS) (Šimandl and Dunı́k, 2006) can be designed. The crucial
problem of applying RTSS to the nonlinear system is the impossibility of computation of the
cross-covariance matrix Px x,m+1|m (9). This problem can be now solved by utilising the UT,
especially relations (14) and (16). Thus, the approximative solution of Px x,m+1|m is given by
Px x,m+1|m = E[(xm − x̂m|m )(xm+1 − x̂m+1|m )T |zm ]
≈

2n x
X
i=0

s
Wi (Xi,m|m − x̂m|m )(Xi,m+1|m
− x̂sm+1|m )T ,

(17)

P2n x
s
s
where Xi,m+1|m
= fm (Xi,m|m ), ∀i and x̂sm+1|m =
i=0 Wi Xi,m+1|m (Šimandl and Dunı́k,
2006). Then, the relations (6)–(8) can be used for obtaining the smoothed characteristics.
The algorithm of the URTSS can be summarised by the following equations
x̂m|k = x̂m|m + Km|k (x̂m+1|k − x̂m+1|m ),

(18)

T
Pm|k = Pm|m − Km|k (Pm+1|m − Pm+1|k )Km|k
,

(19)

Km|k =

(20)

Px x,m+1|m =

Px x,m+1|m P−1
m+1|m ,
2n x
X
i=0

s
Wi (Xi,m|m − x̂m|m )(Xi,m+1|m
− x̂sm+1|m )T .

(21)

It is very important to note, that the square-root of the smoothing covariance matrix Pm|k have
to be computed at each time instant to find the appropriate set of the σ -points. Therefore, it
could be advantageous to directly compute the square-root of the smoothing covariance matrix.
The second, and more important property of the direct computation of the covariance matrix
factor, is the significant improvement of the URTSS numerical properties. The square-root
URTSS will be proposed in the following part.
Note that in the URTSS design the basic UT was used which suffers from some disadvantages.
However for design the URTSS all other improved types of the UT, namely Gauss-Hermite
quadrature, scaled UT etc., can be used as well (Ito and Xiong, 2000; Julier and Uhlmann,
2004; Dunı́k et al., 2005).
3.4 Square-Root Unscented Rauch-Tung-Striebel Smoother
To design the square-root form of the URTSS, it is advantageous to define two auxiliary matrices
p
p
Mx,m|m = [ (W0 )(X0,m|m − x̂m|m ), . . . , (W2n x )(X2n x ,m|m − x̂m|m )],
(22)
p
p
s
s
− x̂sm+1|m ), . . . , (W2n x )(X2n
− x̂sm+1|m )], (23)
Msx,m+1|m = [ (W0 )(X0,m+1|m
x ,m+1|m
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which facilitate the square-root URTSS design.
Then, the smoothing gain, with respect to (20) and (17), can be written in the form
T
Km|k = Mx,m|m (Msx,m+1|m )T (Pm+1|m )−1 = Mx,m|m (Msx,m+1|m )T (Sm+1|m Sm+1|m
)−1 , (24)

where Sm+1|m is the square-root of the predictive covariance matrix Pm+1|m . Then, the smoothing covariance matrix (19) can be extended by the following way:
T
T
Pm|k = Pm|m − Km|k Pm+1|m Km|k
− Km|k Pm+1|m Km|k
+
T
T
+ Km|k Pm+1|m Km|k
+ Km|k Pm+1|k Km|k
,

(25)

T can be expressed as
where the term Km|k Pm+1|m Km|k
T
T
Km|k Pm+1|m Km|k
= Mx,m|m (Msx,m+1|m )T Km|k
,

= Km|k Msx,m+1|m MTx,m|m ,
=

T
Km|k Msx,m+1|m (Msx,m+1|m )T Km|k

(26)
(27)
T
+ Km|k S Q,m STQ,m Km|k
,

(28)

and S Q,m is the square-root of the state noise covariance matrix Qm .
The substitution of (26)–(28) into (25) lead to
T
Pm|k = Mx,m|m MTx,m|m − Mx,m|m (Msx,m+1|m )T Km|k
− Km|k Msx,m+1|m MTx,m|m +
T
T
+ Km|k Msx,m+1|m (Msx,m+1|m )T Km|k
+ Km|k S Q,m STQ,m Km|k
+

T
T
+ Km|k Sm+1|k Sm+1|k
Km|k
= [Mx,m|m − Km|k Msx,m+1|m , Km|k S Q,m , Km|k Sm+1|k ]×

× [Mx,m|m − Km|k Msx,m+1|m , Km|k S Q,m , Km|k Sm+1|k ]T .

(29)

Now, the square-root form of the smoothing covariance matrix is given as
S̃m|k = [Mx,m|m − Km|k Msx,m+1|m , Km|k S Q,m , Km|k Sm+1|k ].

(30)

However, this matrix is rectangular. To compute the set of σ -point the square matrix is desired. Therefore, the Householder triangularization is employed (Grewal and Andrews, 2001;
Nørgaard et al., 2000) to transform a known rectangular matrix M ∈ Rm×n to a square matrix
N ∈ Rn×n so that the equality MMT = NNT is accomplished. The Householder triangularization can be written as N = ht (M).
Now, the “square” square-root form of the smoothing covariance matrix Sm|k can be easily
determined, i.e.
Sm|k = ht ([Mx,m|m − Km|k Msx,m+1|m , Km|k S Q,m , Km|k Sm+1|k ]).

(31)

Then, the algorithm of the square-root URTSS is given by the following equations
x̂m|k = x̂m|m + Km|k (x̂m+1|k − x̂m+1|m ),
Sm|k = ht ([Mx,m|m − Km|k Msx,m+1|m , Km|k S Q,m , Km|k Sm+1|m ]),

′

T
Km|k = Px x,m+1|m (Sm+1|m Sm+1|m
)−1 ,

Px x,k+1 = Mx,m|m (Msx,m+1|m )T .

(32)
(33)
(34)
(35)
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Algorithm
ERTSS
URTSS
sURTSS

MSE of fixed-lag smoothing
1.36 × 10−3
1.25 × 10−3
1.25 × 10−3

Time [s]
1.51−4
3.27−4
2.76−4

Table 1: MSE of fixed-lag smoothing and computational demands.

For the design of the square-root derivative-free smoother the Stirling’s interpolation (Nørgaard
et al., 2000; Šimandl and Dunı́k, 2006) can be used as well. Due to the common properties of
Stirling’s interpolation and the UT the resultant relations are quite similar to the above presented.
4. NUMERICAL ILLUSTRATION
Let the one-dimensional non-linear Gaussian system (Ito and Xiong, 2000; Šimandl and Dunı́k,
2006) be considered
xk+1 = xk + 51t xk (1 − xk2 ) + wk ,
2

z k = 1t (xk − 0.05) + vk ,

(36)
(37)

where k = 0, 1, . . . , 400, system initial condition x0 = 1.2, wk ∼ N {wk : 0, 0.251t},
vk ∼ N {wk : 0, 0.011t} and 1t = 0.01. Initial condition of the estimators is considered
as p(x0 |z −1 ) = N {x0 : 2.2, 2}.
The aim is to find the two-step fixed-lag smoothing estimates p(xk−2 |z k ) by means of the standard local RTSS based on the Taylor expansion 1st order (Extended RTSS - ERTSS), the novel
Unscented RTSS and the square-root URTSS (sURTSS). The experimental results are summarised in Table 1 where the Mean Square Error (MSE)2 of the fixed-lag smoothed estimate
and the computational time per one smoother run are given.
The improvement of estimation performance of URTSS towards the Extended RTSS is proportional to the improvement of the UKF towards the EKF. Mention that the improvement
becomes significant especially for the “highly” nonlinear systems. Naturally, the estimation
performance is the same for both URTSS. The square-root URTSS brings the smaller computational demands especially for the low dimensional systems. However, the main advantage of
the square-root smoother can be found in the improved numerical stability where the smoothed
covariance matrix can not be negative-definite.
5. CONCLUSION
The derivative-free smoothing methods were discussed. The unscented transformation, as a
derivative-free approximation technique, was briefly discussed and used in the design of the
Unscented Rauch-Tung-Striebel Smoother. The square-root version of the Unscented RauchTung-Striebel Smoother was derived to improve the numerical properties of that algorithm. The
proposed method for design square-root smoothers can be easily used for other smoothers that
are based on different approximation techniques, e.g. Stirling’s interpolation, Gauss-Hermite
quadrature, scaled unscented transformation. The proposed smoother was demonstrated on the
numerical example.
P100 P400 i
i,E 2 
i,E
i
=
i=1
k=0 (x k − x̂ k ) /(401 × 100), where x k or x̂ k is the true or estimated state, respectively,
in the i -th repetition and N is the time instant of the last possible estimate.
2MSE
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Abstract: The article describes a series of tests of different computer vision techniques
used to track a moving object in a scene taken by a digital camera (e.g. DV camcorder).
The performance provided by standard techniques was found unsuitable either because of
high computational demands (or complexity respectively) with respect to expected target
real-time application, or for poor movement tracking ability. A novel approach was developed with focus on high performance in moving object tracking and low computational
demands so that the method can be easily implemented into low power systems (embedded
computers based on 80386 processors, high-level microcontrollers, etc.).
Keywords: computer vision, motion detection, object tracking

1. INTRODUCTION
The research was motivated by a need of a set of computer vision techniques for an autonomous
mobile system navigation. The basic idea behind the navigation and autonomous control of a
mobile system is that the moving objects are considered important as they could cause a collision in a short-time horizon. On the other hand the still objects (merged to the scene background) present no collision danger within short time periods. The mobile system is navigating
through the space by an analysis of the scene – the global trajectory planning is usually not time
critical. However, considering other moving objects in the space, the autonomous system must
be able to detect a collision threat and plan a dodging manoeuvre in the shortest time possible.
Another field where it is well possible to benefit from a fast and efficient movement detection
and analysis method is automatic surveillance used in various security applications.
2. TESTED STANDARD METHODS AND THEIR PERFORMANCE
During an extensive testing phase, 3 computer vision methods (nowadays considered standard
according to (V. Hlaváč, 1992)) were tested within the framework of the moving object tracking
task. All of them were used to perform an image segmentation1 : (i) Hough transform, (ii)
SUSAN feature detector, and (iii) Skeletonisation.
1
Subsequently, positions of the detected objects are analysed and compared on consecutive frames. Such a
motion analysis can be considered independent on the used segmentation method.
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Hough transform proved to have expectedly outstanding ability to find an analytically described object (in fact a geometrical shape). Its sensitivity to image noise is very low and its
ability to cope with incomplete data is also high above average. These desirable features are
balanced by high computational demands of the method. Although the testing was performed
on a powerful dual-core Pentium machine, and the algorithm was written in C++ using speed
optimisation, it was not suitable for a real-time application, as the resulting frame rate was 3
fps.
The SUSAN (Smallest Univalue Segment Assimilating Nucleus) feature detector is quite
a novel approach presented some ten years ago by Smith and Brady in (S. M. Smith, 1995).
It has a very low computational load and is easy to implement (so that it is suitable for small,
low-consumption embedded systems, microcontrollers, and other poor performance hardware).
On the other hand this method was not able to overcome substantial amount of image noise and
thus produced a lot of false features that had no connection with the actually tracked moving
object.
Skeletonisation proved good performance when working on noisy images and incomplete data.
The computational load was significantly lower compared to the Hough transform. However,
the segmentation ability dropped congruently – especially small still objects of the same or
similar geometrical shapes caused confusion. Moreover such a method needs further processing
of the resulting data to segment the scene so that the moving object can be localised.
3. THE METHOD: SEGMENTATION VIA TEMPORAL DIFFERENCE
As the previously mentioned methods did not fully satisfy the conditions, an alternative approach was developed and tested: The image is not segmented in order to locate objects but to
locate a movement. The scene images are transformed using the following FIR spatiotemporal
filter:
y(i, j, t) = ψ(i, j, a) · |x(i, j, t) − x(i, j, t − ϕ(a))|,
where i and j are pixel coordinates within a single image, t is time coordinate within an image
stream, i.e. t-th image is processed, x is an input image function, y is an output image function,
ψ is a non-linear smoothing function, and ϕ is a temporal shift function. Both ψ and ϕ are
dependent on a smoothing parameter a.
The ψ function is also dependent on spatial coordinates i and j that enables to prefer a region
where the tracked object was localised in the past (presuming the object is moving at certain
speed that can’t change arbitrarily fast due to object inertia).
The form of the filter formula suggests that the filter is a form of a numeric first-order temporal
derivative. The basic property of a derivative, i.e. the ability to express and measure the change,
is used within the proposed method to detect the movement. Figure 1 shows the difference
image, in fact a visualised output of the derivative. The filter produces an image where all the
pixel intensities are given by a difference between the corresponding pixels in the consecutive
images. The pixels that represent only a small change (expressed by the smoothing parameter)
are merged into the background. The pixels that have the intensity above the threshold form
objects that are called movement traces as they represent those areas of the image where a
movement appeared.
After the filtering, standard thresholding and labelling procedures are applied to localise, count
and analyse the movement traces. These are analysed using vector field analysis techniques.
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Fig. 1: Visualised temporal difference between two consecutive images

4. APPLICATION
The developed method can be used in various technical applications: (i) navigation of an autonomous mobile system (e.g. AI driven car, aircraft, etc.) where it can act as a part of a
collision-avoiding subsystem; (ii) security appliances like e.g. aiming a security camera around
the observed area so that an intruder stays locked in the centre of take so that his/her mischief
activity can be monitored; (iii) military appliances like e.g. locking aircraft finders; (iv) robotics
where it can be used as a part of a robot navigation system – nowadays e.g. robotic football
is gaining popularity and in such a task it is important to detect fast movements of a ball and
opponent robots; etc. Many other technical applications can be found.
The following figures 2 and 3 show the window of the testing application O’Trac. Two different
types of scenes with moving objects are processed. Figure 2 shows an aerial scene where there
is an aircraft in the field of vision of the system. Such a scene is typical for e.g. locking finders
connected to weapon-aiming systems, etc. Figure 3 shows a typical scene of a security camera.
The goal in this kind of applications is to alarm an armed force that can capture the intruder or
at least to keep the focus on him or her.
5. RESULTS
A simple and effective method of moving object tracking was developed. The method is easy to
implement, has very low computational power demands and is thus very suitable for low power
computer systems (e.g. 80386- or ARM-based embedded computers). The method is reliable
and stable in tasks where the tracked object moves at speeds sufficiently higher than the speed
of change of the monitored scene. The most substantial disadvantage of the presented method
is a complete inability to indicate an unexpected disappearance of the tracked object. Detailed
analysis can be found in (Weinfurt, 2006).
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Fig. 2: Testing application window — locating moving object in a typical aerial scene

Fig. 3: Testing application window — locating moving object in a typical security camera scene
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Weinfurt, P. (2006). Detekce a analýza pohybu objektu ve scéně (detection and analysis of object movement in a scene). Master’s thesis. Dept. of Computer Science and Engineering, Faculty of Applied
Sciences, University of West Bohemia. Plzeň, Czech Republic.
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FE, Univ. of Ljubljana, Tržaška 25, 1000 Ljubljana, Slovenia.
E-mail: dejan.gradisar@ijs.si
1

2

Abstract: This paper describes how to apply timed Petri nets and existing production data
to the modelling of production systems. Information about the structure of a production
facility and about the products that can be produced is usually given in production-data
management systems. We describe a method for using these data to algorithmically build
a Petri-net model. The approach was implemented in the typical assembly process system
where furniture fittings are produced.
Keywords: Timed Petri nets, Modelling, Production systems

1. INTRODUCTION
As the role played by information systems in production control increases, the need for a proper
evaluation of the various decisions in both the design and operational stages of such systems is
becoming more and more important.
In general, an appropriate model of a production process is needed in order to cope with its behaviour. However, this behaviour is often extremely complex. When the behaviour is described
by a mathematical model, formal methods can be used, which usually improve the understanding of systems, allow their analysis and help in the implementation. Within the changing
production environment the effectiveness of production modelling is, therefore, a prerequisite
for the effective design and operation of manufacturing systems.
Petri nets (PN) represent a powerful graphical and mathematical modelling tool. The different
abstraction levels of Petri-net models and their different interpretations make them especially
usable for life-cycle design (Silva and Teruel, 1997). Many different extensions of classical
Petri nets exist, and these are able to model a variety of real systems. In particular, timed
Petri nets can be used to model and analyse a wide range of concurrent discrete-event systems (Zuberek, 1991; van der Aalst, 1995; Zuberek and Kubiak, 1999; Bowden, 2000). Several
previous studies have addressed the timed-Petri-net-based analysis of discrete-event systems.
(López-Mellado, 2002), for example, deals with the simulation of the deterministic timed Petri
net for both timed places and timed transitions by using the firing-duration concept of time implementation. (van der Aalst, 1998) discusses the use of Petri nets in the context of workflow
management. In (Gu and Bahri, 2002) the usage of Petri nets in the design and operation of a
batch process is discussed. There is a lot of literature on the applicability of PNs in the modelling, analysis, synthesis and implementation of systems in the manufacturing-applications
domain. A survey of the research area and a comprehensive bibliography can be found in
(Zhou and Venkatesh, 1999). In (Recalde et al., 2004) there is an example-driven tour on Petri
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nets and manufacturing systems where the use of Petri-net production models through several
phases of the design life-cycle is presented.
One of the central issues when using Petri nets in manufacturing is the systematic synthesis of
Petri-net models for automated manufacturing systems. In (Huang et al., 1995) a discrete-event
matrix model of a FMS is used, which can be built based on standard manufacturing data, and
can also be interpreted as a Petri net. This approach is particularly attractive when there are
data about the production process available within some kind of production-management information system. Using these data, a model-building algorithm can be embedded within the
information system. In this paper we propose a method for using the data from management
systems, such as Manufacturing Resource Planning (MRP II) systems (Wortmann, 1995), to
automate the procedure of building up the Petri-net model of a production system. Instead of
using a discrete-event matrix model, the Petri net is built directly in a top-down manner, starting from the bill of materials (BOM) and the routings (Wortmann, 1995). The BOM and the
routing data, together with the available resources, form the basic elements of the manufacturing process. These data can be effectively used to build up a detailed model of the production
system with Petri nets. The product structure given in the form of the BOM and the process
structure in the form of routings have also been used by other researchers. In (Czerwinski and
Luh, 1994) a method for scheduling products that are related through the BOM is proposed
using an improved Lagrangian Relaxation technique. An approach presented by (Yeh, 1997)
maintains production data by using a bill of manufacture (BOMfr), which integrates the BOM
and the routing data. Production data are then used to determine the production jobs that need
to be completed in order to meet demands. Compared to previous work, the method proposed
in this paper builds a Petri-net model that can be further analysed, simulated and used for
scheduling purposes.
First we define timed Petri nets, where time is introduced by using the holding-durations concept. A general class of place/transition (P/T) nets supplemented by timed transitions is used.
The practical experience also shows that for most of the applications in a real-manufacturing
environment the use of deterministic time delays is sufficient. Adopting the class of timed
P/T nets, a method for modelling the basic production activities with such a Petri net is described. A corresponding algorithm of automatic model building is presented. For a defined,
timed Petri net a simulator was built, for which different heuristic rules can be introduced for
scheduling purposes. The applicability of the proposed approach was illustrated using a practical scheduling problem, where the data about the production facility is given with the BOM
and the routings. The model constructed using the proposed method was used to determine a
schedule for the production operations.
In the next section we describe timed Petri nets that can be used for the modelling and analysis
of a production system. In Section 3 the method for modelling the production system using data
from the production-management system is presented. An illustrative application of modelling
an assembly process and developing a schedule using timed Petri nets is given in Section 4.
Finally, the conclusions are presented in Section 6.
2. TIMED PETRI NETS
Petri nets are a graphical and mathematical modelling tool that can be used to study systems
that are characterised as being concurrent and asynchronous. The basic Place/Transition Petri
net (Zhou and Venkatesh, 1999) is represented by the multiple:
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Fig. 1: Timed Petri net with holding durations.

P N = (P, T, I, O, M0 ), where:
• P = {p1 , p2 , ..., pg } is a finite set of places,
• T = {t1 , t2 , ..., th } is a finite set of transitions,
• I : (P ×T ) → IN is the input arc function. If there exists an arc with weight k connecting
pi to tj , then I(pi , tj ) = k, otherwise I(pi , tj ) = 0.
• O : (P × T ) → IN is the output arc function. If there exists an arc with weight k
connecting tj to pi , then O(pi , tj ) = k, otherwise O(pi , tj ) = 0.
• M : P → IN is the marking, M0 is the initial marking.
Functions I and O define the weights of the directed arcs, which are represented by numbers
placed along the arcs. In the case when the weight is 1, this marking is omitted, and in the case
when the wight is 0, the arc is omitted. Let •tj ⊆ P denote the set of places which are inputs
to transition tj ∈ T , i.e., there exists an arc from every pi ∈ •tj to tj . A transition tj is enabled
by a given marking if, and only if, M (pi ) > I(pi , tj ), ∀pi ∈ •tj . An enabled transition can
fire, and as a result remove tokens from input places and create tokens in output places. If the
transition tj fires, then the new marking is given by M 0 (pi ) = M (pi ) + O(pi , tj ) − I(pi , tj ),
∀pi ∈ P .
An important concept in PNs is that of conflict. Two events are in conflict if either one of them
can occur, but not both of them. Conflict occurs between transitions that are enabled by the
same marking, where the firing of one transition disables the other transition. Also, parallel
activities or concurrency can easily be expressed in terms of a PN. Two events are parallel if
both events can occur in any order without conflicts. A situation where conflict and concurrency
are mixed is called a confusion.
The concept of time is not explicitly given in the original definition of Petri nets. However,
for the performance evaluation and scheduling problems of dynamic systems it is necessary
to introduce time delays. Given that a transition represents an event, it is natural that time
delays should be associated with transitions. As described in (Bowden, 2000), there are three
basic ways of representing time in Petri nets: firing durations, holding durations and enabling
durations. In this work timed Petri nets with deterministic time delays using holding-duration
principle are used to model the behaviour of a production system. When using the holdingduration principle, a created token is considered unavailable for the time assigned to transition
that created the token. The unavailable token cannot enable a transition and therefore causes a
delay in the subsequent transition firings. This principle is graphically represented in Figure 1,
where the available tokens are schematised with the corresponding number of undistinguishable
(black) tokens and the unavailable tokens are indicated by the center not being filled. The time
duration of each transition is given beside the transition, e.g., f (t 1 ) = td . When the time
duration is 0 this denotation is omitted. In Figure 1, t denotes a model time represented by a
global clock and tf denotes the firing time of a transition.
Formal representation of the introduced timed Petri net is represented by the multiple:
T P N = (P, T, I, O, s0 , f ), where:
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• P, T, I, O are the same as above,
• s0 is the initial state of a timed Petri net.
• f : T → IR+
0 is the function that assigns a non-negative deterministic time-delay to every
tj ∈ T . The delays can be represented by a 1 × h row vector f whose jth entry is f (t j ).
The state of a timed Petri net is a combination of three functions s = (m, n, r), where,
• m : P → IN is a marking function of available tokens. It defines a g × 1 column vector
m whose ith entry is m(pi ).
• n : P → IN is a marking function of unavailable tokens. It defines a g × 1 column vector
n whose ith entry is n(pi ).
• r is a remaining-holding-time function that assigns values to a number of local clocks that
measure the remaining time for each unavailable token (if any) in a place. Assuming l unavailable tokens in pi , i.e., n(pi ) = l, the remaining-holding-time function r(pi ) defines
a vector of l positive real numbers denoted by r(pi ) = [r(pi )[1], r(pi )[2], ..., r(pi )[l]]; r is
empty for every pi , where n(pi ) = 0.
A transition tj is enabled by a given marking if, and only if, m(pi ) > I(pi , tj ), ∀pi ∈ •tj .
The firing of transitions is considered to be instantaneous. A new local clock is created for
every newly created token and the initial value of the clock is determined by the delay of the
transition that created the token. When no transition is enabled, the time of the global clock is
incremented by the value of the smallest local clock. An unavailable token in a place where a
local clock reaches zero becomes available and the clock is destroyed. The enabling condition
is checked again.
3. THE MODELLING OF PRODUCTION SYSTEMS
This section deals with models for production facilities. These models play a role in the design
and the operational control of a plant. Petri nets are a family of tools that provide a framework
or working paradigm which can be used for many of the problems that appear during the lifecycle of a production system (Silva and Teruel, 1997). If used in all stages an additional benefit
of improving the communication between these stages is achieved.
We present a method for modelling production systems using timed Petri nets based on data
from production-management systems for the purpose of performance control. (van der Aalst,
1995) provides a method for mapping scheduling problems onto timed Petri nets, where the
standard Petri-net theory can be used. To support the modelling of scheduling problems, he
proposed a method to map tasks, resources and constraints onto a timed Petri net. In this paper
a different representation of time in Petri nets is used, and the structure of the model is derived
from existing production-management data (Wortmann, 1995).
3.1 The modelling of production activities
To make a product, a set of operations has to be performed. We can think of an operation
as a set of events and activities. Using a timed PN, events are represented by transitions and
activity is associated with the presence of a token in a place. First, a method of describing the
production-system activities with timed Petri nets using the holding-duration representation of
time is presented.

50

p

01

t

11in

p11op t 11out

p11

t d1

t0
p

02

t12in

t1
p12op t12out p12

t d2

Fig. 2: Two parallel operations.
p

0

t

1in

p1op t 1out

p1

td
p

R1

Fig. 3: Operation that uses a resource with finite capacity.

An elementary operation can be described with one place and two transitions, see Figure 1.
When all the input conditions are met (there is a token in place p 1 ) the event that starts the operation occurs, t1 . This transition also determines the processing time of an operation. During
that time the created token is unavailable in place p2 and the operation is being executed. After
that time the condition for ending the operation is being satisfied and t 2 can be fired.
When parallel activities need to be described the Petri-net structure presented in Figure 2 is
used. The time delays of the transitions t11in and t12in define the duration of each operation.
An available token in place p11out (p12out ) indicates that operation is finished. Transition t1 is
used to synchronise both operations.
An operation might need resources, usually with a limited capacity, to be executed; this is
illustrated in Figure 3. Place pR1 is used to model a resource. Its capacity is defined with the
initial marking of that place. An additional place p1 models the control flow. When the token
is present in this place, subsequent operation can begin.
A particular operation can often be done on more different (sets of) resources with different
availability, and the time duration can be different on each set of resources. An example where
an operation can be executed on two different sets of resources is shown in Figure 4. If the
operation chooses resource R3 , its time duration is determined with the transition t 2in = td2 .
Otherwise the set of resources, composed of R1 and R2 , is being selected and its operation time
is defined with t1in = td1 .
There are common situations where more operations use the same resource, e.g., an automated
guided vehicle (AGV) in a manufacturing system or a mixing reactor in a batch system. This
can be modelled as shown in Figure 5.
Precedence constraints are used to define technological limitations and the sequence of operations. An example of two successive operations is shown in Figure 6, depicted as Op1 and
Op2. In this figure an example of technological limitations is also shown. Here, the situation
where operation Op1 precedes operation Op3 is considered. For this purpose an additional
place ppr1 is inserted between the transition t1out (ending Op1) and the transition t3in (starting
Op3). The weight n of the arc, which connects ppr1 to t2in , prescribes how many items need to
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be produced by the first operation before the second operation can begin.
3.2 Modelling using the data from production-management systems
The most widely used production-management information system in practice is MRP II. Data
stored in those systems can be used to build up a detailed model of the production system with
Petri nets.
The BOM is a listing or description of the raw materials and items that make up a product,
along with the required quantity of each. The BOM used in this work is defined as:
BOM = (R, E, q, pre), where:
• R = {r1 } is a root item.
• E = {e1 , ..., ei } is a finite set of sub-items,
• q : E → IN is the function that defines the quantities for each sub-item e i . q represents
an i × 1 column vector whose ith entry is q(ei ).
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Fig. 6: Precedence constraint.
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Table 1: Example of the BOM structure.

Item
I

Sub-item
J
K

t

p

Rin

Rin

Quantity
3
2
Item I
t
Iin

Precedence constraints
0 1
0 0

pIop

t

Iout

q0

pRout t Rout
q0

Fig. 7: PN structure representing one item in the BOM.

• pre : (E × E) → {0, 1} is a precedence-constraints function. It defines the precedenceconstraints matrix pre, where pre(i, j) = 1 indicates that the i-th item precedes the j-th
item. It can also be interpreted as a directed graph.
R is a root item and represents the product that is composed of sub-items described with e i ∈ E.
The number of required sub-items is determined with the vector q. When any sub-item has to be
produced before another, the precedence graph pre is used to define it. All the sub-items have
to be finished before the operation for the subsequent sub-items can begin. A required property
of pre is that only zero values can be on its diagonal, i.e. a sub-item cannot precede itself. An
item is never allowed to become (indirectly) a component of itself. In other words, if the BOM
structure is seen as a directed graph, this graph should be cycle-free (Wortmann, 1995).
If any of the sub-items ei are composed of any other sub-items, the same BOM definition is
used to describe its dependencies. The items at the highest level of this structure represent a
finished product, and those at the lower level represent raw materials. The items that represent
raw materials do not have a BOM.
In Table 1 an example of a BOM describing the production of product I, which is composed of
two components, i.e., three items of J and and two items of K. From the precedence-constraint
matrix it is clear that all of the items J has to be completed before the production of item K
can begin.
To start with let us assume that for each item from the BOM only one operation is needed. As
stated before, each operation can be represented with one place and two transitions 1. To be
able to prescribe how many of each item is required the transition t Rin and the place pRin are
added in front, and pRout and tRout are added behind this operation. The weight of the arcs that
connect tRin with pRin and pRout with tRout are determined by the quantity q0 of the required
items. In this way an item I is represented with a Petri net as defined in Figure 7.
The finished product is defined with a structure of BOMs. In this way the construction of the
overall Petri net is an iterative procedure that starts with the root of the BOM and continues
until all the items have been considered. If the item requires any more sub-assemblies (i.e.,
items from a lower level) the operation, the framed area of the PN structure presented in Figure
7, is substituted with lower-level items. If there are more than one sub-items, they are given as
parallel activities.
The substitution of an item with sub-items is defined as follows:
• Remove the place pXop and its input/output arcs.
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Item I
pIinJ
tRin

pRin tIin
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Item J
pJop t Jout

pIoutJ

3

3

t Iout

pPr
q0

2

pIinK

t Kin

2
Item K
pKop
t Kout pIoutK

q0
pRout t Rout

Fig. 8: BOM structure defined with PN.
Table 2: Routing of product K.

J Operations
Op10
Op20

Duration
10s/9s
20s

Resources
R1/R2
R1, 3R3

• Define the PN structure for sub-components, as it is defined with a BOM: function PN =
placePN(R, E, q, pre). Consider the precedence constraints.
• Replace the removed place pXop by the sub-net defined in the previous step. The input
and output transitions are merged with the existing ones: PN = insertPN(PN, PN1).
Structure PN1 is inserted to the main structure PN.
The result of building the PN model of this example (Table 1) is given in Figure 8.
For each item that can appear in the production process, and does not represent a raw material, a
routing is defined. It defines a sequence of operations, each requiring processing by a particular
machine for a certain processing time. The routing information is usually defined by a routing
table. The table contains a header, where the item that is being composed is defined and the
lines where all the required operations are described. For each operation one line is used.
As an example, the routing table for item K is presented in Table 2. Two operations are needed
to produce this item. The first one can be done on two different resources, where the processing
on each demands a different processing time. This is followed by the next operation, which
needs two sets of resources: one resource of R1 and three of R3. A similar notation can be
used for the other possible cases. Within the routing table concurrent operations are considered
as a single operation with a parallel internal structure, as shown in Figure 2.
The implementation of the routing data in one component of a BOM is defined as follows:
• Remove the place pXop and its input/output arcs.
• Define a PN structure for the sub-components, as it is defined with routing data: function
PN1 = constructPN(PN, datRoute).
• Replace the removed place pXop by the sub-net defined in the previous step. The input
and output transitions are merged with the existing ones: PN = insertPN(PN, PN1).
Structure PN1 is inserted to the main structure PN.
Each operation that appears in the routing is placed in the model using the function constructPN(). From the routing table the function yields the corresponding sequence of production operations and for each operation build a timed Petri net as defined in section 3.1. All
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Fig. 9: Routing of product K modelled with timed Petri net.
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Fig. 10: Petri net structure of a work order.

the placed operations are connected as prescribed by the required technological sequence, and
each operation is assigned to the required places representing appropriate resources. The PN
structure in Figure 9 is achieved if the sequence of operations described with a routing table
(Table 2) is modelled. The resulting PN structure is inserted into the main PN model, using the
function insertPN().
The routings are submodels that are inserted (by substitution, as defined previously) into the
main model defined with the BOM structure. However, some activities of any sub-item may
also be described with a BOM, i.e., in the case they are composed of semi-products. The
construction of the overall Petri-net model can be achieved by combining all of the intermediate
steps.
3.3 Procedure for building the PN model
The work order (WO) determines which and how many of the finished products have to be
produced. Each product can be represented with a Petri-net model, shown in Figure 7, where
one place is added in front and one at the end of the structure to determine the start and end of
the work. The weight of the arc that connects tRin and pRin determines the number of required
products. To be able to consider different starting times for different quantities of one product
the general structure shown in Figure 10 is used. The clocks, which are assigned to the tokens
that are in starting places, determine the starting time of every batch of products.
The modelling procedure can be summarised in the following algorithm:
Algorithm 1
[R, q, st] = readWO()
For i = 1 to length(R)
E = readBOM(R(i))
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PN = placePN(R(i), E, q(i), [ ], st(i), x0, y0)
PN = routing(PN, R(i))
end
First, the data about the WO are read. The products that are needed to be produced are given
in R; in vector q the quantities of the desired products are passed; and vector st is used to
determine the starting time of each product. For each product the Petri-net structure, shown in
Figure 10, is determined and placed on the model. The step when the routing() is called is
described in more detail with algorithm 2:
Algorithm 2
function PN = routing(PN, R)
datRoute = readRouting(R)
[E, q, pre] = readBOM(R)
for i = 1 to length(datRoute.Op)
if datRoute.Resources ==BOM
PN1 = placePN(R, E, q, pre, [ ])
PN = insertPN(PN, PN1)
for j = 1 to length(E)
PN1 = routing(PN1, E(j))
end
else
PN = constructPN(PN, datRoute(i))
PN = insertPN(PN, PN1)
end
end
First, the routing and the BOM data are read from the database. For each operation that comprises the routing, the algorithm checks whether it is made up of sub-item(s) or this is an
operation. In the first case, the function placePN() is used to determine the PN structure of
the given structure BOM. Precedence constraints are added if they exist. With the function
insertPN() the resulting subnet is inserted into the main PN structure. If the operation represents the production operation, the function constructPN() is called. With it basic elements
(Figures 1–6) are recognised, joined together and placed in the model, again using the function
insertPN(). All the data about resources and time durations are acquired from the routing table.
The described algorithm has been implemented in Matlab.
4. MODELLING OF AN ASSEMBLY PROCESS SYSTEM
The applicability of our approach will be demonstrated on a model of an assembly system
where furniture fittings are produced. The production system is divided into a number of departments. The existing information-technology systems include a management system, which
is used to plan the production and supervisory system, which is used to supervise the production process. To implement a detailed schedule, how the work should be done, an additional
scheduling system should be implemented. The scheduling can be performed using timed Petri
nets. The data needed to produce a Petri-net model can be retrieved from the existing information systems. In the presented model only a small part of the production process will be
considered.
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The process under consideration is an assembly process where different finished products are
assembled from a number of sub-items. During the production process different production
facilities are used to produce sub-items and finished products. The production facility considered in this example is shown in Figure 11. The process route of each finished product starts
with a punching machine. The process continues through different resources, such as assembly
lines, a paint chamber, and galvanisation lines. At the final stage there is another assembly line,
where the finished products are assembled and packed.

{
Punching
machines

e

e

Assembly
Desk2

Galvanisation
lines

\

Assembly
Desk1

\

Paint
chamber

@

{

g

Fig. 11: Production plant.

In the considered problem four different types of products are produced: ’Corner clamp L’,
’Corner clamp R’, ’Clamp holder’ and ’Angle-bar’. The request for which and how many
products should be produced is given by work orders. Each work order also has its starting
time. Table 3 lists the work orders considered in our case.
Table 3: Work orders for required products.

Product
Corner clamp L
Corner clamp L
Corner clamp R
Clamp holder
Angle-bar

Code
CL
CL
CR
CH
AB

Quantity
2
2
2
2
2

Start time
0
80
0
0
0

Each product is composed of one or more sub-assembly items. The structure of all products is
described with the bill of material, Table 4. Where there are no precedence constraints between
subitems, all the elements of the precedence-constraints matrix are 0, and the matrix is simply
represented by [0].
To build a particular item from the BOM list, some process steps are needed. These steps are
described with routing data and are given in tables 5–7. The description of the data presented
in the table will be given later during the modelling procedure.
The final product of one production stage represents the input material for the next stage. In
this way the scheduling procedure should ensure that work orders are timely adjusted and in
this way ensure that at each stage enough semi-products are produced. This kind of schedule is
feasible. Using different heuristic rules it is possible to obtain a schedule that satisfies different
objectives.
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Item
BOM CCL

Table 4: Bill of materials.

Sub-item
AngBL (A)
Clamp (C)
Nut (N)
Screw (S)
BOM CCR AngBR (A)
Clamp (C)
Nut (N)
Screw (S)
BOM ABL AngB (B)
Holder (H)
BOM ABR AngB (B)
Holder (H)
BOM HC HolderC (HC)
Bracket (P)
ScrewC (S)

Quantity
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Preced. constr.

[0]

[0]
0
0
0
0

1
0
1
0

[0]

Table 5: Routings of each component from product ’Corner clamp L’.

CL
AngBL
Clamp
Nut
Screw
AngB
Holder

Operation
Op1
Op2
Op11
Op12
Op13
Op21
Op22
Op31
Op32
Op41
Op111
Op221

Duration
–
10
–
10
20
3
20
2
20
20
8
8

Resources
BOM CCL
Desk1
BOM ABL
Desk2
Galvanisation1
V1
Galvanisation2
V1
Galvanisation2
Galvanisation2
V1
V2

Table 6: Routings of each component from product ’Clamp holder’.

CH
HolderC
Bracket
ScrewC

Operation
Op1
Op2
Op11
Op12
Op21
Op31

Duration
–
5
15
10
10
15
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Resources
BOM HC
Desk1
Galvanisation2
Paint Chamber
Paint Chamber
Galvanisation2

Table 7: Routings of each component from product ’Angle-bar’.

Operation
Op1
Op2
Op3

AB

Duration
8
15
5

Resources
V2
Galvanisation1
Desk1

4.1 Modelling
Data from the BOM and the routings were used to build a Petri-net model. The development
of the model will be presented for the part of the production where the left corner clamp is
produced. As we can see from Table 3, there are two work orders: the first one has to start
immediately with its production, while the starting time of the other is 80 time units later. When
we apply the first step of our algorithm the PN structure, shown in Figure 12, is obtained. The
production of different amounts of products starts at different times. Starting times are defined
with the tokens in the starting places pW OCL1 and pW OCL2 , and the quantity of each is defined
with the weights of the corresponding arcs.
pWOCL1 t 1

2

t CLin
pWOCL

t CLout

t out

4

p

pWOCLout

pCLop

WOCLend

2

pWOCL2 t 2

Fig. 12: Initial PN model of product ’Corner clamp L’.

From Table 5 the routing data about the product ’Corner Clamp L’ (CL) are read. The first operation in this table (Op1) determines that the sub-items should be produced first as prescribed
with ’BOM CCL’. This BOM is defined in Table 4, and as we can see four different subitems are needed (’Angle-bar with holder L’, ’Clamp’, ’Nut’ and ’Screw’). It is clear from the
table that for each item a designation character is given with its item-name. Those characters
are used in the Petri-net model to indicate the item. When those subitems are produced, the
production proceeds with an assembly – Op2. This situation is demonstrated with a Petri-net
structure shown in Figure 13.
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Fig. 13: ’Corner clamp L’ is composed of four sub-items.

In the following the algorithm recognises the routing data for each of those sub-items. The
routing data needed to build the sub-items of a ’Corner Clamp L’ are given in Table 5. There
is one operation needed to produce the sub-item ’Screw’, two operations to produce ’Nut’ and
’Clamp’, and three operations to produce the ’Angle-bar with holder L’. Using these data the
structure as defined in Figure 14 is achieved. Some denotations of the transitions and places
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are omitted to achieve a clearer representation of the model. Also, the nodes that designate the
start and end of production are not shown.
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Fig. 14: Angle-bar with holder requires another two sub-items.

As we can see the production of angle-bar with holder (’AngBL’) requires another two subitems (’AngB’ and ’Holder’). The precedence-constraint matrix defines that an item ’AngB’
should be produced before ’Holder’. When all those details are included in the model we get
the Petri-net structure presented in Figure 15.
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Fig. 15: PN model of product ’Corner clamp L’.

The same procedure was performed to model the production of all the other products, and the
Petri-net model given in Figure 16 represents the given scheduling problem.
Finally, the resulting model is verified using P-invariant analysis. With this analysis we can
determine 23 P-invariants. Seven of them are related to resources, two invariants refer to the
precedence constraints and there are 14 invariants that result from every distinguishable product
route. From this we can conclude that the resulting model reflects the system operation as
defined by the MRP II system.
4.2 Results
The scheduling problem was mapped onto timed Petri nets, and the assembly process was
modelled with timed Petri nets. We used Petri net simulator/scheduler was used to evaluate the
different schedules of the tasks that are needed to produce the desired number of finished products. We tested different priority rules (SPT, LPT, etc.), and with them different schedules were
achieved. The schedule allows an easy visualisation of the process and ensures that enough
raw materials are available at the right time. It respects all the production constraints and the
duration of the whole process can be identified from it. The shortest duration, i.e., 220 time
units, would be achieved if the schedule was determined with the SPT priority rule, see Figure
17. In the other way, the schedule produced using LPT rule would take 225 time units.
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Fig. 16: PN model of all products.

Fig. 17: Schedule of the tasks in a production process using the SPT priority rule.

The same problem was solved using the commercial scheduling tool Preactor. Also, in this
way, the model of a production system was achieved using the data from the database of a
management information system. Here the blocked-time approach is used (Enns, 1996) to
schedule jobs. In this way all operations for a selected job (order) are scheduled, starting with
the first operation and then forward in time to add later operations. The next job is then loaded
until all the jobs have been done. In this way the schedule was achieved which would finish the
job in 238 time units.
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5. CONCLUSIONS
To be able to analyse a production system its mathematical model is required. Timed Petri nets
represent a powerful mathematical formalism. In our work timed Petri nets with the holdingduration principle of time implementation were used to automate the modelling of a type of
production system described by data from production-management systems. The production
data are given with the BOM and the routings. The procedure for building a model using these
data is presented. The applicability of the proposed approach was illustrated on an assembly
process for assembly process. The model developed with the proposed method was used to
determine a schedule for production operations. For the future work we plan to investigate the
applicability of high-level Petri nets to the proposed modelling method.
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Abstract: The paper introduces the concept of a linear programming approach to traffic
flows control on a finite time horizon in an urban traffic region. The control problem is to
determine relative lengths of traffic lights signals, so called green splits, due to actual
traffic conditions to improve the traffic situation in the traffic area. A control criterion of
this optimization task is to minimize a weighted sum of queue lengths that are formed on
intersections arms due to traffic lights control.
The task in a static form can fail due to a traffic flow characteristic course during
a day. Therefore the time horizon approach is introduced as a one-shot optimization on
finite horizon that uses point estimates of intensities predicted by a dynamic regression
model and predicted queue lengths. In the end, few experiments on real data are described. The results proved that the sequential modeling helps to predict better control actions.
Keywords: Linear Programming, Traffic Flow Control, Control on a Horizon

1. INTRODUCTION
The basic principle of traffic flow control is traditionally minimization of the lost times, the
passage times and the number of stopping during a journey, which are proportional to queue
lengths [Diakaki (2002)]. Such criteria are usually quadratic and therefore LQ control method
is often used. Another approach is to suggest the mentioned problem in a linear way [Homolová, Nagy (2005)]. The proposed local model counts and estimates the queue length using
maximum available traffic information. This task is trivial in the case of complete knowledge
of all measured traffic quantities for all junction arms. Then, the model simply counts the
queue length from known input and output intensities. However, the net of all needed detectors is not usually complete and some significant traffic flows (parking cars, etc.) are not
measurable in practice. In this case, the model estimates the queue length relative to modeled
and estimated traffic characteristics. The control problem sets itself a task to determine
lengths of traffic lights signals, green splits in point of fact, due to actual traffic conditions to
improve the traffic situation in the urban traffic area. This problem has been solved as a classical sequential linear programming task using the mentioned linear model of traffic microregions. The model computes lengths of queues that can be created on intersections’ arms due
to traffic lights. A control criterion of this optimization task is to minimize a weighted sum of
queue lengths. All restrictions of states and control variables come from relations between
them, from the model and a traffic nature of the task [Homolová (2005)].
It is quite evident that a static task of the optimization can easily fail. For this reason, the time
horizon approach to linear programming is introduced as one-shot optimization on finite hori-
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zon. In this paper, the model for estimating queue lengths on a given horizon is explained.
This model gives restrictions for the linear programming task. The model counts queue
lengths from the future values of traffic flow intensities that need to be predicted by
a regression model. The optimized lengths of green signals are derived for the whole horizon
but only the first time step is realized in the way of an incremental change of the actual values. Then next prediction of intensities is performed and model restrictions are applied before
the next one-shot optimization on the horizon.

2. TRAFFIC AREA MODEL
The presented optimization task is based on the linear model of a traffic microregion that is
a part of the whole traffic region consisting from several intersections with traffic lights.
It is also assumed that the microregion is delimited by strategic detectors which are placed far
from a stop line enough not to be influenced by queue phenomena. The model consists of two
basic equations for each arm in a microregion where vehicle queuing is possible. The first one
is important in view of the control on horizon. It is a hydrodynamic analogy for a queue
length and traffic inflows and passages:

ξ t +1 = δ t ξ t + I t − [(1 − δ t )I t + δ t S ]z t

(1)

where
ξt+1
δt
It
S
zt
TC

is a queue length at time t + 1 [veh/TC];
is a queue indicator (0 in case of no vehicle to be served in the end of green
time, 1 otherwise)
is an input intensity [veh/TC];
is a saturation flow [veh/TC];
is a relative green (the proportion of the green signal to the cycle time)
cycle time [h].

As it can be seen, no queue length can be counted without prior information. However, it is
easy to assume that there are zero queues at night. Queue indicators are determined by the
comparison of an actual passage demand with maximum capacity of a given intersection arm
or lane.

3. MODEL OF INTENSITIES
The aim of the control on a horizon is not to optimize the greens only for actual queue lengths
but also for queues on a given horizon. As it can be seen from the model equation (1), it is
necessary to predict future values of the input intensities on arms. For this reason, the suitable
auto-regression model of input intensities has to be established.
Several regression models have been tested with respect to a model order (from 2 to 10) and
the length of the prediction horizon (2 and 3) on real data. The simplicity of such model and
the accuracy of predicted values of intensities for each day of a weak is mainly stressed.
These requirements led us to choose the regression model of order 2:
I t +1 = p1 I t + p 2 I t −1 .
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(2)

This equation models a course of intensity during a given day for a given intersection arm.
Prior information of intensities is given by assumption of no traffic during nights (as it has
been noticed it is possible find such time instant in the real traffic when there is no traffic or
intensity is almost zero). The intensities can vary not only in view of days but also in places
or seasons; thus the continuous parameter estimation is needed. The regression model (2) allows predicting intensities with maximum divergence of 5 vehicles for each day on both horizons.

4. OPTIMIZATION TASK
The classical optimization method of the linear programming minimizes a linear criterion in
finite number of steps. The variables are restricted by a system of constraints in the form of
inequalities and equalities. The criterion for our optimization task is supposed to be the
weighted sum of the queue lengths over the whole microregion and given horizon:

⎛ n
⎞
J t = ∑ ωτ ⎜ ∑ wi;τ ξˆi ;τ ⎟ .
τ =t +1
⎝ i =1
⎠
t + h +1

(7)

where
Jt
h
ωτ
n
wi;τ
ξˆ
i ;τ

is a value of the criterion at time t;
is a horizon of the intensity prediction (h=1,2 or 3);
is a horizon weight for a given step;
is a number of arms in the microregion;
is a weight for the queue on arm i at timeτ;
is a point estimate of the queue length on the arm i at timeτ.

The weights wi;τ can be chosen experimentally according to the very good knowledge of the
traffic situation in a microregion which is, unfortunately, sometimes impossible or quite difficult. Moreover, the fixed weights can even make the situation worse in specific cases like
unexpected or temporary increased traffic volume. Due to these facts, it is necessary to minimize not only the queue lengths but also the differences between them. The weights are supposed to be changed continuously according to the point estimates of the queue lengths in the
traffic microregion at the time t+1. It represents just the proportion of one queue to the total
sum of the queues.
The weights are constant on a given horizon. These queue weights are multiplied again by
horizon weights ωτ which ensure an optimization preference on the whole horizon. The three
basic types of the preference are studied in our task: (i) no preference, (ii) the preference of
time-nearest queues and (iii) the preference of time-furthest queues to be minimized. In the
first case, the horizon weights are set uniformly on the horizon; in other cases, they are increasing or decreasing with horizon time.
The constraints for the solved optimization task come from the traffic nature of the task. They
are given by the traffic model, by non-negativity, minimal and maximal values of all variables. The resultant values of the greens are used for the corresponding incremental change of
actual greens. This approach prevents from an over-oscillation of the greens and it follows
from a psychological influence on the drivers. The control increment for the green signal is 1
second. The control criterion is minimizing the weighted sum of the queues.
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5. EXPERIMENTS
The tested traffic microregion consists of two four-arm intersections with the traffic lights.
Each arm has one input and one output lane to all directions. Measuring devices are placed on
all entries and exits of the microregion that is on six arms. The detectors are missing on the
arms interconnecting these two intersections. The parameters of the microregion are known
and constant during the day. The signal schemes have two phases for both intersections; one
phase gives the right of way to the horizontal lanes and the second phase to the vertical lanes.
The cycle time is fixed and the same for both intersections. Moreover, it is also constant during the experiment. The real measurements of the intensities are used as the input.
The horizon of the optimization is chosen from 1 to 3 time steps and the predictions of the
future intensities are counted by the regression model of the second order (2) with on-line
parameters estimation. Each study case is combined with different options of the weights. The
queue weights wi can be uniform or preset according to (9). The horizon weights ωτ have
three possibilities for (i) no preference, (ii) the preference of time-nearest queues and (iii) the
preference of time-furthest queues to be minimized. The results of the experiment are expressed by the average queues on the arms and their total average and variance. Their values
are written in the following tables 1, 2 and 3. The arms of the first intersection are numbered
from 1 to 4 and for the second intersection, from 5 to 8. The arms are numbered anticlockwise
from the left.
The first experiment deals with the case when the greens are fixed during the whole time. It
can be seen that there are very big queues on arms 1, 3, 5 and 7 and on the remaining arms,
the queues are of the half length. The control with static linear programming optimization
with no queue preference worsens the situation without any control – the queues are longer
and the differences between then are bigger. The presetting of the weights helps to balance
queues (the variance is almost two times lower) but the total average queue did not decrease.

weights
w
ω
no control no control
uniform
[1]
preset
[1]

Horizon 1
average queue length on arms
total
variance
arms of left intersection arms of right intersection
average
1
2
3
4
5
6
7
8
24
10
23
11
23
12
22
9
16
6.341
11
33
19
31
22
33
14
18
23
8.124
15
23
19
21
14
18
16
10
17
3.876

Tab. 1: Control on horizon of the length 1.
The next two tables show that the control with horizon optimization and uniform queue
weights runs into the same total average queue like for the static task with optimal weights but
the differences between the queues are lower then in case of no control but bigger then in case
of the static task with preset weights. The presetting of the weights again helps to balance
queues (the variance is more then two times lower) and moreover, the total average queue
decreased. The strong differences can not be noticed for the time preference realized by the
horizon weights in both cases of longer optimization horizon. In spite of it, it can be said that
the best results are received for the preference of time-furthest queues to be minimized.
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weights
w
ω
uniform
[1, 1]
uniform
[10, 1]
uniform
[1, 10]
preset
[1, 1]
preset
[10, 1]
preset
[1, 10]

Horizon 2
average queue length on arms
total
variance
arms of left intersection arms of right intersection
average
1
2
3
4
5
6
7
8
11
22
11
21
23
18
21
10
17
5.069
11
23
10
23
23
19
20
11
18
5.440
12
21
11
20
21
16
20
10
16
4.576
16
14
14
17
14
19
16
10
15
2.353
16
15
13
16
14
18
16
10
15
2.375
15
14
15
16
14
17
15
10
15
1.859

Tab. 2: Control on horizon of the length 2.

weights
w
ω
uniform
[1, 1, 1]
uniform [10, 5, 1]
uniform [1, 5, 10]
preset
[1, 1, 1]
preset
[10, 5, 1]
preset
[1, 5, 10]

Horizon 3
average queue length on arms
total
variance
arms of left intersection arms of right intersection
average
1
2
3
4
5
6
7
8
11
24
12
23
20
17
19
10
17
5.211
11
25
11
23
22
18
21
10
18
5.700
11
24
13
22
19
16
18
10
17
4.841
17
16
17
17
14
17
16
10
15
2.212
17
16
17
18
14
17
16
10
16
2.306
16
15
15
16
15
16
17
10
15
2.014

Tab. 3: Control on horizon of the length 3.
The horizon prolongation from two to three steps also does not bring any noticeable effect.
The results for the horizon of the length 2 are little bit better than longer one by one step. This
phenomenon is probably caused by the less accurate predictions of the input intensities.

6. CONCLUSIONS
The paper introduces a finite time horizon concept of a linear programming approach to traffic flows control in an urban traffic region. The point estimates of the input intensities are
predicted by a dynamic linear regression model of the second order. The control problem is to
determine lengths of green signals and the criterion is minimizing a weighted sum of queue
lengths. All restrictions of variables come from the linear model of the traffic microregion and
a traffic nature of the task. The aim of the control is not only minimizing but also balancing
the queues on the individual intersection arms in the microregion. That is why the weights are
very important and they can be set experimentally or preset according to the actual traffic
situation.
The results positively prove the big positive effect of the dynamic setting of the weights for
the requirement of the balancing queues in the microregion. The experiments also show that a
static task can really fail and moreover, it can worsen the situation. The profit from the finite
time horizon concept of a linear programming approach is also noticeable.
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Abstract: In the paper a model-based automated approach to procedural process control
software is presented. A domain-specific modelling language specialised for analysis and
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language syntax is necessary in order to define a mapping function from models to programme code. Furthermore, a software modelling tool is described that supports editing
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1. INTRODUCTION
Software for control systems is one of the most problematic types of software. The reason lies in
the nature of control systems, which are designed to control machines, devices and processes.
Reliability, safety and real-time reactions are therefore among the most important attributes of this
kind of software ([1]).
On the other hand, modern control systems cover an ample set of functions and encompass a wide
array of hardware devices ranging from simple sensors, actuators and controllers to complex
computer systems. Consequently, control software is becoming ever more complex and consequently even more difficult to develop and maintain.
It is therefore not surprising that the quality of software and the productivity of software development process are very important issues also in the field of control systems ([2]).
A very common way of coping with some of the issues mentioned above, which is used by software providers and engineering companies in this field, is to employ the concept of reusability. In
simplified terms, this means relying on a system of well-tested and field-proven preprogrammed
basic software blocks and modules which can be configured into a dedicated system by using
suitable tools. This approach is quite appropriate for realization of so-called basic control functions (according to ISA S88 standard, [3]), which are primarily dedicated to establishing and
maintaining a specific state of process equipment and process variables, and are the same or very
similar in entirely different processes.
In contrast to basic control functions, the so-called procedural control activities, which consist of
various sequences of events, transitions of states, starting, stopping, etc., are much more problematic from the software development point of view. The procedural part of control is entirely process-specific and requires the development of custom software. Improvement of procedural control
software development process is therefore quite an important task.
Implementation of procedural control functions (as well as basic control functions) is nowadays
largely based on programmable logic controllers (PLCs). The main issue, therefore, is how to
improve the PLC software development process.
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The aim of this article is thus to present a new concept of procedural control software development based on the domain-specific modeling language ProcGraph and a special design tool for
automatic generation of program code and documentation. In the article, the transition between
the final phases of software development, namely the translation of software models into source
code (automatic code generation – code synthesis), is emphasized. The main contribution of the
approach presented here is the application of domain-specific modeling languages and tools in the
field of procedural control software development.
In Section 2, a modular structure of a continuous process control system is defined. Furthermore,
in Section 3, some basic issues related to the PLC software development process are discussed.
Section 4 presents the modeling language ProcGraph together with its formal description. In Section 5, the technique of mapping ProcGraph models into IEC 61131-3 source code is presented.
Automatic code generation process is described in Section 6. In Section 7, an example of application of the modeling tool is given.

2. CONTINUOUS PROCESS CONTROL STRUCTURE
Formalization of process control structure is on the one hand necessary in order to be able to cope
with complexity of the control system by division of control functions. On the other hand it is
absolutely indispensable if we want to design the control software on a higher level of abstraction
or even to automate a part of the software development process.
In the past a lot of work has been done in order to simplify and standardize the process of design
of this kind of systems and software. The design of batch process control systems and their organization is for example well covered by the ISA S88 standard. There also exist various software
tools for batch process control. This is, however, not the case in the domain of continuous processes.
Let us for the purpose of software design formalize the continuous process control with the aid of
the batch control standard.
In accordance with the ISA S88 standard, the control system of a continuous process can be divided into two parts: a basic control module and a procedural control module, as shown in Figure
1.
Control system
Procedural
control

commands

signalisation

Basic control

Input signals

Output signals

Equipment entities of the
controlled process

Figure 1: Control system of a continuous process
By partitioning the control system, its modularity is achieved. The modularity yields easier analysis, design, implementation, use and maintenance of the system. At the same time, the way of
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looking upon the process becomes similar to the view of the domain expert (process engineer). If
the control system developer and domain expert use the same abstractions, the communication
between them is easier and less prone to misunderstanding.
Basic control is dedicated to establishing and maintaining a specific state of the process equipment. Devices used in basic control are controllers, programmable logic controllers (PLCs), sensors and actuators as well as other similar equipment that can be equipped with dedicated software
as well as corresponding modules for basic control.
Procedural control, on the other hand, directs equipment-oriented actions to take place in an ordered sequence in order to carry out a process-oriented task. Equipment-oriented actions are performed by sending commands to basic control, which in some ways reflects the domain expert’s
view of the system. The main dynamics of procedural control consists of sequences of starting and
stopping actions as well as handling of extraordinary situations such as alarms and safety shutdowns. The manner in which to handle these situations depends predominantly on the requirements of the controlled process. Procedural control entities are therefore more unique than basic
control entities.
As we can see from Figure 1, the procedural control receives signalisation from the basic control
and sends commands to the basic control. The commands depend on the input signals and the
current state of the procedural control. This situation is typical of so-called reactive systems. For
that reason we can consider the procedural control system to be a reactive system.

3. PLC SOFTWARE DEVELOPMENT PROCESS
To perform basic and procedural process control, programmable logic controllers are most frequently used. The process of PLC software development is not a straightforward task, due to the
high demands for control software quality and reliability. Furthermore, programming languages,
proposed by the IEC 61131-3 standard ([4]), provide a relatively low level of abstraction. This
aspect makes the aforementioned programming languages unsuitable for complex systems.
Several solutions for tackling the problems of PLC software development have been proposed in
the literature ([1], [2], [5], [6], [7]). The solutions are mainly based on a lifecycle view of software. According to this view, software is considered as any other product that undergoes various
stages of evolution throughout its creation and application. Consequently, the process of software
development and use (evolution of a software product) can be divided into several phases of the
lifecycle. The software lifecycle usually starts with a requirements definition phase and ends with
operation and maintenance phases. The intermediate phases are development phases of the product, which can be further divided into modeling and realization phases. In the modeling phases,
modeling and software tools for analysis and design are used.
Currently, the most widespread modeling language for object-oriented systems is UML (Unified
Modeling Language, [8]). In the field of procedural control software, however, the drawback of
using UML or similar standard modeling languages is that they are too general and not sufficiently domain-specific. The use of very general modeling languages increases cognitive distance
([9]), which is a measure of the effort needed to progress from one phase of software development
to the next. In order to reduce the cognitive distance, it is preferable that similar abstractions be
used throughout all phases of software development, which can be realized by using a domainspecific modeling language.
Another important issue in the procedural control software design process is the choice of appropriate computer automated software engineering tools (CASE). CASE tools play the same role in
software development as CAD/CAM (Computer Aided Design/Computer Aided Manufacturing)
tools play in the development of other products. The main objective of CASE tools is to automate
development phases and the transitions between the phases in a software lifecycle. Thus, CASE
tools support design, editing, consistency and correctness checking as well as saving and retrieval
of graphical and textual models of software. Last but not least, a very important capability of
CASE tools is that they can automatically generate program code from the models.
One of the main problems related to CASE tools is that the ones available on the market only
support standard modeling languages such as UML, YSD, Statecharts and similar general modeling languages. The majority of these tools can automatically generate code in one of the high-
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level programming languages such as C++ or Java. Moreover, code generation is most frequently
limited to the mere mapping of architectural diagrams such as UML class diagrams to static code
constructs and modules.
If we want to use computer automated design tools in specific domains such as the development
of procedural control software, we have two options ([10]). The first option is to use an existing
commercial CASE tool that supports a modeling language that serves our purpose best and ignore
or neglect the differences. In the majority of cases, however, automatic code generation provided
by the commercial CASE tools cannot be used because domain-specific programming languages
are not supported.
Alternatively, we can develop a domain-specific CASE tool ([11]) that supports domain-specific
modeling languages as well as target programming languages. The second alternative requires
much more initial effort but proves to be more efficient in the long run. Synthesis of domainspecific code is namely more efficient than synthesis of generic code ([12]). In this article, the
second alternative is presented using an earlier-developed modeling language, referred to as
ProcGraph, as the key element.
In order to be able to implement code synthesis in the CASE tool, a formal description of the
modeling language syntax as well as semantics has to be made. Formal description of the modeling language also allows us to perform syntactic analysis of the models, such as consistency and
correctness checking. The following section provides a brief overview of ProcGraph syntax.

4. FORMAL DESCRIPTION OF THE PROCGRAPH MODELLING
LANGUAGE
ProcGraph is a specialized modeling language for the design of procedural process control software. A more detailed description of the language can be found in [13]. The advantage of
ProcGraph lies in its use of the same abstractions for the description of the control system as the
process engineer uses for the description of the process (subject domain-oriented decomposition,
[14]). In doing so, and with the use of an appropriate target programming language, seamlessness
of the software development process can be achieved. Seamless transition between the development phases means that less effort is needed for the transitions – the cognitive distance is smaller
([9]). Seamlessness has many benefits, one of which is that communication between the specialists in the software development process (process engineers, system modelers and programmers)
is simplified, because they are communicating in the same terms. Furthermore, reverse transitions
between software development phases are easier. It is well known that the software development
process is not a linear and reversible one. It often occurs that a change made in a certain development phase necessitates modifications in preceding phases as well. If, for example, something is
changed in the program code, the model has to be readapted too. This is simplified by using the
same abstractions throughout all development phases.
ProcGraph models consist of three types of diagrams, each describing a particular view of the
system to be built:
• Procedural control entities diagram (PCED) depicts the concurrent and at the same time
the conceptual decomposition of the system as well as relationships between conceptual
components.
•

State transition diagram (STD) describes the dynamic view (behavior) of conceptual
components.

•

Entity dependency diagram (EDD) portrays causal and conditional dependencies between
conceptual components (procedural control entities).

Procedural control entities diagram
Procedural control entities diagram depicts the architectural view of the control software system.
Nodes of the PCED represent conceptual components – procedural control modules. Vertices in
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the PCED portray relationships (dependencies) between the procedural control entities. An example of a procedural control entities diagram is shown in Figure 2.
PCE 1

PCE 3

PCE 2

Figure 2. Procedural control entities diagram of a control system of a continuous process
Two types of connections are allowed:
• Full arrows illustrate that a certain state transition of the arrow sink entity depends on a
certain state of the arrow source entity (conditional dependency).
•

Dashed arrows indicate that entering of an arrow source entity into a certain state fires a
certain state transition of the arrow sink entity (causal dependency).

From a topological point of view the procedural control entities diagram is a directed graph. The
nodes of the graph are represented by rounded rectangles. Figure 3 illustrates a graphical depiction of procedural control entities diagram syntax using UML Class diagrams. The figure shows
that each node has a name and can be connected to one or more other nodes. Each connection has
a type (full or dashed).
Connection

1..*

Type
1
Node
Name

Figure 3. Syntax of procedural control entities diagrams
Another way of describing the syntax of procedural control entities diagrams is by using the 6tuplet (1), where VE is a set of nodes, PE a set of connections, ρ a function that maps the nodes to
corresponding state transition diagrams, iz a function that returns the source node of a connection,
po a function that returns the sink node of a connection and tp a function defining the type of connection.
(1)
〈PCED〉 = {VE, PE, ρ, iz, po, tp}

State transition diagram
As we have asserted earlier in this article, procedural control systems can be classified as reactive
systems. The most appropriate model for describing the behavior of such systems is the state
transition diagram (STD) ([15], [16], [17]). State transition diagrams are graphical models consisting of vertices that represent states and arcs that portray transitions.
ProcGraph uses an extended version of STDs. Besides states and transitions, extended state transition diagrams also contain so-called composite states or superstates. Superstates can contain substates and can also be a part of other superstates. With the introduction of superstates, a reduction
in the amount of transitions is achieved. In this manner the model can be simplified without a loss
of information. By using superstates a hierarchy of states can be built in a model. This hierarchical
structure also enables us to simplify the stepwise design of the system.
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Each state has a unique name. Transitions are designated according to the following syntax:
event[condition]/action

This designation can be interpreted as follows: if the event occurs and the condition is fulfilled,
the transition fires and the action is executed. Figure 4 shows an example of an extended state
transition diagram.
OK

Stopped

OK

UO: Run[Cond0]/Act0
FastStop

[Condition1]

Running

UO:Stop

Stopping

Operating

Figure 4. A sample extended state transition diagram
The state hierarchy of the diagram in Figure 4 is represented by the tree in Figure 5. The root node
represents the entire state transition diagram. Basic states are represented by leaf nodes and composite states by subtrees. In Figure 4, concurrency is interpreted in the sense that if a node is active, all nodes on the path leading to the root node are also active.
Std

Stopped

Operating

Running

FastStop

Stopping

Figure 5. State hierarchy of the diagram in Figure 4
Figure 6 illustrates a graphical description of the state transition diagram syntax. From this figure
we can see that each node can contain zero or more nodes and that each node is connected via one
or more connections with other nodes.
1..*

Connection
event
condition
action

1

Node
Name
Enter actions
Internal actions
Exit actions

*

1

Figure 6. Syntax of the state transition diagrams
Syntax can also be described by the 9-tuple (2).
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(2)
〈STD〉 = { VS, PS, iz, po, nad, I, P , O, λ}
VS is a set of nodes, PS a set of connections, iz a function that returns the source node of a connection, po a function that returns the sink node of a connection, nad the function that returns a supernode of a node, I a set of input signal descriptions, P a set of parameter descriptions, O a
set of descriptions of output signals and λ a function that attributes a logical expression to each
transition from the set PS. The logical expression represents the event that fires the transition.

Entity dependancy diagram
An entity dependancy diagram (EDD) is a blend of the procedural control entities diagram and the
state transition diagram. The EDD depicts state transition diagrams of two or more procedural
control entities and the dependencies (relations) between the state transition diagrams. Whereas
the procedural control entities diagram shows only the existence of dependencies between entities,
the entity dependency diagram also specifies the sources and sinks of relationships in more detail.
A conditional relationship is represented by an arrow, while a causal relationship is indicated by a
dashed arrow. The arrows in an EDD always originate in nodes (states) and sink in transitions.
Stopped

Stopped

FastStop

Stopping

Running

Running
Operating

Figure 7. A sample entity dependency diagram
Syntax of the entity dependency diagrams in terms of UML is shown in Figure 8. The syntax is
similar to the syntax of state transition diagrams. The difference is that apart from connections
between nodes there also exist connections (representing dependencies) that originate in nodes
and sink in connections.
1..*
Connection

1
Node

*
1

Name
Enter actions
Internal actions
Exit actions

*

1

Relation
Type

Figure 8. Syntax of the entity dependency diagrams
The syntax can be described by the following 8-tuple:
(3)
〈 EDD 〉 = {VS, PS, O, iz, po, izp, pop, nad}
Compared to the expression (2), the expression (3) contains a set of conditional relationship connections (O) and functions izp and pop that return the connection source node and sink transition
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connection, respectively. On the other hand, the transitions in entity dependency diagrams are not
designated. Therefore (3) does not contain the sets containing the elements of transition designation.

5. MAPPING OF MODELS TO SOURCE CODE
In order to achieve seamless transitions between the development phases of software product, the
abstractions (entities) used in the models of the separate phases have to be as similar as possible.
In this manner, the effort needed to advance from one phase to another is minimized.
As we have seen in Section 4, the ProcGraph modeling language is designed in such a manner that
its abstractions match closely with the ones that appear in the problem domain (procedural process
control). The modeling phase is followed by the programming (coding) phase. In regard to the
freedom of choice of models and abstractions, we are not as free in this phase as we are in the
modeling phase. While in the modeling phase we can design and adapt the modeling language so
that it suits our needs, this is not feasible in the programming phase. The “model” which results
from the programming phase is actually program source code in one of the programming languages. Programming languages have fixed syntax and semantics that cannot be altered by the
programmer. Furthermore, in the choice of the target programming language, we are limited by
the hardware platform of the control system.
In the case of programmable logic controllers, available programming languages are the ones defined by the IEC 61131-3 standard ([4]). This standard defines five programming languages: Ladder diagram (LD), Sequential function charts (SFC), Function block diagram (FBD), Structured
text (ST) and Instruction list (IL). While the latter two are textual, the first three are both graphical
and textual. Considering the seamlessness issues, the most appropriate language for our purpose
appears to be the Function block diagram. Its abstractions and their hierarchy match well with the
abstractions and hierarchy of ProcGraph models. FBD are an extension of Ladder diagram, which
was the first language used in PLC programming. Programs in Ladder diagram look a lot like
electrical schemes with contacts and coils. Beside those elements, the main components of FBD
programs are function blocks, which are “wired” together. Thus, function blocks can be imagined
as a kind of integrated circuits.
For the description of function block diagram syntax, the following triplet can be used:
(4)
〈FBD〉 = {B, L, V },
where:
•

B represents a set of function blocks,

•

L a set of variables and

•

V

a set of connections.

Furthermore, the syntax of Function block diagram language is depicted in Figure 9.
*
Function block
1

Name
Inputs
Outputs
Internal variables
Algorithm()

Variable
1..*

*

Name

Figure 9. Syntax of Function block diagrams
The syntax definition in Figure 9 shows that a function block can be connected to zero or more
function blocks or to zero or more variables. Each function block has a name, input and output
ports, internal variables and an algorithm that is executed while the function block is active.
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Definition of the mapping function
As we have seen in Section 2, a ProcGraph model consists of three different types of submodels
(diagrams), which can be described by the following equation:
(5)
〈ProcGraph〉=〈PCED〉 + 〈STD〉 + 〈EDD〉.
Using expressions (4) and (5), we can define the mapping function of ProcGraph models into
Function block diagram language:
(6)
CG: 〈ProcGraph〉 → 〈FBD〉.
The expression (6) is general and describes the transformation of the entire ProcGraph model into
function block diagram source code.
Respecting the seamlessness principle, the nodes of ProcGraph models are mapped to function
blocks. As we have seen in Section 4, the nodes of ProcGraph models represent procedural control entities in procedural control entities diagrams and states in state transition diagrams. Figure
10 shows an example of how two entities of a procedural control entities diagram map to corresponding function blocks in Function block diagram code.

Ent1

Ent2

CG

Figure 10. Mapping of procedural control entities diagrams
Each entity in the model corresponds with a state transition diagram, which describes its dynamics. For example, the dynamics of the entity Ent1 in Figure 10 is described by the state transition
diagram in Figure 4. Therefore, the algorithm of each function block depicting an entity is an implementation of the entity's state transition diagram. Figure 11 shows the implementation code of
the state transition diagram shown in Figure 4.

Figure 11. Mapping of state transition diagrams
In order to ensure the seamlessness principle, the hierarchy of programe code elements (function
blocks) is equivalent to the hierarchy of model elements (procedural control entities and states). In
Figure 11, consequently, there appear only function blocks depicting the states of the highest hierarchy level of STD from Figure 4. The substates are implemented by function blocks that are
called (activated) at a corresponding level of function block hierarchy. The Operating state of the
STD in Figure 4 contains the states Running and Stopping, therefore the algorithm of the function
block that corresponds to the Operating state contains calls of function blocks that depict the
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Running and Stopping states (Figure 12). If, for example, the Running state had a further substate,
the substate function block would be called inside the Running state function block algorithm.
Besides the function blocks representing the substates, the code in Figure 12 also encloses function blocks that contain entry, inner and exit actions of the state. The entry and exit actions are
executed when the system enters and exits the state, respectively. The inner actions are executed
repeatedly while the system is in the corresponding state.

Figure 12. Algorithm of the Ent1Operating function block
The state transition mechanism together with the actions of particular states is embedded inside
the code of the algorithm of function blocks representing the states.

6. AUTOMATIC CODE GENERATION
Automatic code generation has gained in importance over the past few years. It has also been
known under such names as model-based programming and model-driven application development.
The reason for the popularity of automatic code generation is the fact that software development
companies have realized that manual programming is a very time-consuming and error-prone
task. Moreover, if the software model built by the analyst/designer is sufficiently complete and at
an appropriate abstraction level, the programming itself is a relatively mechanical task that can
easily be taken over by a computer.
In automating the programming process, costs of the programming manpower can be reduced and
development times can be significantly shortened. Furthermore, the amount of errors is decreased.
Automatic code generators resemble compilers – they both transform a model from a higher level
of abstraction to a model on a lower level of abstraction. In the case of a compiler, the input
model is the program source code and the output model the executable code. On the other hand,
the objective of a code generator is to transform the model made by the designer to the source
code. The output model of the code generator is therefore the input model of the compiler. Abstraction levels of the aforementioned models are shown in Figure 13.
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Abstraction level

Input model

Output model

Input model

Output model

Code
generator

Compiler

Figure 13. Code generator and compiler abstraction levels

7. APPLICATION OF A SOFTWARE MODELLING TOOL
In order to demonstrate the use of the modeling tool a control system of an ore grinding process is
employed ([18]). The process (Figure 14) is divided by the plant engineers into five subprocesses:
Dosing, Grinding, Pneumatic transport, Dust separation and Silo transport. From the storage silo,
the ore is poured through a funnel onto a belt scale, where a frequency converter controls the mass
flow of the ore. From the belt scale, the ore is transported by a conveyor belt to the elevator and
from there to a vibration sieve, where coarser particles and impurities are removed. The sieved ore
falls through a funnel and a damper system into the grinding mill. The damper system prevents
excessive airflow from entering the mill. In the rotating mill, the ore is ground by the grinding
bodies. The ore then travels to the separator, where any unground ore is separated and fed back
into the mill by a conveyor belt system. The ground ore is transported to a cyclone air separator,
where fine particles are extracted and transported by a conveyor belt system to the corresponding
storage silo. The excessive air in the pneumatic transporting system is then led to a bag filter,
where it is cleaned and released through the chimney.
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Figure 14. Ore grinding process
According to the principles of subject-domain oriented decomposition, the main architectural
modules (procedural control entities) of the control system are chosen in such a manner that they
reflect the decomposition of the controlled process. Thus, the control system consists of the following five procedural control entities: Dosing, Grinding, Pneumatic transport, Dust separation
and Silo transport.
The screenshot in Figure 15 shows the main window of the modeling tool. The main window contains the graphical editor of procedural control entities diagrams. The user creates a procedural
control entities diagram model by dragging and dropping the entity elements (rounded rectangles)
onto the drawing surface and connecting them with respective arrows. In the case of ore grinding
process control, the procedural control entities diagram contains the five procedural control entities mentioned above. Connections between the nodes in Figure 15 indicate that there exist some
causal and conditional dependencies between the entities.

Figure 15. Screenshot of the main window of the modeling tool
From the procedural control entities diagram, the user can proceed to editing of the state transition
diagrams of the entities. This step is performed by clicking on the respective entity nodes. Consequently, the state transition diagram editor is activated (Figure 16).
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Figure 16. State transition diagram editor
The state transition diagram editor is similar to the procedural control entities diagram editor. The
difference is that instead of entities and dependencies the user edits states and transitions. In each
state, a number of actions are executed. The actions have to be described in structured text in a
special window that is invoked when the user clicks on the respective state. An additional window
is used for the description of events, conditions and actions associated with state transitions. The
state transition diagram in Figure 16 describes the dynamics of the Grinding procedural control
entity.
Furthermore, to complete the model, the data about system parameters, commands and devices
have to be provided by the user. This is done by way of using a series of window dialogs.
When editing of the model is completed, code generation procedure can be activated. The result
of the code generation procedure is a text file (Figure 17) describing graphical as well as textual
parts of the FBD source code.
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Figure 17. A fragment of the generated text file
The actual FBD code that incarnates the model (Figure 4, Figure 7) is obtained by importing the
text file into the IEC 61131-3 programming environment. The result is shown in Figure 18. From
this figure we can see that on the highest level of code hierarchy there exist five function blocks,
which correspond to procedural control entities of the model. Furthermore, the procedural control
entities correspond to the decomposition of the controlled process. Hierarchy and granulation of
the controlled process remain preserved in the code – the same abstractions the process engineers
use for description of the controlled process are implemented in the PLC code. Seamlessness of
the software design process is thus achieved.
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Figure 18. Example of generated FBD program code

8. CONCLUSION
Control software development for programmable logic controllers has become a demanding task
due to the ever-increasing complexity of controlled processes and also due to the low abstraction
level of PLC programming languages. The programming process is time-consuming as well as
extremely error-prone and consequently consumes a great deal of manpower resources. In this
article we show that the rules of the model-to-program code conversion can be precisely defined
and hence automated. This can be done by implementing a domain-specific code generator (synthesizer). The code generator uses code patterns, which also contributes to the standardization and
reusability of the generated code. In the code generation process, the appropriate patterns are used
and filled with the corresponding content.
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Abstract: This paper presents our approach in design, simulation and visualization in the
field of anticipation and ALife agents. Anticipation occurs in all spheres of life. Nature
evolves in a continuous anticipatory fashion targeted at survival. A conscious reaction
takes too long to process. Motivation mechanisms in learning, the arts, and all types of
research are dominated by the principle that an expected future state controls present action. Under anticipation in ALife domain we understand more that prediction or estimation of the future states. Anticipation takes the information from prediction or estimation
as an input in order to perform reasoning, learning and planning. Several anticipatory architectures have been proposed, implemented and tested in the designed simulation environment. A part of visualization is targeted on simulation world itself and the agents that
are living in it. Another part is concerned about analysis of parameters and properties of
simulation in time.
Keywords: ALife, Simulated environment, Anticipation, Behaviour, Animate, Agent

1. INTRODUCTION
Our research in ALife agent domain began with hybrid agent architectures and evolved lately
to anticipation architectures. Hybrid architectures are a trade off between fast but hardly
changeable and learning incapable reactive architecture (bottom-up) and the slow but adaptive
and planning capable deliberative architecture (top-down). Hybrid deliberative-behavioural
architectures have strong roots in biology. Research problem is to find the boundary between
both approaches. I will not go into detail about these architectures because they are well described and out of scope of this paper, more about them can be found in (Kadleček, 2001).
From the working and designed hybrid architecture we moved towards anticipation. We integrated the anticipatory block into the hybrid architecture. We aim to improve agent’s behaviour not only in terms of survival. Nowadays the mere survival is not enough. We want our
agent to complete various tasks, to have its own will and own feelings. The description how
we are achieving these goals will be described further in this paper.

2. ANTICIPATION
Before introduction of designed agent architectures and also simulation environment we will
introduce the term anticipation. We will also determine what we understand under anticipation in terms of ALife. Basic definition of anticipatory systems was published in 1985 by biocyberneticist R. Rosen in his book Anticipatory systems (Rosen, 1985). He defined an anticipatory system as follows: “A system containing a predictive model of itself and/or its environment, which allows it to change state at an instant in accord with the model's predictions
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pertaining to a latter instant”. On the turn of century this definition was revised by D. Dubois
(Dubois, 2003). His research showed, that we can observe anticipation even in the systems
where the creation of the model is not possible in principle (such as galaxies, electromagnetic
systems etc.). Therefore he defined two categories for anticipation strong and weak. Strong
anticipation systems are those, which crates the model of the object they are interacting with.
Weak anticipation systems do not creates the model, it is a part of their structure. In artificial
intelligence, anticipation is the concept of an agent making decisions based on predictions,
expectations, or beliefs about the future states. It is widely recognized that anticipation is a
vital component of complex natural cognitive systems. The opposite for anticipation behaviour is reactive behaviour. Anticipation seems to be suitable for key role in design and realization of anticipatory behaviour. Our understanding of anticipation is very closely connected to
behaviour. The mere estimation or prediction of the future is not enough. We need to take this
information and integrate it into the decision making process in order to improve it. This is
our goal which is currently under an intensive research.

2. SIMULATION ENVIRONMENT
For the various simulations we use to prove correctness of designed architectures we designed
our own simulation environment. Its design started two years ago and has been continuously
worked on recently. Several agent architectures have been tested in this environment. We
named this environment World of Artificial Life (WAL). It defines, what objects can agent
meet, what changes are possible, provides the agent with information about the virtual world
and it defines the body of an agent. WAL architecture was mainly focused on environment. It
used the agent architecture from previous research, mainly (Kadleček, 2001). We modified
this agent architecture to comply with the environment. We intended to use it then to compare
behaviour with other architectures. The proposed abstract architecture consists of several
parts. Each one of them is focused to one specific area. It recommends the selected solution in
order to maintain interconnectivity and modularity. Application engine is main program part.
It synchronizes time steps for whole application, contains interfaces to all other parts (modules) of application and also contains and maintains all part of simulation like agents and environmental layers (see below). Interface between engine and its program surrounding is data
representation. Well-defined standard of XML language is supported, but has proved as
highly inefficient to transfer along network to other modules of distributed application. For
this purpose binary data representation was designed. This binary representation is conversion
of XML tree structure to byte effective format. Environmental layers are the main components of virtual world of agents. They enable to dissemble complex world into simpler part
which are easy to implement. They can overlap each other and together they will create more
complex world. The layer is a logically detachable part of world which is capable to act individually and which creates the virtual world along with other layers. All described above is
just an algorithm with no human interface. Visualization of the designed world can be both
attractive and useful tool. For this purpose an external visualization module or internal (default) can be used. The internal visualization is mainly meant to debug and observe simulation
by creator. The external module can be exact opposite. It I supposed to be used to present this
simulation to the wider audience than science community. The on-line or off-line tools for
analysis of the parameters flow in time are also supported. The proposed environment is compatible with the 3D visualization tool called VAT (Řehoř, 2003). It can be used to observe any
of agent’s parameters at any time of simulation. Running simulation can also be stopped at
any moment and even traced back to certain point of the history. It can also be used to run
again the simulation to observe if any change of behaviour will occur while starting from exactly same situation. Also change of simulation parameters should be available while simulation is running. Agent is any object in simulation either virtually alive (creature, predator) or

86

virtually non-living (trees, food, water, rocks). Sensors and effectors of agent are his interfaces with virtual world therefore they are part of the environment and its layers. Besides that
agent mind and control are not part of environment. They are separated and can even run remotely. Here described architecture was implemented and currently is being used in few diploma theses for testing agent control mechanisms. The effort of creators of this application is
to present it as standard for Artificial Life domain specific simulations. The work on this subject follows up on the former research of a MRG group on FEE, CTU. It concludes the design
of new environment for Artificial Life domain simulation. They are used in both the visualization of an environment in which agents live and the visualization of agent parameters over
time. This serves for better analysis and better behavioural pattern recognition. While designing this architecture special care was applied to modularity of the whole application.
Layer 1
Layer n
Agent‘s mind
Action
selection

Planning

Learning
Senso-

Effectors

Knowledge
base

Agent‘s body
Reactive base

Vegetative block

Anticipatory behavior

…

Fig. 1. Block scheme of WAL abstract architecture

3. ANTICIPATORY ARCHITECTURES
The above described architecture gave us a solid ground for further research of behaviour.
Further works started with anticipation research. It is an interesting yet challenging topic.
There are several successes on the field of anticipatory behaviour. We would like to introduce
two already designed and implemented anticipatory architectures with different approaches
described and implemented.
3.1 Architecture Lemming
First architecture was named Lemming (Foltýn, 2005). This architecture fully leveraged from
the WAL environment. It uses the algorithms known from Artificial Intelligence for agent's
learning and offers an alternative to genetic programming and the artificial neural networks
commonly used in ALife domain. This model ensures agent's survival in unknown dynamically changing environment. Learning abilities of architecture Lemming were proven in experiments in which agents acted. Agent learned which objects are necessary for his survival.
This architecture introduced Classification Information Block (CIB) for information storage
about agents' usabilities. Usability is an attribute of agent saying what it can do with an object
and it is derived in trial-error iteration. The structure used for CIB is decision trees implemented by Top-Down Induction of Decision Trees (TDIDT) algorithm. To find the most significant attribute and recursively continue until there are no attributes or training examples
left measuring the amount of information by entropy is used. Generalization using LGG (least
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general generalization) algorithm was incorporated into architecture Lemming and used for
agents. During the process of reasoning, each agent/object in the surrounding environment is
assigned some attraction based on agent's knowledge, his current needs and long-term goals.
An attraction is a basis for agent's movement using concept of the virtual potential field generation known from mobile robotic. Several experiments were presented. Lemming's longterm ability to survive in given environment proves justification for chosen and implemented
behaviour primitives and proper tuning of used settings. In Predator-Prey Simulation, an application of architecture Lemming on classical problem from ethology and biology is used.
The simulation also presents simple application of the knowledge transfer from parents to
descendants. Setting experiment constants leaves space for user's interaction with the simulator.

Fig. 2. Block scheme of Lemming agent architecture
3.2 Anticipatory Learning Classifier System
The other architecture designed focuses on learning problem in artificial life domain. The
Anticipatory Learning Classifier System (ACS) was defined and proven as promising approach. It combines reinforcement learning, evolutionary computing and other heuristics to
produce adaptive learning system (Mach, 2005). Learning and adaptation can be in ACS divided into several topics. They are knowledge structure, decision making, new rule generation, generalization and learning from environment with delayed reward. Created rules are in
the form of “IF condition THEN do action AND EXPECT next state” format. Each rule in
ACS has in addition two values, the reward for performing the action and the quality of prediction (how precise the estimation of the next state is). ACS models the environment as hidden Markov model. The aim is to discover the states of the model which are initially unknown.
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Fig. 3. Block scheme of ACS agent architecture

4. SIMULATIONS
Several simulation scenarios was tested to prove capabilities of each designed architecture.
All of mentioned agent architectures are capable or running in WAL. Even the works created
before WAL were modified to be able to run in this environment. Architecture Lemming was
designed in WAL directly. ACS was primarily implemented in Matlab but the interface to
communicate with WAL environment was proposed. The graphic capabilities of the designed
architectures are not sufficient in case of displaying more parameters. In WAL simulations we
used the graphical tool named VAT for detailed analysis. This tool is helpful not only in the
simulation evaluation phase but also in the phase of debugging the architecture. It can be used
to detect errors in the implementation. I will demonstrate this on use case. The simulation
scenario for a single agent was intended to move an object between two places. The agent had
enough food and water to satisfy its needs. Fig. 4 shows the visualized data from this simulation. This picture shows the paralel coordinates mesh. Each variable has its own axis and
these are layed in paralel and the actual values are connected to form a curve. The third dimension is time. Even a very first look at the 3D mesh could advise that there is obviously
something wrong with the simulation. Almost all of parameters are zero (the mesh is flat).
The agent is not hungry or thirsty. It is neither tired nor sleepy. But we implemented and
designed all these. The reason for this could be a data export failure, a mistake in implementation of the inner agent vegetative block or bad initial configuration of an agent. Because we
run the simulation previously and exported the data and the vegetative block was working
properly, there is no problem with implementation itself. Brief check of the configuration
showed that there was enormously high value set to the time function of the chemicals. This
cause their very little change even in a long time sumulation.

Fig. 4. Use case – visual tool usage for debugging
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Another experiment named Rescue Mission was performed on architecture Lemming. This
experiment shows learning abilities of architecture Lemming and applied generalization. The
experiment had two parts. Firstly the agent has to discover which tool belongs to which create
and then successfully use it to open it. In the scenarion there were four different tools each for
opening a different create. The agent is motivated by a reward locked in the last create. All
experience is gained by trial-error learning plus there is a generalization used for proper tool
usage discovery. After each successful utilization of a tool, knowledge in General Rules
Block is updated. Two successful examples of opening different kinds of crate are enough for
lgg algorithm to create general rule connecting crate's property, used tool and the final state of
the crate. This knowledge is then used for setting new long term goals to find proper tools
which agent doesn't posses and which will be needed for perceived crates opening. We have
to emphasize that Classification Information Block doesn't contain any information about
tools for which agent deduced he will need (using general rule) and these tools would be treated as collectible objects.

5. CONCLUSION
In this article we showed the recent advances in the field of artificial life specifically focused
on the anticipatory behavior in our reserach group. Anticipation as we see it is not plain prediction or estimation of the future. This can be done using several statistical approaches. Anticipation in ALife means more then just prediction. It is for us utilizing the obtained or derived
information about the future for the higher cognitive processes such as planning and decision
making. It has been shown that anticipation cannot be the only control mechanism. The reaction base, and other features, ensuring learning, and evolution of an agent are necessary as
well. The information about future can be taken in account while decision about next action is
made. Anticipation is still the subject of intensive research.
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Abstract: Speech is the most natural way of human communication. Therefore, there is
an effort to incorporate speech control into human-computer interfaces. However, nobody
likes the idea of remembering a large amount of specific commands and so the ability of
understanding the meaning of an utterance is crucial for many speech-enabled computer
systems.
This article describes a very promising method suitable for analysis of the meaning contained in an utterance. The described method extends Markov models so that every Markov
state stores a semantic vector. This extension allows the model to capture hierarchical
structures.
Keywords: semantic analysis, natural language understanding, semantic parsing

1. INTRODUCTION
This paper is part of the COT-SEWing1 project. The purpose of the project is to develop a
complex base of tools which will remove some of the typical barriers present in communication
between human user and computer within the scope of internet access. One of the goals is to
enable voice control of an internet application. The analysis of spoken input involves two main
areas: voice recognition and utterance understanding. In this paper, we focus on the second
area, on the utterance understanding.
Natural Language Understanding (NLU) is a process whereby a computer algorithm extracts
the meaning of an utterance and embeds the meaning in the computer model of the world.
Semantic analysis is the first step of the NLU process. The goal of semantic analysis is to
represent what the subject intended to say in a way that would facilitate the process of interpretation 2 .
A semantic analyzer of a spoken language system must be able to deal with spontaneous speech
effects such as unconstrained formulations, ill formed expressions, repairs, false starts and unknown words. Due to grammatical problems of spoken input, syntax should not play significant
role during utterance processing. The corpus of COT-SEWing project is in Czech language,
therefore we try to adapt existing algorithms for semantic analysis to the Czech language.
1

Complex Knowledge Base Tools for Natural Language Communication with the Semantic Web
interpretation = reasoning about the meaning of the utterance; interpretation is explained further for example
in (Konopı́k and Mouček, 2005)
2
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Speech
recognizer

Semantic
parser

Contextual
interpretation

Fig. 1. The interaction of the semantic analysis system with other modules. The semantic parser input
is indicated as the most likely utterance transcription (top) or a word lattice (bottom). The output is either
a tree (top) or a logic representation (bottom)

A very promising method of semantic analysis is the Vector-state Markov model (see (Young,
2002)). When we train this model in an unsupervised manner then the model is called Hidden
Vector-state Markov model (HVM). A very good description of HVM model can be found in
(Yulan and Young, 2005). Our intension is to test this model in the COT-SEWing project conditions. That involves the issue of Czech language. The HVS model was originally proposed
for English language. So, we try to adapt the HVS model to the Czech language.
The remainder of this paper is organized as follows. First, the problem is specified by the
definition of the input and the output of the semantic analysis algorithm. Then the Vector-state
Markov model is introduced. And finally, the unsupervised training of the Vector-state Markov
model is explained.
This article assumes that the reader is familiar with basic terms of the analysis of language
(parsing, parse tree, etc.). If it is not true, please see e.g. (Jurafsky and Martin, 2000) or
(Konopı́k, 2006). (Konopı́k, 2006) is oriented towards stochastic semantic analysis while
(Jurafsky and Martin, 2000) is much more general.
2. PROBLEM DEFINITION
This section specifies the problem of semantic analysis by the definition of the input that enters
into the semantic analysis algorithm and the output that results from the algorithm.
The input is the orthographic transcription of an utterance. The form of the transcription can
be either the most likely transcription of the utterance or even better a word lattice. Prosody
or some nonverbal features may be included as well. Stochastic semantic analysis methods in
particular profit from the presence of other information sources (prosody, etc.).
The output is the context-independent meaning of the utterance in a suitable meaning representation. The requirements about the output of semantic analysis are stated in (Jurafsky and
Martin, 2000). In short, the result of semantic parsing is required to support the interpretation
that follows the process of semantic analysis (see fig. 1).
3. VECTOR-STATE MARKOV MODEL
The key feature of the 1st order Markov model (see e.g. (Rabiner, 1989)) is that the current state
at time t holds all of the information needed to account for the observation at time t and the
transition to a new state at time t + 1. It is this property which gives the model its mathematical
simplicity. The Vector-state Markov Model improves the basic model by extension of the state
space to record broader context. Every Markov state is extended to contain a vector of semantic
concepts. The vector of concepts is utilized to capture the hierarchic structure of an utterance.
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Fig. 2. Example of a right branching tree and corresponding vector state sequence. Borrowed from .

The information in a parse tree relating to any single word can be stored as a vector of node
names starting from the preterminal and ending in the root node. For instance, see fig. 2 and
the state associated with the word “tram”. This state contains a semantic vector [Type, Vehicle,
Travel]. The complete parse tree can be represented by a sequence of semantic vectors (see
bellow in the fig. 2). If the nodes in a parse tree are all distinct from each other, there is a
one-to-one mapping between semantic vector sequences and a parse tree. The semantic vector
has indeed the structure of a stack because new nodes are put at the end of the vector and the
last nodes are taken first from the vector while parsing a sentence.
The parsing of a sentence works within Vector-state Markov model in the following way: the
parser goes left to right, each time a word is processed, a transition based on current state is
triggered. Every transition is constrained to take the form of stack shift (a number of nodes
are removed) followed by a push of one or more nodes. Please note, when the transitions have
exactly the form of removing one node followed by pushing of one node, we get an ordinary
1st order Markov model.
Given an unlimited stack, any PCFG3 formalism can be converted into a Vector-state Markov
Model. The problem, however, is that in doing so the state space rapidly becomes huge. Thus,
the form of transitions can be limited to alleviate the model complexity. Following transition
limitation was proposed in (Young, 2002): a stack shift followed by pushing at most one node.
The effect of this on parse tree of semantic concepts is to make it right branching. The example
in fig. 2 was made in this manner.
The generative process (eq. 1) associated with this model consists of three steps for each word
position t: (a) choose a value nt which represents a number of removed nodes; (b) select a
preterminal node cwt for word wt ; (c) select a word wt . As with the PCFG model, the probability distribution P (W, C, N ) can be decomposed either top-down or bottom-up. The top-down
decomposition is presented in 1:
(b)

(a)

T z
}|
{z
}|
{
Y
P (nt |W1t−1 , C1t−1 ) P (ct [dt ]|W1t−1 , C1t−1 , nt )
P (W, C, N ) =
t=1

P (wt |W1t−1 , C1t )
|
{z
}
(c)

3

PCFG = Probabilistic Context-Free Grammar, see e.g. (Konopı́k, 2006) – section 3.3.2
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(1)

where C is matrix whose columns are vector stacks ~c; dt denotes the length of the stack ~ct
(dt = |~ct−1 | − nt + 1); ct [dt ] is a new preterminal symbol on the top of the stack ~ct .
The eq.1 is too complex to be used directly. Instead, it has to be approximated. In the version
of the Vector-state Markov model discussed in (Young, 2002), the components of eq. 1 are
approximated by:
P (nt |W1t−1 , C1t−1 ) ≈ P (nt |~ct−1 )
P (ct [dt ]|W1t−1 , C1t−1 , nt ) ≈ P (ct [dt ]|ct [1..dt − 1])
P (wt |W1t−1 , C1t ) ≈ P (wt |~ct )

(2)
(3)
(4)

where ct [1..dt − 1] denotes stack elements 1,2,..,dt − 1.
Then, by substitution 2 – 4 in 1 we get the 5. This formula is being used in practical applications.
T
Y
P (W, C, N ) ≈
P (nt |~ct−1 )P (ct [dt ]|ct [1..dt − 1])P (wt |~ct )
(5)
t=1

The supervised training is relatively simple and consists in events counting, normalization and
smoothing. The unsupervised training is discussed in the next section.
Unlike the PCFG model, this probabilistic model is well-suited to left-right decoding. Since
each partial path covering word sequence W1t contains exactly the same number of probabilities,
paths can be compared directly without normalization.
The Vector-state Markov model extends the HMM model by expanding each state to encode
the stack of a push-down automaton. This allows the model to encode hierarchical context.
This model stands in between the HMM and PCFG model. With the limited stack it covers
regular languages only (as well as an HMM). However, by extending the capacity of the stack it
approaches the context-free languages. This model was proposed to be simple and thus reliable
and to cover natural language at the same time. The formerly described transition limitation
covers right-branching languages only. In (Yulan and Young, 2005), it is claimed that majority
of English sentences are right-branching. Still, it has to be examined, whether this statement is
valid in Czech language. If not, an appropriate modification has to be applied.
4. HIDDEN VECTOR-STATE MODEL
The authors of (Yulan and Young, 2005) claim that the provision of fully annotated data is not
realistic in practice, thus the supervised training is not possible. So they developed a method
of unsupervised training of the Vector-state Markov Model. However, the fully unsupervised
training is not possible in such a complex model. Some prior knowledge has to be present. The
prior knowledge and the training equations are described further in this section. The model and
the method of training together create the Hidden Vector-state Model (HVM).
The prior knowledge in HVM consists of the two following parts:
• A set of domain specific lexical classes.
• Abstract semantic annotation for each utterance.

94

1.
2.
3.
4.

I want to go Chicago to arrive around 11am.
I need arrive about noon in New York.
I have to be in Boston at 10am.
Find flights arriving in Dallas mid-morning.

}

TRAVELREQ(
TOPLACE(
CITY,
TIMESPEC(TIME)
))

Fig. 3. An abstract annotation of utterances carrying the same meaning.

Lexical classes typically group proper names into hypernym4 class. For example, in a flight
information system, typical classes might be CITY = {Boston, Denver, New York, ...}, AIRPORTS = {Dulles, ...}, etc. These domain specific classes can be usually extracted from the
domain database schema. The generic classes (covering times, dates, etc.) may be also included in domain specific classes. Given these classes, all words in the training set are replaced
with corresponding lexical class when possible. This reduces the size of the model.
The abstract semantic annotation lists a set of applicable semantic concepts with the dominance
relationship between them for each training utterance. However, it does not take any account
of word order or attempt to annotate every part of the utterance. Every particular utterance
that has the same database SQL query should have the same abstract semantic annotation (for
example, see figure 3).
The training of this model involves preprocessing, parameter initialization and parameter reestimation.
The preprocessing prepares the data for training (mostly filtering). Parameters are initialized
by so-called flat-start whereby all model parameters are initially made identical.
The parameter re-estimation is defined in (Yulan and Young, 2005) as follows: Let the complete
set of model parameters be denoted by λ, EM-based parameter estimation aims to maximize
the expectation of L(λ) = log P (N, C, W |λ) given the observed data and current estimates. To
do this, the 6 expression has to be maximized with respect to λ̂:
X
P (N, C|W, λ) log P (N, C, W |λ̂)
(6)
N,C

Substituting eq. 5 into eq. 6 and differentiation lead to the following re-estimation formulae:
P
P (nt = n, ~ct−1 = ~c|W, λ)
(7)
P (nt |~c) = t P
ct−1 = ~c|W, λ)
t P (~
P
ct = ~c|W, λ)
t P (~
P (ct [dt ]|ct [1..dt − 1]) = P
(8)
P (ct [1..dt − 1] = c[1..dt − 1]|W, λ)
t
P
P (~ct = ~c|W, λ)δ(wt = w)
P (wt |~ct ) = t P
(9)
ct = ~c|W, λ)
t P (~
where δ(wt = w) is one iff the word at time t is w, otherwise it is zero.
The key components of the above re-estimation formulae are the likelihoods P (nt = n, ~ct−1 =
~c|W, λ), P (~ct = ~c|W, λ) and P (ct [1..dt − 1] = c[1..dt − 1]|W, λ). These likelihoods can be
4

hypernym relates a more general term with a lexeme, e.g. vehicle is hypernym of car, for more detail see
(Jurafsky and Martin, 2000) – chapter 16

95

efficiently calculated using the forward-backward algorithm. The formulae for the forward and
backward probabilities (α, β) are defined in (Young, 2002) in detail.
The (Young, 2002) also defines the formulae for model adaptation. Regardless of how much
training data is available, a semantic decoder will perform badly if the training data does not
well-represent the test data. Model adaptation can be used to increase the performance of
semantic decoder.
The experiments conducted on ATIS corpus and DARPA Communicator Travel Data in (Yulan
and Young, 2005) are very promising. F-measure of automatic and human annotations was
around 88%. Such a result is very good in the area of semantics.
5. CONCLUSION
This paper describes the HVS model and explains the training of this model.
The HVS model solves the problem of the need to collect a large quantity of fully annotated
tree-bank data. It proves that the Vector-state Markov model is constrained enough to be trained
by partially unsupervised training whilst at the same time it is able to capture hierarchical
dependencies.
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JADE – extension and utilization
(Java Agent Development Framework)
Miroslav Líčko
E-mail: lickot@post.cz
Abstract: The speech gave an overview of a framework for development and management of MultiAgent Systems (MAS). An intention of the contribution was to present and
further discuss proposal of an extension handling Bayesian statistics under distributed
environment.
Keywords: MultiAgent Systems, MAS, Mixtures, adaptive distributed systems, ADS

1. INTRODUCTION
Development and convergence in logistic, nanotechnology and communication are some of
the main stimuli leading to an increased need for reliable adaptive distributed systems (ADS).
Both the practitioners and theoreticians are collaborating to cover needs for development in
DS domain.
MultiAgent Systems (MAS) theory according (Wooldridge, 2005), covered in given talk, is
one of possible approaches. Jade as java-based framework (see Fig. 1) serving for error prone
and fast design of MultiAgent Systems has been presented.

The attendee got familiar with the intended utilisation of the given Jade framework for distributed computation of mixtures.

2. ANALYSIS
Possibilities of multiple participant decision making DM were analysed by Šmídl et al. (2006)
and the work was motivated by it. Having participants able to communicate and cooperate is
so the goal of the research done, presented and further extended.
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Šmídl et al. has distinguished three operational parts of each participant
i)

Data-processing part. Part serves participant to interact with an environment. This
part is common for single decision making participants.

ii)

Communication part. The participant exchanges information with its neighbours.

iii)

Negotiation part. Participant makes decisions how to act and re-act with respect to
its neighbour participants.

Preceding three operational parts are built on the top of five phases i.e. can be overviewed in
terms of larger granularity
α)

Reading; data are collected, pre-processed and transformed from an environment

β)

Learning; knowledge about an environment improved based on observed data

γ)

Adaptation; improved knowledge of decision maker is used to strategy

δ)

Decision; an action is selected using adaptive decision making strategy

ε)

Writing; selected action is transformed and written to the environment

where the environment is common, i.e. similarities exist in terms of
- structure of the model of the environment, and
- structure of the decision making strategy
for all the communicating participants. This constraint comes out of limits given by the computational complexity.

Knowledge of each participant is stored in the form of three pdfs
- factorised model
- factorised pattern
- estimates
and each participant has an ability to communicate this knowledge.

The above vague formulation can be formalised using Bayes apparatus. DM strategy, both
optimised and ideal as

. Predictor of observations and correspondingly

. Observed data i.e. values as
, where the
formulated pattern as
individual values can be understood as a special case of pdfs. Estimates on internal variables
as

where these variables are common to interacting participants.
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Merging is than used by each participant to propagate their modification or behaviours i.e.
modification of model or estimates.
Indirect merging is than used to formalize modification of the estimates, i.e. modifications of
the estimates

. And direct merging

to estimate common internal variables
. Negotiation is than supported using range of communication-selected actions e.g. initiate, accept, reject.
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THE LOGIC OF E-DELIBERATION
PARTICIPATION BEYOND CIVIL SOCIETY
Evangelos Liotzis
Faculty of Communication and Media
University of Athens
Athens, GREECE
E-mail: evliotzis@media.uoa.gr
The logic of e-deliberation exceeds the narrow limits of the so-called “expansion
of the public sphere” which did not lead to the widening of the decision-making
processes, which are still run by designated groups. It suggests an opening of the
policy-making procedure through electronic discussion forums. Having also in
mind state’s need for legitimation (as particular reason for organizing public
deliberations), it can be suggested that e-deliberation’s dimensions could lead to
the broadening of participation referring to a remarkable group of people beyond
civil society. Therefore, a two-way model consisted from the dimensions of the
two basic facets of e-deliberation: Virtual Participation and Potential influence in
Decision-Making, is proposed.
Keywords: Deliberation, participation, civil society.

1. INTRODUCTION
Internet’s use spread was coupled with a utopian ideology model about the liberating
role of the new Information and Communication Technologies (ICTs) concerning
democracy’s stakes. In this context, e-Democracy’s issues were set, from the first
moment, in relation with the problem of e-Participation. The internet researchers and
scholars, and a part of civil society networks, had already made clear that participation
is not enough; deliberation is also needed. Therefore, the idea of deliberative
democracy was brought out as a demand for further expansion of taking part in the
procedure of decision-making.
It is widely accepted that the new social movements and the Non Governmental
Organizations (NGOs), as part of civil society, could use the horizontal, networked
structure of internet for the formation of a new public sphere vis-à-vis the state and
the market, according to the principles of Habermasian discourse theory (Carsten
Stahl 2005). Yet civil society agents put emphasis on networks and the empowerment
of organized moves and movements and they seem reluctant as to the broadening of
ICTs beyond its boundaries. No doubt, ICTs make easier for a lust of individual
citizens to participate in the new public sphere irrespective of whether they belong to
civil society organizations or not.

2. THE ON-LINE ENVIROΝMENT
However, it should not be forgotten that the policy makers in representative
democracies are exceptionally hesitant to share their power with citizens via the use of
Internet in forums and deliberations. The so-called “expansion of the public sphere”
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did not lead to the widening of the decision-making processes, which are still run by
designated groups.
The logic of e-deliberation exceeds these narrow limits. In modern, media saturated
societies’ participation in the new public sphere is marked by individualization and
cynicism. At any rate, these characteristics discourage classical activation through
social associations. Having also in mind state’s need for legitimation (as particular
reason for organizing public deliberations), it can be suggested that e-deliberation’s
dimensions could lead to the broadening of participation referring to a remarkable
group of people beyond civil society and its organized forms. It is notable, that
everyone who does not actively participate in civil society consists in a way, hidden
Social Capital which can be reclaimed through e-deliberation.
E-citizens are indeed empowered citizens and the strengthening of civil society
because of the Internet’s use is “self-evident” for some. On the other hand, some
argue that e-deliberations and electronic discussions forums might undermine any
public dialogue and action that would be realized in the context of civil society in any
case. According to this logic, internet’s use does not contribute in the democratization
of a society but in the weakening of civil society.
On the contrary, others support that the potential of the new means is encouraging.
However, there is an “absence of procedural definition developments” (Hands 2005).
This means that there is a general sense and wish for attendance and opening of
processes in parallel with the optimism that internet can offer this opportunity, “but
not what this would entail in practice” (Hands 2005). In other words, while consent
exists in the central objective of acquisition of access in the internet for all, in order to
exploit effectively the possibilities of internet for democratic reasons, there is
ambiguity in regard to which precisely e-democracy, and particularly which
deliberation, “does, could and should, entail” (Hands 2005).
Bregman points out correctly that in the off-line world the motive and the need to live
in societies lead to the adoption of deliberative discourse. However, this argument is
not in effect in the same way in the internet. Users of internet are forced to follow the
decisions that affect everyone and to deliberate continuously for these issues (eg the
decisions regarding the administration of Domain Name System). For this reason, the
base of our approach should be placed as follows: The interaction between humans
that can be realized either through a computer or via airwaves does not recommend
consultation. Nevertheless, it does recommend the base for deliberation and this is the
basic principal that should not be forgotten (Strommer-Galley 2000).

3. PREVIOUS EXPERIENCE FROM E-DELIBERATIONS
In this frame, skepticism has arisen about the fact that deliberative processes cannot
be finished in the internet. This occurs because internet, at least in its present form,
remains text based while on the other side the optical and verbal expression in the
face-to-face (f2f) discussion remains an open and familiar process for those
participating (Fishkin). While the advocates of possibilities that internet could offer,
such the re-engagement of cynical citizens, support that civil society and public
sphere are partly revived via this new technology, skeptics show the “anarchic nature
of much Internet discourse, which tends be aggressive, fragmented and
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confrontational” (Margolis and Resnick 2000 as mentioned in Hurrell 2005). The
aggressive indeed pillar of discourse that prevails in the on-line discussion has been
reported as the most important obstacle for consultation and open dialogue, which are
essential for an effective public sphere (Hurrell 2005).
Many think that the “predominance of aggressive and inflammatory rhetoric” can
destroy the efforts for a public and open deliberation, while others have supported that
this kind of discussion is natural and even cathartic (Hurrell 2005). For Muhlberger
(2005), on-line discussion decreases “vertical collectivism” - an authoritarian
placement that it is characterized by stealth democratic convictions. As vertical
collectivists are considered those who believe that they should sacrifice their
particular needs or interests in favor of team’s interests. Results from The Virtual
Agora Project, show that on-line discussion decreases stealth democracy beliefs
(Muhlberger 2005).
According to social identity theory, if citizenship is not pointed out constantly in online discussion, the participants of the deliberation will behave “fiercely
individualistic”, while a recall of citizenship pulls out citizens’ obligations against the
community (Muhlberger 2005). The recall of citizenship develops on-line
participation into a process that does not always require special handling for the
quality of dialogue - we have always in our mind the raised issue of hate speech in
internet. The perception of learning many and useful things from a team discussion
appears to be an objective characteristic of team discussions which lead to positive
results. Various clues from research suggest that on-line citizenship condition can
strengthen participants’ community-mindedness (Muhlberger 2005).
Therefore, an engagement for the adoption of civil discourse in addition with the logic
of citizenship, helps the achievement of shared meanings, which are crucial for
deliberation. Civil speech seems to allow participants discuss with relatively equal
terms on issues of reciprocal importance. However, civil dialogue does not ensure
itself effective communication between citizens and government. This civil dialogue
culture can come naturally during deliberation, but also it can also be cultivated from
moderators (Hurrell 2005).
Participants in a research maintained civil dialogue, both in on-line and f2f discussion,
by adopting various techniques of negotiation (which are usually adopted in all the
types of political discourse); a central characteristic of civility. This is because civility
means acceptance of negotiation, engagement to reject prevalence and exclusion, and
respect in dialogue and in potential change. In addition, another negotiation technique
that is adopted successfully from participants in public forums is the confirmation or
even rejection of an opponent’s statement, which shows self-restraint - a characteristic
of civility for some scholars (Hurrell 2005).
In any case, experience shows that reasoned discussion takes place when participants
recognize that their discussion will lead either to a voting or to some other decisionmaking process. Voting, but also any decision-making process is more credible if a
detailed discussion for the controversial subject had occurred. Accordingly, if the
ideal of reasoned, collaborative decision-making is to be achieved, software should
incorporate discussion and voting in a single total. Software should consequently seek
to achieve a unified environment of discussion and decision-making (Edelman).
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Additionally, in on-line environment where people who do not know each other try to
discuss important issues without any previous and specific knowledge, an “on-line
reputation” for a participant is a key point in order to provide an additional motive and
guarantee for the other participants to begin a dialogue with him. Quoting, for
example, is a method which helps to establish an “on-line reputation” as careful
reader of others’ (Hurrell 2005).
It is noteworthy that the above concern the stage of deliberation where participants
have already chosen to attend the process. This is mentioned, because the problem of
gathering different persons and disparate personalities in internet remains. But even
when web activities achieve to bring persons with very different perceptions near, it
does not be accomplished to provide the means for better understanding between the
users who communicate in order to promote an issue of common interest (Friedman
2006).
This constitutes an additional reason why innovations in internet-based engagement,
besides their attractiveness, are adopted more often in the service of “traditional
partisan politics” (Friedman 2006). That is why “deliberation will have its greatest
value if established on a foundation of broad online citizen engagement across the
whole of civil society” (Clift). Internet’s use can maintain the current level of
participatory democracy but this should not be considered as the main alternative
because the use of Internet “as it is”, could accelerate or strengthen existing negative
tendencies in political participation. Steven Clift clarifies, at this point, that “ongoing
local forums for online citizen engagement may be one of the most cost-effective
investments toward deepening or at least keeping democracy being the right path”.
According to Lukensmeyer and Torres’ (2006, p. 45) research there are two important
parameters which decrease the “uptake of online engagement activities”. Firstly, egovernment initiatives give particular importance in providing services for the "citizen
as customer". But this contributes in the mapping out of an e-government strategy that
“sidelines meaningful citizen engagement”. Secondly, a lack of common ways of eaction and of on-line engagement techniques creates confusion for both citizens and
those who organize open and public e-Deliberations.
Fishkin, Luskin and Iyengar point out that things would be very different if - due to
technical possibilities - concrete on-line deliberation could last more than the f2f - a
placement that restores the discussion about the digital gap. It appears however that
the 2 models of deliberation (f2f and on-line) have generally similar results, on-line
deliberation’s though are “slightly weaker”. “The chief disadvantage is that the
deliberation may be less vivid and the experimental treatment thus weaker, than in the
face-to-face design” (Fishkin and Luskin). However, the combination of f2f and
electronic processes offers often the best result: direct and personal contact without
the danger of excluding those who do not have access in certain technology, but with
the parallel possibility of including many more persons and with less cost (Dialogue
by Design).
Social and psychological researchers (Muhlberger 2005) have been speculating about
the possible negative repercussions of deliberation (eg intensity of conflicts in the
team, polarized opinions, lawful conformity in the team, exaggerating influence from
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socially powerful people and sentimentally prompted results). It is likely that firsthand
human interaction in f2f processes leads to increase of participation and engagement
(eg an erotic attraction might mobilize a participant) and in a more completely
information transfer. From another point of view, these characteristics may not
function entirely in favor of f2f deliberations because computer mediated interactions
in e-deliberation are “emotionally cooler, more cognitive, and perhaps that is the
good” (Fishkin, Luskin and Iyengar).

4. A THEORETICAL SCHEME AND SOME RESULTS
A proposition about a two-way scheme is consisted from the dimensions that have to
do with the two basic facets of e-deliberation:
Virtual
Participation

Potential influence
in Decision-Making

The above developed theoretical scheme regarding e-deliberation, is in the same
direction with the theoretical approaches and the past experiences that have already
been mentioned in this article and has to do with the up to now results of the
unfinished research.
From one side, there is the dimension of Virtual Participation, because in the
particular case of e-deliberation we do not have the traditional political participation
through a collective formation. It is the predominance of the concept of
individualization that characterizes modern societies and places under contestation the
principle according to which political action has as precondition the existence of
collective motivations and social groups. Moreover, classical political action declines
because internet allows the formation of “fluid identities”, does not encourage the
engagement and cultivates the hallucination of participation.
On the other side, the decreasing undertaking of responsibility and risk in
combination with the decreased levels of empathy that undermine the engagement and
the participation in the on-line environment, are opposed with the other dimension of
the above-mentioned model, the possibility of influencing the process of decisionmaking process. It is in other words, the essential motive of having probabilities in
participating in the policy shaping appears to run through the logic of citizens who
come to participate out of their own will in the open, public electronic dialogues.
As far as the research is concerned, the comparative analysis among 4 open
electronic discussion forums - which apparently have not finished yet - for the
forthcoming Constitutional Revision in Greece. The first forum is held by the party
that is now in power (New Democracy; the second by the Association of Greek
Industries; the third by a team of independent scientists and scholars and the fourth by
an organizational came up by the initiative of 700 NGOs for the constitutional
consolidation of civil society, called “Campaign: NGOs for Constitution”.
The results up to now can be summarized as follows:
1. The party’s (New Democracy) forum has been the one with the greatest
participation. This can be attributed to the fact that this is the institution that will
determine the results of the Constitutional. Most of the participants deposited
more than once their opinions, element that reveals a certain adherence in the
dialogue.
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2. The participation in the Association’s of Greek Industries forum has not been as
intense as in the first one but a remarkable participation has been pointed out.
3. The participation in the other 2 forum has been dominated by people who were
expected to express their opinions in public dialogue (through articles,
participation through NGOs etc.). Specifically, the forum of the independent
scientists and scholars turned out to be more like a scientific on-line community.
The dialogue that has occurred has been characterized by the absence of willing to
influence the organizers of the dialogue and the establishment of extensive on-line
discussions between two or three different participants depending on the subjects.
On the other hand, the pre-taken decision to promote the constitutional
consolidation of civil society at the forum of the “Campaign: NGOs for
Constitution” undermined their own public on-line dialogue.
4. Finally, the participants in the first forum, mostly common citizens representing
themselves, have expressed at some point their wish for it to succeed by the
government’s considering their opinions when forming its final positions. The
majority though of the placements appear to be functional as far as the party’s
basic approach to the Constitutional Revision is concerned.
In a country where e-deliberation is in a very primitive level - even deliberation in its
traditional form is not widely practiced due to the weak civil society and the absence
of serious public dialogue - the results of these particular deliberations will be judged
not by the end of these 4 forums, but by the participation in others that will be held in
the future. Regardless the deliberations’ results, “if the technology can be harnessed
to return deliberation to the mass public, then a qualitatively new kind of democracy
may be possible” (Fishkin).
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Abstract: The LS state estimation method has been chosen in this paper since constraints
on the estimated states can easily be handled with it. The resulting convex constrained
optimization problem can be solved by various available solvers. On the other hand, the
simplicity of the estimator makes it a promising candidate to be generalized for two, or
more qubits in the future. The effect of the constraint on the statistical properties of the
state estimator is investigated here in the simplest case of a quantum bit (qubit) by analyzing the properties of an unconstrained- and a constrained LS estimator.
Keywords: State estimation, Constrained optimization, Quantum systems

1. INTRODUCTION
In quantum mechanics, measurement has a probabilistic nature, that makes difficult to obtain
accurate information about the actual state of the system. Furthermore measurement is not a
passive operation as in classical physics but an intervention to the system’s state. Hence it is
necessary to have sufficiently many identical systems being in identically prepared state, this
way it is possible to perform more than one measurement on the same state. Classical methods
such as Least Squares (LS), or Maximum Likelihood (ML) estimation can be used for estimating the real state of a quantum system based on the measurements. In the physicist terminology
the word quantum tomography is used for state estimation [1]. A simulation based comparison
of different quantum state estimators can be found in [3]. An approach to quantum state tomography from the convex optimization point of view is in [2]. The LS state estimation method has
been chosen in this paper since constraints on the estimated states can easily be handled with
it. The resulting convex constrained optimization problem can be solved by various available
solvers. On the other hand, the simplicity of the estimator makes it a promising candidate to be
generalized for two, or more qubits in the future. The effect of the constraint on the statistical
properties of the state estimator is investigated here in the simplest case of a quantum bit (qubit)
by analyzing the properties of an unconstrained- and a constrained LS estimator.
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1.1 Definitions and notations
State of a quantum system The state sof QM systems are represented by nxn density matrices
(ρ(θ)), obeying the following 2 properties:
• T r(ρ(θ)) = 1
• ρ(θ) ≥ 0
In our case, ρ is 2 × 2 matrix.
The Bloch-parameterization gives a geometrically clear viewpoint of the state-space:

"

, ahol I =

1 0
0 1

#

, σ1 =

ρ(θ) =

1
(I + θ1 σ1 + θ2 σ2 + θ3 σ3 )
2

"

#

0 1
1 0

"

, σ2 =

1
azaz ρ(θ) =
2

"

0 −i
i 0

#

"

, σ3 =

1 + θ3
θ1 − i · θ2
θ1 + i · θ2
1 − θ3

1
0
0 −1

#

,

#

.

It gives an equivalent representation if quantum states. It is easy to see, that the second property
of density matrices transforms to
q

θ12 + θ22 + θ32 ≤ 1,
in the Bloch-parameterization. It means, that the state space is the unit ball in R3 . States for
which the equation holds are called pure states, all the others are mixed states. In what follows,
the states of a quantum bit can be represented either as a density matrix, or as a Bloch vector.
Measurements The state of the system can be reconstructed by measurements, however, the
result of a measurement can only be a pure state in the quantum domain. It means, that in
general, the state of a qubit cannot be reconstructed from one measurement. On the other hand,
the measurement damages the actual state (the state before and after the measurement are not
the same), so it is assumed that we have as many copies of the same state as it is necessary for
the measurements.
The measurements are represented by self-adjoint 2x2 comlpex matrices. If the spectral decomP
position of the measurement matrix is i λi Pi , where Pi -s are projections, then the probability
of having λi as an outcome of the measurement if the state before the measurement is ρ is:
Pρ (λi ) = Tr(ρPi )
Three different kinds of measurements are performed, they are represented by the three Pauli
matrices σ1 , σ2 , σ3 . Since all three are unitary they eigenvalues (which are the possible values
of the measurement) are ±1. Measuring σi on state
1
ρ(θ) =
2

"

1 + θ3 θ1 − iθ2
θ1 + iθ2 1 − θ3

then the probability of outcome +1 is
Pρ (+1i ) =
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1 + θi
.
2

#

From the physical point of view, σ1 , σ2 és σ3 mean the spin measurement in directions x, y and
z.
Suppose, that m measurements are performed in each three directions. Then the outcomes can
be collected and stored as a matrix of size 3 × m as follows:


+1x −1x
D=
 −1y −1y
+1z +1z
1.
2.



−1x . . .
+1y . . .
−1z . . .
3. . . .

+1x
+1y 

−1z
m.

← direction x
← direction y
← direction z

But the relative frequency of outcome +1s is a sufficient statistic, so it is enough to use:
νξ :=

mξ
, where ξ = 1, 2, 3, and mξ is the number of (+1)-s in row ξ.
m

Least squares method LS is a widely known and used method which minimizes the squared
error. If the relative frequencies resulting from the measurements are νξ , then the deviation from
the real value of the state can be written in the form (because of the independent measurements,
there are no cross terms):
ϕm
LS (D, θ)

=

Ã

X
ξ=1,2,3

1 + θξ
νξ −
2

!2

We are to minimize this expression. It is trivially comes, when the expression in parenthesis are
zeros. This way, knowing relative frequancies νξ an estimate can be given for the Bloch-vector
θ:


2ν1 − 1




m
Φuc (D) = 
 2ν2 − 1












(1)

2ν3 − 1
The above estimator has a great drawback, namely, it tends to give a false estimate (being out
of the Bloch-ball, i.e. the state-space). It is likely, when the number of measurements if small,
or the state to be estimated is relatively pure (i.e. it is near, or on the surface of the Bloch-ball).
That’s why the constrained LS estimator is introduced:
Φm
c (D)


m


 Φuc (D)

if kΦm
uc (D)k2 ≤ 1




if kΦm
uc (D)k2 > 1

=

Φm
uc (D)
kΦm
uc (D)k2

(2)

It always gives a physically meaningful result. If the unconstrained estimator would give a
faulty estimate, the constrained normalizes the estimated Bloch-vector onto the surface of the
ball (i.e. to the boundary of the state-space).
1.2 Properties of the estimators
The original (or unconstrained) estimator (1) is much more easy to handle, so much more
information is available about it:
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• It is unbiased.
• It’s covariance matrix is:


1 
V m (θ) =

m



1 − θ12
0
0
0
1 − θ22
0 

2
0
0
1 − θ3

• Fischer information matrix:



I m (θ) = m 


1
1−θ12

0
0

0
1
1−θ22

0

0
0
1
1−θ32



.


• It is effective.
That is, the unconstrained LS estimator if effective, i.e. it’s covariance matrix is minimal among
all the unbiased estimators. In spite of it’s good properties, it can give an estimate which is not
in the state space.
Properties of the constrained estimator (2):
• Biased.
• But it is still asymptotically unbiased, and its’ speed of convergence if an exponential
function of the number of measurements.
1.3 Problem statement
As it was seen the unconstrained estimator is effective. The question is what will the conariance
matrix of the constrained estimator be.
As we will see, it is a difficult question, so we are going to approximate the change of the
covariance matrix according to the constraint. More precisely, we are examining the change of
the total variance i.e. the trace of the covariance matrix. It is easy to see that the constrained estimator’s covariance matrix is smaller, than the unconstrained one’s, so if their trace converges,
then the covariance matrices will converge as well.
There is difference only in the case, when the estimate is outside the Bloch-ball. So the following equation is true for the difference between the total variance (V ARuc ) of the unconstrained
estimate and the total variance of the constrained one (V ARc ):
ZZZ

(|(x, y, z) − (θx , θy , θz )|2 − |(x0 , y 0 , z 0 ) − (θx , θy , θz )|2 ) · Lm (r, θ) dx dy dz, (3)

V ARuc − V ARc =
where
0

0

0



 (x, y, z)

if x2 + y 2 + z 2 ≤ 1



if x2 + y 2 + z 2 > 1

(x , y , z ) = 

(x,y,z)
x2 +y 2 +z 2
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2. CHANGE OF THE VARIANCE
The large deviation theorems give an estimate for the probability of having the state estimate
in a certain set of states.
R

According to (3): V ARuc − V ARc =

(|r − θ|2 − |r0 − θ|2 ) · Lm (r, θ) dr

|r|>1

√ √
√
In this expression |r −θ|2 −|r0 −θ|2 if limited, the supremum is K = (3+ 3)( 3−1) = 2 3,
from which:
Z

Lm (r, θ) dr = K · P m (|r| > 1)

V ARuc − V ARc ≤ K ·

(4)

|r|>1

That is, if we have a good estimate for the probability for the estimate falling out of the Blochball, then we have an estimate for the speed of convergence. Large deviation theorems will
help us in this problem.
2.1 Applying large deviation theorem in 1 dimension
Theorem 1 (Cramer,[2]) Let (Xi ) be real, independent, identically distributed random variable, and ϕ(t) = E etX1 < ∞. Let Sn =

n
P

i=1

Xi . Then every a > EX1 , n→∞
lim n1 log P(Sn ≥

a · n) = −I(a), where I(z) = sup[zt − log ϕ(t)].
t∈R

In our case, Xi corresponds to the outcomes of the measurements in directions ξ - this result in
binomial distribution. Specially: P(Xi = 1) = p, and P(Xi = −1) = q, where q = 1 − p, and
1+θ
p = 2 ξ.
Now it is possible to determine the expressions of the theorem:
Ã

!

Ã

x+1
x+1
1−x
1−x
I(x) =
log
+
log
2
2p
2
2q

!

µ

=S

¶

x+1
kp
2

(5)

That is, it equals to the entropy of x+1
and p. The minima is at x = 2p − 1 = p − q, so using
2
2
the Taylor series around this point it turns to be I(x) ∼ (x−(p−q))
Let a = EX1 + λ = m + λ,
8pq
then from theorem 1:
"
#
µ
¶
Sn
λ2
P
− m ≥ λ ≤ c · exp −n
n
2(1 − θξ2 )
Where Snn is the LS estimate after n measurement and m is the real state of the system. That
is, the probability of the difference between the real state and the estimate being greater than λ
exponentially decreases as the number of measurement increases.
2.2 Applying large deviation theorem in general
Theorem 2 (Cramer, more general) Let Xi not necessarily real independent, identically distributed random variable, and F is a closed set, then
µ
¶
Sn
1
log
P
∈
F
= − inf{I ∗ (u) : u ∈ F }.
lim
(6)
n→∞ n
n
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In our case F is the region outside the Bloch-ball, including the sphere, since F is closed.
The 3 dimensional distribution consists of independent 1 dimensional binary distributions having values from the set {−1, 1}. It’s rate function was computed in the previous section. The
LS estimate is the empirical expected value Snn of the above vector valued random variable. Because of the independency the rate function is the sum of three one dimensional rate functions:
I ∗ (x, y, z) = I(x) + I(y) + I(z)
which is non-negative, and I ∗ (x, y, z) = 0 iff (x, y, z) = (θx , θy , θz ). So if kθk2 6= 1 then
I ∗ (x, y, z) ≥ δ > 0 for all (x, y, z) being out of the Bloch-ball. Using this, and (4) the
following can be stated:
Theorem 3 If the real state of the system is not pure, then:
V ARuc − V ARc ≤ C · exp(−K(θ) · m),
That is, the convergence has been proven for all mixed states moreover, the convergence speed
is priven to be exponential.
Specially, if θ1 = θ2 = θ3 > 0, K(θ) can be determined analytically:
Ã

K(θ) = 3 · I
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3
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log 
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3
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2

√1
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log 
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√1
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1−θ

.

(7)

The value of the function in 0 is more then 0.5, it is strictly monotonously decreasing i.e. going
towards the center of the Bloch-ball the convergence is slower and slower. The value of the
function is 0 on the sphere so the exponential convergence cannot be proven there.
3. SIMULATIONS
Now, having the estimates for the upper estimates, we will examine how much they differ from
the reality. To do this a MATLAB simulator written by the authors was used.
Actually, not the variances are interesting, but their difference, so it will be examined. On the
other hand, the convergence is at least exponential for mixed states, so if the difference was
plotted, we would not be able to compare them. That is why the logarithm of their difference
is plotted. This way, a comparison can be made between them. Because of the exponential
convergence, the slope of the graphs give us the real value of the exponent.
Indeed, a typical situation can be seen in figure 1: the slope changes a little in the beginning
(because of the small number of measurements), but after a while it sets in a certain direction.
Now it is possible to compare the estimates of the previous section with the reality (simulated)
in case of a tracial state. It is done similarly as in the previous case, the logarithm of the
difference is plotted, and the slopes can be compared.
We know from a previous estimate, that the exponent converges to −0.5, the large deviationestimation this value was approximately −0.5323, the simulations showed that the proper value
is −0.56, that is, we had a quite exact estimate of it from both approximations, as it can be seen
in figure 2.
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Fig. 2: Comparison of convergence speed for state
Fig. 1: Log of the difference for the state
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4. CONCLUSIONS
The aim of this work was to compare the variance of the constrained and the unconstrained
LS estimators for one qubit. The unconstrained estimator is simple, easy to compute, and it
has nice statistical properties. Unfortunately, it is possible to have a false estimate from this
estimator, that’s why a constrained version of it was introduced, which always respects the
physical constraints of the state. This new estimator is just asymptotically unbiased, and for
mixed states, it’s expected value exponentially converges to the real state. We wanted to prove
something similar for the covariance (or mean squared error) matrices also.
Using the field of large deviation theorems the exponential convergence was proven for mixed
states. Moreover, the value of the exponent was determined explicitly along a line.
Afterwards, the covariance matrices were also compared by means of simulations. We got
what we expected: as the mixedness of the state decreases so does the convergence speed. The
value of the exponent was determined more precisely from simulations which showed, that our
previous estimations were quite good, but they could be more exact.
In the future we plan to improve our estimations of the exponent. We also want to examine
pure states in more detail. A slight modification of the proof can show that the convergence is
present for pure states, also. The question is wether it is exponential or not?
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Abstract: This paper deals with one of the essential problems connected with processing
of natural language semantics – an effort to divide natural language semantics into
several layers and process them separately. We introduce some existing solutions
according to field of science dealing with natural language processing. Then we discuss
the advantages and disadvantages of this approach in contrast to processing of semantics
as the indivisible unit. As a result we describe a contemporary approach of our research
group to the problem of natural language processing.
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1. INTRODUCTION
The computerized processing of natural language semantics, a model of real word concepts
and process of understanding to spoken or written utterance belong to the main unsolved tasks
of informatics. This problem is partly considered e.g. in applications of artificial intelligence
like human-computer dialogue systems or in applications of text classification. The most
impressive idea seems to be an effort to realize a semantic web, which should replace the
nowadays approach to information search.
However, all these ideas and application prototypes suffer from the enormous complexity and
ambiguity of natural language semantics. As the results, the existing applications rely more on
processing of morphology and syntax and take into account only a narrow part of reality. An
effort to build a general ontology and to divide the processing of semantics into separate tasks
faces to a lot of important problems and no model introduced till now can be considered as
the suitable one.
The main goal of this paper is to introduce one of the essential problems connected with
processing of natural language semantics – an effort to divide natural language semantics into
several layers and process them separately. We introduce some existing solutions according to
field of science dealing with natural language processing. Then we discuss the advantages and
disadvantages of this approach in contrast to processing of semantics as the indivisible unit.
As a result we describe a contemporary approach of our research group to the problem of
natural language processing.
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2. LAYERS OF SEMANTICS
There is no doubt that to process a natural language semantics means to process a complex
system, which is closely connected with human thinking and reasoning. The large complexity
of this system and our limitations in understanding to this system naturally lead to attempts to
identify a set of layers in semantics, which could be processed separately to some extent. The
identification of layers depends on the point of view of different fields dealing with problem
of semantic processing.
2.1 Cognitive science
The human brain is result of hundred million years of evolution. The complexity of presentday brain is connected with the ability of evolution (evolvability) (Koukolík, 2003).
Evolvability can be observed already on the cellular level. Each cell solves the problems
connected e.g. with cellular division or cellular metabolism with the help of many subsystems
which cooperate to some extent, and which are also separated with semi-permeable
membranes.
Taking into consideration the cellular processes, it is supposed that also brains cannot solve
all the problems with the help of one large neural network. Our brains are considered to have
particular subsystems to solve particular problems. The neurons practically always operate as
functional units which can be imagined as two-dimensional maps although they work,
ofcourse, as complex three-dimensional systems.
A collection of functional maps is called the brain functional system. Then the human brain
can be considered as a collection of widely defined functional systems, e.g. visual system,
auditory system, variety of memories, system of language, speech, system of oriented
attention, etc (Koukolík, 2003).
Human memory has been supposed as a unique object for a long time. Nowadays it is
believed that no single brain center stores memory. On the contrary, human memory is
supposed as a set of cooperating (and sometimes competing) memory modules bound to
different parts of human brain (Koukolík, 2003). Thus, each part of human brain contributes
differently to permanent memory storage.
Cognitive science differentiates between semantic, episodic, procedural, emotional etc.
memories, which “define“different kinds of semantic information. This approach seems to be
interesting for the possible computer processing. If episodic memory depends on context and
autobiographical events, there is a question if there is any sense to try to model this kind of
semantic information. The number of possible inputs, which influence the content of this kind
of memory, corresponds to whole life experience. This experience can be supposed as unique
and not transferable for an individual.
If we accept an idea that episodic memory is the essential memory part for human reasoning
(it means that our knowledge of outer world is not a linguistic one but it is relative - based on
our perception of situation and whole-life experience), then we should ask the question if it is
useful to model the other types of memories (Fig. 1), which have relationship to semantics.
Then only the semantic memory (context independent memory) seems to be suitable for
modeling by computer tools.
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Fig. 1: Long-term memory – brain modules as independent functional systems

The part of cortex relating to semantic memory is then perceived not as a mosaic of discrete
category-specific areas, but rather as a lumpy feature space representing stored information
about objects features, which are shared with the members of one category. It can be said to
some extent that synaptic events actively create an image of outer world proportionately to
their resolving capacity. Thus, the neural representation is a highly creative activity.
2.2 Linguistics
Linguistic semantics as the scientific field investigating how the meaning is encoded in the
natural language in general and how different cultures have influenced this encoding in their
languages or language groups has introduced different types of meaning layers. B. Lewandovská-Tomaszcyková distinguishes two layers of meaning of simple language sign (adopted
from Machová, 2001):
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•
•

Conventional layer includes prototypical, social and cultural features (corresponds to
the content of semantic memory.
Individual layer is determined with the experience of individual and also with the
actual semantic features resulting from specific communication act and its context
(corresponds to the content of episodic memory).

Another set of meaning layers is introduced in the work of G. Leech. A language sign has
seven elementary meanings (adapted from Machová, 2001):
•

•
•

•
•
•

•

Conceptual (cognitive) meaning is considered as a central base for successful human
communication. It is the meaning, which is common for all the adult users of given
language; it corresponds to prototypical, social and cultural features and content of
semantic memory.
Collocation meaning denotes language expressions having the same conceptual
meaning but appearing only in given language collocations. Collocation meaning is
hardly dependent on given language.
Connotation meaning is an accessory meaning with respect to conceptual meaning,
connotation meaning is influenced by unique life experience of individual, education,
status etc. (corresponds to experience features of meaning and content of episodic
memory and it usually changes in time).
Social meaning is a kind of information about social circumstances, in which
a language expression has been used.
Emotional meaning reflects relationship of speaker to recipient and to the content of
utterance (corresponds to declarative memory). Emotional meaning can be included in
conceptual meaning (influences both semantic and episodic memory).
Reflective meaning introduces a marginal component of meaning. A language sign has
more than one conceptual meaning and a speaker cannot use this language sign in
certain meaning without association of another meaning (a set of lexical items is
smaller than a set of semantic patterns).
Thematic-rhematic meaning is connected only with utterances. Two utterances with
the same conceptual meaning differ in their communication value. This meaning is
expressed with certain set of means of language in each natural language.

2.3 Artificial intelligence
The artificial intelligence also introduced several approaches how to divide semantics in
layers. The human-computer dialogue systems usually cope with the sequence of the voice
signal recognition (the output is the word lattice), linguistic analysis (syntactic and semantic
analysis, the output is a linguistic formalism), the dialogue manager (dialogue history and the
general context) and a speech synthesizer. The very important task is a building of ontology,
very often in two abstract layers – the general and the domain one. The final result of this
approach is then that the human-computer dialogue systems operate only in narrow domains
and the final semantic representation and interpretation is reduced to selection of keywords
relevant to elaborated domain.
Besides the problem with cooperation of different ontologies (and the necessity to reconstruct
them in the case of change in the elaborated domain), there is an essential problem with
formalisms. No formalism describes (and we believe that it cannot exist) the natural language
semantics in a way that enables to process the semantics automatically. The formalisms
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cannot be mapped to the natural semantics not to omit a number of expressions possible used
even in a small domain and also not to produce a number of utterances without any sense.
2.4 Software engineering
If the methods of artificial intelligence are partly suitable for very specific situations, software
engineering provides the methods and tools for partial semantic modelling of the world. The
principles of object oriented design provide the framework how to map the semantics of real
word to the structure similar to concepts of semantic memory. However, this description
again takes place in different meaning layers from the description of architecture of the whole
system to the description of individual components. Then the models consist of number of
typed concepts, mutual associations and iterations. The principles of object oriented
description provide a mechanism for interpretation of typed concepts and their features.

3. SEMANTICS AS INDIVISIBLE UNIT
The previous sections described the possible division of natural language semantics in
different layers. Each field of science has introduced its own system(s) of division. The
advantage of any division described above is, of course, the simplification of the problem.
Moreover, we can find out that some introduced semantic layers correspond mutually across
the scientific fields (e.g. the conceptual meaning and the supposed content of the semantic
memory). System of layers also enables to decide that some layers are not processed at all
within e.g. computerized dialogue systems. On the other side, this is a hard task to determine
the exact interface between two adjacent layers (it probably does not exist) and to establish
the model of communication amongst layers. Moreover, some experiments (especially in
neuroscience) indicate that processing of natural language semantics in human brain is a
complex process encroaching the large brain areas, in which we can find a number of
bottlenecks. However, we are not able not transfer this brain model to computer to establish
these natural bottleneck and system of neural communication. Then it seems that it is better to
suppose the natural language semantics as an indivisible unit and process it in the smallest
number of layers and steps as we are possible to do within building a computerized system.

4. PRINCIPLES AND TWO-LAYER MODEL
Research within the field of natural language processing conducted by our research group was
initially based on the thought that the knowledge and natural language can be described with
formalisms to a large extent (Konopík, 2004, Mouček, 2004). However, using some linguistic
and AI formalisms within construction of computerized dialogue systems we were not able to
get over a very limited application and a lot of routine and boring work during process of
building ontologies and semantic grammars, or tagging corpora. On the other side, we had the
opportunity to get first hand experience that linguistic interpretation is very dependent on
individual and situation.
As the result we have decided to base our approach to the processing of natural language
semantics on following principles:
•
•

The human brain (it means neural network as an associative memory) actively creates
an image of outer world.
The linguistic interpretation of this world depends on individual and situation.
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•
•
•

The formalisms of traditional logic are not fully applicable, we expect only a usage of
domain schemas in particular projects.
The learning process has to be unsupervised to get rid of manual exacting work; the
statistical methods will be used; supervised learning process will be used in particular
project.
In the future we expect not to use “only” the text or sound corpora but also to
incorporate the other sources of knowledge as images, face expressions, biometric
signals etc.

Finally our approach includes only two layers of natural language semantics processing:
semantic representation layer and semantic interpretation layer. Now we work on:
• spreading of text and spoken corpora in selected domains (weather forecast, eshopping, questions on accommodation possibilities, etc.),
• building domain schemas for selected domains,
• building software tools for supervised and unsupervised learning from corpora,
• analysis of existing approaches to natural language processing of Czech language WEBSOM (Honkela, 1997), independent component analysis and vector state Markov
models.

5. CONCLUSION
This paper described different approaches of various scientific fields to the problem of
processing of natural language, especially the building of layers of semantics. We discussed
the advantages and disadvantages of semantic layers and introduced our contemporary
approach to natural language processing.
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Abstract: An important part of controller design is the controller tuning. Tuning is done
by searching such values of controller tuning parameters in order to achieve aims on the
closed loop given by user. The fulfillment of these aims is measured by quality function.
To evaluate the quality a Monte Carlo simulation is used. To estimate how long simulation
is needed, on-line stopping rules are proposed. The Kullback-Leibler divergence is utilized
to measure stabilization of the quality.
Keywords: Adaptive Control, LQG Controller, Optimization

1. INTRODUCTION
Computational efficiency is an important factor of controller design using Monte Carlo method.
Controller tuning is a process aiming at the correct controller set-up to fulfill given constraints
and requirements. A controller depends on certain parameters, called tuning knobs, which have
to be set properly to obtain desired control loop behavior. Model-based predictive controllers
are, in some sense, optimal. However, the optimality is conditioned by the perfect model fit to
the controlled plant. And, the optimality from user’s point of view need not match the kind of
optimality acceptable for the controller. The reasons for controller tuning are:
1. The assumed controller uses a system model that does not fit to the reality due to incorrectly identified model parameters, or even the structure or type of model is not perfect.
The tuning knobs have to be set to suppress control error caused by the model mismatch.
In another words the controller setting influences its robustness.
2. The optimality criterion of the controller is not able to express the user’s desired kind
of optimality. The selected controller requires a different formulation of the task. The
tuning process converts the desired optimality into the form acceptable by controller.
The tuning is an optimization task searching the best tuning knob values. The controller behavior is evaluated from predicted closed loop performance. The prediction is calculated using
simulation of a model identified from data measured on real plant and user supplied prior information.

121

However, nested optimization and simulation procedures brings significant computational demands. Thus it is necessary to make computation as short as possible while keeping satisfactory
precision. This problem is solved by introducing on-line stopping rules which decide how long
the simulation has to be to obtain stabilized results. The decision is made on-line, so instead of
making some global estimate, the simulation length fits to the actually simulated data.
2. TUNING AS A BAYESIAN DECISION TASK
This section describes the controller tuning as a Bayesian decision making task and applied for
the particular case of the closed loop, user-defined constraints, controller quality and tuning
parameters. The particular construction elements are described in terms of experience, action,
innovation and decision making. First of all let us present the tuned closed loop.

Fig. 1: Closed loop.

The classical interconnection between controlled system and controller, see Figure 1, generates
closed loop data d(T ) = (d1 , d2 , . . . , dT ) of length T . The data dt = (ut , yt ) collect the input ut
driven by the controller and the output yt measured on the controlled system. The closed loop
forms a stochastic system as the controlled model is considered to be influenced by a random
disturbance. Thus the model behavior is described by pdf f (yt |ut , d(t − 1)). The controller
is described generally as a random one by pdf f (ut |d(t − 1), q), where q denotes the tuning
parameter. The closed loop data d(T ) are therefore also a random variable described by pdf
obtained by application of the chain rule over the horizon T
f (d(T )|q) =

T
Y

f (yt |ut , d(t − 1))f (ut |d(t − 1), q).

(1)

t=1

2.1 Decision Making
For the purpose of controller tuning, the user’s requirements imposed on the desired closed loop
behavior are represented by a pair of so called controller quality functions Zc and Zo defined
on the closed loop data d(T ). The first function Zc represents the constraints imposed on the
data. It is a mapping
Zc : d(T )∗ 7→ Rc̊ ,
(2)
where c̊ denotes the number of independent constraints. The constraints are considered being
met if the expected value of function Zc is non-positive. The second function Zo is a mapping
Zo : d(T )∗ 7→ R.
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(3)

It represents a loss function which is decreasing with increasing controller performance with
respect to the output error.
The aim of the tuning as finding such a tuning parameter value that satisfies the constraints
while maximizes the performance is stated as the following optimization task
minimize
subject to
over the tuning parameters

E[Zo |q]
E[Zc |q] ≤ 0
q.

(4)

3. CLOSED LOOP PERFORMANCE EVALUATION
In this section, requirements and constraints imposed on the ideal closed loop behavior are
defined. Their fulfillment is measured by the controller quality functions Zo and Zc . The
construction of these functions is described.
3.1 Loss Function
The control objective expresses commonly the aim assigned to the quality of the regulation
process, which should be in a certain sense as good as possible subject to the present constraints.
The typical wish on the small output error and the control effort of inputs is expressed by the
objective function Zo
T
1 X
0
ref
(dτ − dref
(5)
Zo =
τ ) W (dτ − dτ ),
T τ =1
T
where the desired signal setpoints are described by the reference trajectory {dref
τ }τ =1 and a
positive semi-definite matrix W of appropriate dimensions.

The matrix W is usually diagonal with only those elements being non-zero which correspond
to signals in the data record dt with an important prescribed reference trajectory or setpoint in
dref
t . The particular values define the cost of particular signal output error.
The elements of matrix W are user’s choice, but they do not substitute the proposed tuning
algorithm of parameters q. The function Zo is of a secondary importance as the primary goal
of tuning is to satisfy the specified constraint.
3.2 Constraints
Constraints are often imposed not only on the magnitudes of input and output quantities but
also on their dynamic behavior such as limited increments. To cope with these constraints
uniformly, a vector variable ct containing all constrained dynamic expressions of data quantities
is introduced.
A vector ct is extracted from data d(t) by a mapping C
C : d(t)∗ 7→ Rc̊ ,

∀t = 1, . . . , T.

(6)

Using this mapping, the vector ct can be obtained for the whole time span that is denoted by
c(T ) = {ct }Tt=1 . The constraints are defined by a set C ⊂ Rc̊ of allowed values defining the
constraint satisfaction in time t by ct ∈ C.
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A common example of independent time invariant constraints is formed by the cartesian prodN
uct C = c̊i=1 Ci of intervals, where c̊ is dimension of constrained vector ct . The intervals Ci
are defined
max
i
(7)
Ci = hcmin
i , ci
In the most practical tasks, vector ct contains magnitudes and increments of data records. The
corresponding function C is
ct = C(d(t)) = [dt , dt − dt−1 ].
The constraint function Zc introduced in (2) is now described using the constraint vectors ct .
Zc : c(T )∗ 7→ Rc̊ ,

(8)

This redefinition does not change the meaning of the function because the constraint variable
c(T ) is function (6) of the data d(T ).
Two variants of function Zc for servo control ZcM and noise compensation ZcP tasks are used
as described in the rest of this section.
3.3 Servo Control Task
The constraint function ZcM collects information about maximal constraint violation during the
simulation run
ZcM ,i = max dist(ci,t , Ci ) − dist(ci,t , comp(Ci )),
(9)
t=1,...,T

where comp(Ci ) is a set complement of Ci , ZcM ,i is i-th element of ZcM , and dist(x, X) denotes
a distance between point x and set X. This definition of function is suitable mainly for transient
processes, where the constrained signals have one or just a few important peaks, such as servo
control tasks. The time T is selected big enough to cover all the instants with significant signal
changes.
3.4 Noise Compensation Task
The second function ZcP evaluates proportional amount of time where constraints are violated
over the total length of simulation with some allowed tolerance. In the discrete case, it is the
relative frequency of constraint satisfaction
ZcP ,i = αmin −

T
1X
χC (ci,t ),
T t=1 i

(10)

where χCi is characteristic function of the set Ci , and number αmin ∈ h0, 1i relaxes the requirement of constraint satisfaction to a specified level.
This definition is suitable for situations where the constraints can be violated any time during
the simulation. This is the case of noise compensation control, where the control loop generates
an ergodic process. Then it holds
T →∞

ZcP ,i −→ αmin − P(ci ∈ Ci ) almost surely,
where P(·) denotes probability and ci has dropped the time index because of ergodicity of the
process.
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4. NUMERICAL EVALUATION
In this section, a numerical approach to estimation of expected value from samples is described.
The computational complexity is reduced by introducing stopping rules shortening the simulations.
4.1 Expected Value Estimation
The controller tuning, formulated as the optimization task (4), acts on the conditional expectation of the controller quality functions Zc and Zo . However their pdf is not known in a closed
form, because of the complexity of the dynamic system model and adaptive controller. Thus
the expected value has to be estimated by sampling. To unify the notation in the following text,
let Z• denote all the quality functions distinguished by the content of the placeholder “•” for
“cM ”, “cP ” or “o”. The expectation E[Z• |q] is estimated as sample mean
Z•N (q) =

N
1 X
N →∞
Z•,s (q) −→ E[Z• |q],
N s=1

(11)

Sequence {Z•,s (q)}N
s=1 denotes N samples of Z• from f (Z• |q).
4.2 Number and Length of Simulations
The quantity Z•N is evaluated using N independent simulation runs. The length of each run is
determined by T . Increasing these two numbers N and T increases precision of the expected
value approximation Z•N of the controller quality functions. On the other hand, it also increases
the computational demands of the evaluation, thus the lengths have to be limited. To solve this
tradeoff, the on-line stopping rules are employed. First, the properties of the quality functions
with respect to number and length of simulations are described.
The variance of the quantity Z•N is indirectly proportional to the number of independent simulation runs N , which is clear from its evaluation (11).
The similar situation occurs for length of simulation T , which has to be long enough in order
to:
1. Contain all important reference trajectory changes.
2. Allow the uncertain parameters to vary in order to simulate the controller adaptiveness.
3. Decrease the variance of the controller quality functions.
The item 1 is straightforward. It is used for transient processes, where a kind of constraint
measure ZcM is used. Of course, all responses related to reference trajectory changes have to
be included, too.
The situation of items 2 and 3 is more complicated. Both of the items contribute to the precision
of the expected value estimate. Even more, the item 2 can be substituted by item 3, because if
the variance is low, it means that further parameters changes bring no more information on the
controller quality functions.
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Increasing the simulation length T for the ergodic case, such as the noise compensation, has
the same effect as increasing the number N of the simulations. Thus, one long simulation is
sufficient.
The proper values of N and T are decided on-line during simulation using the Chebyshev
inequality and the Kullback-Leibler divergence. The on-line stopping is advantageous in comparison with the off-line determination of the length and number of simulations, because it
considers the contribution of the actual data and thus stopping is optimal for the current simulation unlike for all possible simulation runs as in the case of a priori selected N and T values.
4.3 On-line Stopping Rule for Number of Simulations
The independent simulation runs are connected mainly with non-stationary servo-control tasks.
It is hard to find a reasonable distribution of the quality functions Z• for different variants of
reference trajectory. Thus, a simple non-parametric stopping rule is used. It is activated when
the following inequality is satisfied
P(|Z•N − EZ•N | ≥ γ) ≤ β,

(12)

where parameters β and γ determine the sensitivity of the stopping.
The stopping is based on variance of Z•N as shown below. The independency of averaged
quality functions (11) resulting to Z•N used with Chebyshev inequality yields
P(|Z•N − EZ•N | ≥ γ) ≤

var(Z•N )
.
N γ2

(13)

N
As covariance var(Z•N ) is unknown, its estimate Zσ,•
is used

N
Zσ,•
=

N
X
(Z•,s )2 − (Z•N )2

N

s=1

,

(14)

where variable Z•,s has the same meaning as in (11). Then the stopping is triggered after certain
minimal number of simulations is performed and when the following inequality is satisfied
N
Zσ,•
≤ β.
N γ2

(15)

4.4 On-line Stopping Rule for Simulation Length
A rule for on-line simulation stopping for the noise compensation task is described here. The
function Z• contains a sum (5) or (10), but the summed terms are correlated, so the approach
using the Chebyshev inequality from Section 4.3 cannot be applied. Let the summed terms (20)
of Zo and χCi (ci,t ) of ZcP forming the controller quality functions be called partial controller
quality and be denoted by vt . For the noise compensation task we assume the closed loop
signals be ergodic and thus also the partial losses are ergodic.
To find a reasonable stopping rule, a simple dynamic model of vt
f (vt |v(t − 1), Ξ).
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(16)

is being estimated in Bayesian way. Let the parameters of the model be denoted by Ξ. When
the estimated pdf f (Ξ|v(t)) of the model parameters Ξ stabilizes, the stopping takes place.
The stabilization of pdf f (Ξ|v(t)) is measured by the Kullback-Leibler divergence DKL of two
successive pdf estimates (Kárný et al., 2005). It is defined by
DKL (f (Ξ|d(T ))kf (Ξ|d(T − 1))) =

Z

f (Ξ|d(T )) ln

f (Ξ|d(T ))
dΞ.
f (Ξ|d(T − 1))

(17)

When this divergence, labeled UT , becomes smaller than some threshold value ε
UT = DKL (f (Ξ|d(T ))kf (Ξ|d(T − 1))) ≤ ε,

(18)

the computation is stopped. At this moment T , the pdf f (Ξ|d(T )) is considered to reach the
steady state. The stationarity means that more data would not bring significantly more information for the estimate. The dynamic model of variable v (16) is used just for determination of
the stopping time while the loss function is calculated by its original defining equation (5) or
(10). This approach was mentioned in (Kárný et al., 2005).
Yet there is a better opportunity of calculating the loss function value from the estimated dynamic model of the partial loss v by evaluating its stationary pdf. This approach is used in the
next paragraph with ARX model. It is shown that f (Z|d(T )) is stabilizing as f (Ξ|d(T )) is
stabilizing. In other words the divergence
DKL (f (Z|d(T ))kf (Z|d(T − 1)))

(19)

is decreasing as DKL (f (Ξ|d(T ))kf (Ξ|d(T − 1))) is decreasing.
The definition of the quantity vt and the construction of the particular models for the functions
Zo and ZcP is described in the following paragraphs using ARX and Markov chain models. The
stopping rule for whole simulation is triggered when the conditions for both loss and constraint
function stopping are activated.
Approximation by ARX Model This section describes a suitable model type (16) of the partial
quality vt used for determination of the stopping time when evaluating the loss function Zo .
The quantity vt for the function Zo as the summed term in (5) is the weighted distance between
the data variable dt and its referential value dref
t in time t
0
ref
vt = (dt − dref
t ) W (dt − dt ).

(20)

For purpose of stopping quite a rude dynamic approximation of vt by a simple autonomous
ARX model is used.
vt = avt−1 + k + et , et ∼ N (0, R).
(21)
The parameters a, k, and R are collected into the variable Ξ, where [a, k] = Ξθ , R = ΞR and
Ξ = [Ξθ , ΞR ].
The Bayesian identification of the parameters Ξ leads to the self reproducing Gauss-inverseWishart prior/posterior pdf
f (Ξ|v(t)) = f (Ξθ , ΞR |Vt , νt ) =
(
"
#
"
#!)
ν
1
−I 0
−I
−1
− 2t
exp − tr ΞR
Vt
,
= αt |R|
Ξθ
Ξθ
2
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(22)

where αt is a normalizing constant. Statistics νt and Vt and parameter elements Ξθ and ΞR
written only as θ and R without Ξ.
The stationarity measure for the Zo function denoted by Uo;t , by means of the Kullback-Leibler
divergence of two successive estimated pdfs of Ξ, has the form (Kárný et al., 2005)
Uo;t = DKL (f (Ξ|v(t))kf (Ξ|v(t − 1))) =

F (νt ) + G(ζt ) + H(νt , %t , ζt )
,
2

(23)

where
∂ ln(Γ( ν2t ))
νt
νt − 1
− 2 ln Γ
+
2
2
∂ ν2t
ζt
G(ζt ) = ln(1 + ζt ) −
1 + ζt
2
êt
%t =
Dy,t−1 (1 + ζt )
νt %t
H(νt , %t , ζt ) = (νt − 1) ln(1 + %t ) −
.
(1 + %t )(1 + ζt )


 

 



F (νt ) = 2 ln Γ

The quantities ζt , êt , and Dy,t−1 see (Kárný et al., 2005).
When the divergence Uo;T is less than threshold ε in time T then it is assumed that enough
information has been collected and the loss function Zo (5) is precise enough.

Loss Evaluation from Dynamic Model It is possible to evaluate the mean value of loss
function Zo directly from the dynamic stopping model of vt (16) instead of its original definition
(5), were the stabilization property of EZo is implied by stabilization of the dynamic model
parameters.
This is obtained by transforming the dynamic model (16) into a static one. First, the transformation for deterministic parameters Ξ is given and then the distribution of uncertain ones is
transformed.
Suppose now that the parameters a, k, R of dynamic model (16) are known and stable, |a| < 1,
then the corresponding static model is given by pdf
vt = N (p, q),

(24)

where parameters p, q are given by
k
1−a
R
q =
1 − a2

p =

The new parameter p is a suitable estimate of Zo , as Zo =

(25)
(26)
1
T

PT

t=1

vt . Thus

.
p = Evt = EZo ,
.
where the = sign means approximately equal as the stopping model (21) is just an approximation.
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If the model (16) is unstable, |a| ≥ 1, the loss Zo is infinity.
Now we drop the assumption of certain parameters. As the model (16) is estimated in Bayesian
way, its parameters are uncertain. Thus parameters p and q of the static model (24) are uncertain, too. The estimate of Zo is therefore selected as expected value of p
.
EZo = Ep

(27)

The pdf of p is obtained by transforming quantities k, a and R according to (25). Unfortunately, the posterior pdf of parameters Ξ is Gauss-inverse-Wishart and it has infinite support
for parameter Ξa = a. Situation when |a| ≥ 1 and the estimated model (21) is unstable has nonzero probability. This conforms to the reality where a system model with uncertain parameters
connected in closed loop can be with some probability unstabilizable.
As this situation is generally unavoidable, we have to accept that the stopping model (21) is
unstable with some low probability P(|a| ≥ 1). However this makes the estimate of EZo
infinite. When evaluating the Zo directly from simulation by (5) and the closed loop shows
to be unstable, the estimated model is rejected by the tuning algorithm. Thus the results are
limited to the stabilizable models only. So when we approximate the EZo from stable stopping
models only |a| < 1 we obtain the same result. Therefore we may restrict the transformation
(25) to |a| < 1.

Stopping properties of transformed quantity The stopping property with respect to the
Kullback-Leibler divergence of parameter pdf f (Ξ) (18) implies the same property for transformed quantity p, which is used to estimate EZo (27).
DKL (f (p|d(T ))kf (p|d(T − 1))) ≤ DKL (f (Ξ|d(T ))kf (Ξ|d(T − 1))) ≤ ε
This can be proven by writing the transformation (25) restricted on |a| < 1, lets denote it G,
k
, k = k and projection S
as a composition G = S ◦ H of regular transformation H : p = 1−a
selecting only element p from result of S.
The Kullback-Leibler divergence remains unchanged when transforming the quantity by a regular transformation. Let f (x) and g(x) be pdfs on quantity x. Transformed quantity y = H(x)
has pdf f˜(y) = f (H −1 (y))|JH −1 (y)| and similarly for pdf g. Then it holds
DKL (f˜(y)kg̃(y)) =

Z

f (H −1 (y))|JH −1 (y)| ln
=

Z

f (x) ln

f (H −1 (y))
dy =
g(H −1 (y))

f (x)
dx = DKL (f (x)kg(x)).
g(x)

The projection transformation decreases the value of the Kullback-Leibler divergence
DKL (f (a)kg(a)) ≤ DKL (f (a, b)kg(a, b))
This is proven by
DKL (f (a, b)kg(a, b)) =
Z Z
f (a, b)
=
f (a, b) ln
dadb =
g(a, b)
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(28)

=
=

Z

Z

f (a)

Z

f (b|a) ln

f (b|a)f (a)
dbda =
g(b|a)g(b)

Z
Z
f (a)
f (b|a)
f (a) ln
da + f (a) f (b|a) ln
dbda =
g(a)
g(b|a)

= DKL (f (a)kg(a)) +

Z

f (a)DKL (f (b|a)kg(b|a))da ≥ DKL (f (a)kg(a))

Approximation of Transformed Expected Value
formation p = G(Ξ) in point EΞ we obtain

Applying Taylor series expansion of trans-

1
p = G(EΞ) + (Ξ − EΞ)∇G(EΞ) + (Ξ − EΞ)∇2 G(EΞ)(Ξ − EΞ)0 + · · · ,
2

(29)

which is in expected value
1
Ep = EG(Ξ) = G(EΞ) + tr(∇2 G(EΞ)covΞ) + · · · .
2

(30)

Using just the first order approximation we obtain
.
Ep =

Ek
1 − Ea

The expected value Ea should be evaluated from the distribution with support only on |a| < 1,
as described above. Nevertheless, the probability P(|a| > 1) is low. So using the expected
value from original Gauss-inverse-Wishart distribution on Ξ is sufficient. This approximation
gives good results comparing to calculation directly from definition of Zo (5) according to
experimental testing.
Markov Chain Estimation The calculation of the constraint function ZcP (10) includes an
estimate of constraint satisfaction probability using characteristic function of the allowed set.
To determine precision of this estimate, the task is slightly extended.
Given the i-th element of the constraint quantity ci;t from Section 3.2 and the corresponding
constraining interval Ci from (7), let {vt }Tt=1 be a sequence indicating the relative position of
ci;t to Ci


 1 ci;t > Ci
0 ci;t ∈ Ci ,
vi;t =
(31)


−1 ci;t < Ci
where the inequality symbol is understood as it holds for all the elements of the interval on its
right side.
The dynamic model (16) of the discrete variable vi;t is represented by Markov chain
f (vi;t |gi;t−1 , Ξ) = Ξvi |gi , where Ξvi |gi ≥ 0 and

X

Ξvi |gi = 1.

(32)

vi

The notation of vi denotes a sum over the whole set of possible values vi∗ , the analogous
situation holds also for the product in the following text. As the quantity vt is now discrete, the
symbol f represents a probability function now. The quantity gi;t−1 contains the past values of
vi;t
gi;t−1 = [vi;t−1 , vi;t−2 , . . . , vi;t−η ].
P
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The number η denotes the order of the Markov chain. The parameter Ξv|g has 3η+1 entries. The
following derivations are done for single element of vt only and the element index i is omitted
for the sake of simplicity.
Using the Bayes’ rule and the conjugated prior on f (Ξ) defined by the statistic V0,v|g
f (Ξ) ∝

YY
g

V

−1

v

Ξv|gv|g;t

Ξv|g0,v|g

,

v

we obtain the posterior pdf of the parameters Ξ
Q Q
g

f (Ξ|v(t)) =

V

−1

B(Vt )

where
Vv|g;t = V0,v|g +

t
X

,

δ(v, vt )δ(g, gt )

τ =1

with δ(·, ·) being the Kronecker delta and the normalizing factor
B(Vt ) =

Y

Q

Γ(Vv|g;t )
.
Γ( v Vv|g;t )
v

P

g

The stopping rule uses the Kullback-Leibler divergence to determine if there is collected enough
information about the constraint function ZcP . The calculation is stopped whenever the divergence of two successive pdfs, denoted by Uc;T , is less or equal to threshold ε
Uc;T = DKL (f (Ξ|v(T ))kf (Ξ|v(T − 1))) ≤ ε.

(33)

Derivation of this divergence for the Markov chain model is done through converting it to the
Dirichlet model, for which the divergence is analyzed in (Kárný et al., 2005).
Parameters Ξv|g are independent for different past data g. Thus
Y

f (Ξ|v(t)) =

f (Ξ•|g |v(t)),

g

where the particular factors
P

Γ(
f (Ξ•|g |v(t)) = Q

Vv|g;t ) Y Vv|g;t −1
Ξv|g
v Γ(Vv|g;t ) v
v

are distributed by the Dirichlet distribution. In each time step, only one of these factors is
updated—that one with corresponding past data g = gt−1 . The other factors remain unchanged.
As it holds
DKL (f1 (x)f (y)kf2 (x)f (y)) = DKL (f1 (x)kf2 (x)),
thus
DKL (f (Ξ|v(t))kf (Ξ|v(t − 1))) = DKL (f (Ξ•|gt |v(t))kf (Ξ•|gt |v(t − 1)))

(34)

is a divergence of two Dirichlet distributions. Now, the divergence of the two Dirichlet distributions derived in (Kárný et al., 2005) can be used in (34) and the stopping rule (33) then
yields


X
Vv |g ;t−1
∂
∂
+
ln Γ Vvt |gt ;t − P
ln Γ( Vv|gt ;t ).
Uc;t = − ln P t t
∂Vvt |gt ;t
∂ v Vv|gt ;t
v Vv|gt ;t−1
v
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(35)

At the stopping time T , determined by (33), a stabilized MC model is obtained.
For the stopping purposes only first order, η = 1, Markov chain is used. Its steady state
probability P(vt = 0) of state number zero in (31) can be used for obtaining the value of ZcP .
The steady state p evaluation for Markov chain with certain parameters Ξ requires calculation
P
of vector p such that 3i=1 pi = 1 and Ξp = p.
For uncertain Ξ with Dirichlet distribution it is difficult to calculate the distribution of steady
state p. Also another problem arises when using smooth optimization technique for constraints
satisfaction measure evaluated from only finite number of samples. Thus the Markov chain is
evaluated only for stopping purposes.
Properties of the Stationarity Measures Illustrated on an Example To show the properties of
the stationarity measures Uc;t (35) and Uo;t (23) using ARX and MC stopping models, a simple
illustrative experiment is presented. The results can be seen in Figure 2. The data used for
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Fig. 2: Properties of stationarity measures. The symbols u and y denote inputs and outputs, Uc and
Uo are the stationarity measures obtained by Markov chain and logarithm ARX model approximations.
Ucint is interpolation of Uc . Zc and Zo are controller quality functions of constraint violation and output
error. Horizontal axis represents the time.

the evaluation of the loss and constraint functions were generated using the linear system with
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transfer function

0.00468 + 0.00438z −1
1 − 1.81z −1 + 0.8178z −2
which was driven by zero mean white noise with variance one. This model was obtained by
discretization of a simple continuous model with transfer function
1
(1 + s)2

with sampling period 0.1.
The squares of the generated output samples were used as a partial quality function for the
stopping by using ARX model stabilization, see (20) with W = 1. The stationarity measure
Uo;t for the ARX model is seen in the second part of the figure and the evolution of the mean
value estimation is in its third part.
The constraining interval [−0.3, 0.3] is used on the generated data to obtain the discrete threestate indicator (31) for the purpose of stopping through the MC model (32). The resulting
stationarity measure Uc;t and the corresponding estimation of probability of the state zero are
shown in the second and third part of the figure.
It can be seen that the measure Uc;t is rather fuzzy. This complicates the decision whether to
stop simulation, because the rule to stop whenever the measure is below the threshold is quite
unsatisfactory as the several next samples immediately increase the value above this threshold.
To solve this problem, an interpolation is performed using the approximation by the following
model
int
Uc,t
= a0 + a1 t−1/2 + a2 t−1 ,
(36)
were the coefficients are obtained by linear regression. The interpolated measure, denoted
int
by Uc;t
, is shown in the figure. The interpolation is, up to a tiny peak close to the origin,
satisfactory for the stopping purposes.
It is possible to think about stopping for the interpolating regression, too, and trigger the stopping when the interpolated measure is below the threshold as well as the interpolation itself has
been stabilized.
int
and Uo;t need not be of the same value. The stopping
The threshold for the measures Uc;t
models are different and have a different number of identified parameters. From the particular
int
example presented in this section a reasonable threshold for Uc;t
is roughly 0.008 and for Uo;t
it is 0.004.

5. CONCLUSIONS
This paper described the effective quality function evaluation using the stopping rules. Of
course the controller tuning contains the optimization method which uses the quality evaluated
to search for better tuning parameters. The optimization method is described elsewhere (Novák,
2005), but because it is done numerically. The quality functions are evaluated many times. Thus
the effectiveness of their calculation is necessary.
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Abstract: The search for the most probable word sequence is in automatic speech recognition called decoding and is usually carried out by the Viterbi algorithm, an efficient search
strategy based on dynamic programming. The paper discusses implementation issues and
methods to further reduce computational costs when performing recognition with large
vocabularies and stochastic language models. Such methods can be divided into two categories: those that eliminate unnecessary computations (such as tree structured lexicons)
and those that exclude computations according to the probability that those computations
will lead to the desired result (pruning).

1. INTRODUCTION
In decoding the task is to find the most probable word sequence W ∗ = w1 , w2 , . . . , wk given
a set of acoustic observations O = o1 , o2 , . . . , oT , their respective acoustic model likelihoods
P (O|W ) and the language model prior probability P (W ). In terms of statistics the goal is to
find the word sequence W with maximal a posteriori probability:
W ∗ = argmax
∀W

P (O|W )P (W )
.
P (O)

(1)

Since the term P (O) remains constant for all possible word sequences W it can be excluded
from the equation.
The main problem of decoding is how to efficiently search for this word sequence. The most
widely used approach to this problem is to model each word as a sequence of hidden Markov
model (HMM) states, constructing a HMM representing all possible sentences and searching
for the most likely sequence of states Q∗ = q1 , q2 , . . . , qT . The maximum a posteriori search
criterion can be expressed as
W ∗ = argmax P (W )

X

∀W

Q

P (O|Q)P (Q|W ).

(2)

Usually the suboptimal but nevertheless well working Viterbi criterion is employed because it
allows easy extraction of the optimal state sequence:
W ∗ ' argmax P (W ) max P (O|Q)P (Q|W ).
∀W

Q

(3)

A typical decoder in automatic speech recognition is an implementation of the Viterbi algorithm
(see (Rabiner, 1989) for details), an efficient search strategy based on dynamic programming.
While the Viterbi algorithm is (in terms of computational complexity) much more efficient than
e.g. testing every possible word sequence, the computational cost can still be enormous when
searching with large vocabularies and statistical language models. The following pages will
discuss further attempts to reduce the search costs.
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2. DECODING STRATEGIES
Wide variety of ways how to implement the Viterbi algorithms have emerged in recent years.
According to a classification scheme proposed in (Aubert, 2002) today’s decoders can be divided along several dimensions:
• One-pass vs. multi-pass decoding. In one pass decoder the desired word sequence is
known after a single run of the decoding algorithm. Multi pass strategies try to reduce the
computational cost by first running with rough (and fast) acoustic and language models
and refining the results during the second run with more precise (and more computationally expensive) models.
• Time synchronous vs. time asynchronous search. In time synchronous search all
computations for a given time frame are done before moving to the next time frame.
Asynchronous search tries to take advantage of the fact that when ”looking forward” in
time, one can eliminate those search paths that are unlikely to lead to the most likely
word sequence and thus speed up the process.
• Static vs. dynamic network expansion. The ”network” here refers to the search variables stored in memory during the execution of the Viterbi algorithm. In the case of static
network expansion there could be variables for all the HMM states for each time frame.
As will be shown in the next sections the HMM can be quite large and may not even fit in
the memory of most of todays computers. On the other hand dynamic network expansion
generates the search variables ”on the fly” and allows pruning of those that are unlikely
to lead to the result.
Despite of an enormous amount of research there is currently no ”winning” strategy and many
completely different decoders developed by various research institutions are surprisingly on
the par when tested on standard testing data (see (Aubert, 2002)). Even the less favored methods (such as static network expansion) have advantages in certain specific niches of automatic
speech recognition. The following section will describe the development of our decoder and
the supported search strategies.
3. LDEC - LASER DECODER
The decoder has been under development within the framework of the LASER (LICS Automatic Speech Extraction/Recognition) automatic speech recognition system. According to the
previous classification scheme all our decoders are one pass and time synchronous. It is because
these search strategies are (in our opinion) easier to implement.
The first version (see (Pavelka, 2003)) had the search variables stored in a three dimensional
array with the dimensions representing time, word from the dictionary and the HMM state of a
given word. This architecture needs only a pronunciation dictionary and optionally a language
model (limited to bigrams or word-pair grammars) to be supplied by the user and both the
HMM and all the search variables are constructed by the decoder. Another possibility for
language modeling is to construct a so called word graph which is an oriented graph with nodes
representing words and links representing allowed transitions between words. The advantage
here is that such a word graph can be constructed from a hand written regular grammar. This
requires only a slight modification of the decoding algorithm: the array dimension that has
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represented words now represents nodes in the word graph. The user supplies the dictionary
and the word graph and the HMM is again constructed by the decoder.
One possible way to speed up the search is a tree structured lexicon which is based on the fact,
that if two states which can follow a given state have the same acoustic model (i.e. belong to
the same phonetic unit) the computation for those two states is exactly the same. This leads to a
tree like HMM representing the pronunciation lexicon. Such an HMM has approx 40 % states
in comparison with a linear lexicon. The organization of the search variables is now different:
the array has only two dimensions, one representing time and the other a HMM state, where
the HMM must be constructed outside the decoding algorithm.
If a search guarantees to find the best path with respect to the given criterion (i.e. a single path
with the highest probability in the case of the Viterbi criterion) the search is called admissible.
A way to speed up the search is to exclude those states that are thought unlikely to be in the
final optimal sequence. This method is referred to as pruning. It makes the search no longer
admissible but has been shown to work well in practice. One of the simplest and most often used
way of pruning is called beam search. It works as follows: first, a state with the highest score
in a given time frame is found and then all states having lower score than a certain percentage
of the highest score are discarded.
The first pruning tests were carried out with a decoder with static network expansion. The
results have shown that no matter how strict the pruning threshold is the computational costs
could not be reduced to more than about one half. This is due to the fact that when searching
for the maximum score, all the HMM states (stored in an array) in each time frame had to be
accessed even if most of those states were later to be discarded. To address this problem we
have implemented dynamic network expansion where all the states are stored in a hash map.
The decoding starts with one starting state which is stored in a so called active state list. Only
those states that can be reached from the states in the active list in the current time frame are
added to the active list for the next time frame, where some of the states are pruned. This way
only the active state list is searched for maximum and pruned. Our experiments have shown
that even though accessing data in a hash map is much slower compared to an array, the pruned
decoding process can be much faster with dynamic network expansion especially if the HMM
representing all possible word sequences is very large.
When neural network acoustic model is used, each phonetic unit needs to be represented by
only one HMM state which has the emission probability associated with an output neuron of
the network. A simple technique for modeling a minimum duration of phonemes is to duplicate
the HMM states, i.e. to use a left-right HMM model with several states for each phoneme,
where all those states share the same emission probability.
4. LANGUAGE MODELING
Language modeling deals with estimating the probability P (W ) of the word sequence being
recognized. Ideally a stochastic language model tries to compute the probability of the next
word in the sequence as a product of the probabilities of the previous words:
P (w1 , w2 , . . . , wN ) =

N
Y

P (wi |w1 , w2 , . . . , wi−1 ).

i=1
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(4)

In practice the number of previous words included in the computation is limited leading to a so
called N-gram language model:
P (wi |w1 , w2 , . . . , wi−1 ) = P (wi |wi−N +1 , . . . , wi−1 )

(5)

For N = 2 the model is often called bigram language model, for N = 3 trigram language
model and so on. The first problem is that the N-gram language model violates the first order
Markovian assumption, i.e. that the probability of being in a given state is only dependent on
the previous state. In the case of N-gram language model, the probability of being in a state
depends on its N − 1 word history. The power of the Viterbi algorithm lies in recombination:
selecting the best path leading to a given state when it is certain that the other paths will not
lead to the optimal solution. If the first Markovian assumption is valid, only the highest scoring
path leading to a given state in a given time frame is stored, i.e. distinct HMM states belonging
to the same time frame can be recombined.
We have chosen the following solution to the problem of stochastic language modeling: Suppose we are using tree structured lexicons and each state in the HMM representing the lexicon
has a unique number i then if two states with the same number i in time frame t have the same
N − 1 word history they can be recombined. This means that states with different N − 1 histories are stored in distinct trees and since the number of different histories as well as the number
of states in each tree can be quite large, the whole recognition network would not even fit into
the memory of today’s computers. This difficulty is addressed by dynamic network allocation
with a tight pruning threshold leaving only a small percentage of all possible states active during the search. Our experiments show, that even though the search does not guarantee to find
the optimal solution it works well in practice.
5. EXPERIMENTAL RESULTS
The accuracy of recognition is computed by a dynamic programing match of the referential
(i.e. correct) sentence and the recognized sentence leading to N - the number of words in
the referential sentence, H - the number of correct words in the recognized sentence, S - the
number of word substitutions, I - the number of word insertions into the referential sentence,
and D the number of word deletions from the referential sentence needed for the two sentences
to match. We use the two measures to express the recognition accuracy:
%Corr =

H
N

(6)

H −I
(7)
N
The first measure is simply the percentage of correctly recognized words. The second one
is useful because the recognized sentence can have more words than the referential sentence
leading to a high percentage of correctly recognized words in a result that is not as useful in
practice because of a high number of redundant words not present in the spoken sentence.
%Acc =

The first experiment was carried out to test the efficiency of using tree structured lexicons with
pruning and dynamic network expansion. Table 1 shows the result. It can be seen that while
the tree lexicon can reduce the total number of states by a bit more than one half, when pruning
is applied, it can reduce the number of active states (and thus speed up the search) by an order
of magnitude. The next experiment tests state duplication for different testing corpora: Chess
corpus containing voice commands for a chess game (table 2), Numbers corpus containing
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Tree
Linear
Tree/Linear

Avg. number of active states
537
5903
9.10 %

Total number of states
12543
30507
41.12 %

active/total
4.28 %
19.35 %

Table 1: Number of total and active states when decoding with tree and linear lexicons. Tested on the
same data with the same pruning threshold.

spoken numbers between one and one million (table 3) and Trains corpus containing queries
about train schedules (table 4).
States/phoneme %Corr

1
2
3
4

95.73
96.69
97.18
96.65

%Acc %SCorr

94.33
96.49
97.18
96.65

70.50
77.75
80.50
77.50

Average
response
time [s]
0.20
0.19
0.19
0.19

Total no. of
states
747
1478
2209
2940

Table 2: Chess corpus having 93 distinct words. A grammar describing all possible utterances was
available.

States/phoneme %Corr

1
2
3

95.55
96.26
91.29

%Acc %SCorr

94.12
95.97
91.09

63.55
73.62
54.75

Average
response
time [s]
0.47
0.41
0.39

Total no. of
states
2222
4407
6592

Table 3: Numbers corpus having 40 distinct words. A grammar describing all possible utterances was
available.

States/phoneme %Corr

1
2
3

79.21
80.23
81.05

%Acc %SCorr

55.37
61.26
65.73

7.85
10.63
14.18

Average
response
time [s]
1.35
0.88
0.65

Total no. of
states
4347
8445
12543

Table 4: Trains corpus having 1469 distinct words. Tested with tree structured lexicon and without
grammar or language model.

It can be seen from all the experiments that when pruning is used the number of active states
does not increase with the number of states per phoneme. This means that state duplication can
increase performance without increasing computational cost. When tree lexicons are used, the
computational cost actually decreases with the number of states per phoneme as can be seen
from table 4. Duplicating states can be seen as assuming a minimum duration for phonemes.
It can be seen from tables 2 and 3 that when the assumed duration is longer than the actual
duration in the data (i.e. there are too many states per phoneme) the accuracy decreases.
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Our first experiments with language modeling led to worse results than when no language
modeling was done at all. This was probably due to the lack of training data since many
N-grams present in testing data were not seen in the training data at all and thus had zero
probability. A working solution was found to be a class based language model, where words are
automatically clustered into classes (the algorithm can be found e.g. in (Allen, 1988)) and the
N-gram model is built on those classes rather than words. Figure 1 shows recognition accuracy
for different number of classes. Bigram language model gave best results for 300 classes. The
poorer performance of the trigram language model can probably again be attributed to the small
amount of training data. It can be seen that the number of word classes has also a major impact
on the time response of the system.
95
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Fig. 1: Percentage of correctly recognized words and average time response for class based bigram and
trigram language models.

Another known problem with language modeling is that the language and acoustic model probabilities have different dynamic ranges, since acoustic model probability is included in the
computation every time frame, but language model probability is used at word ends only. The
practical solution is to scale the language model probability. The scaling constants are usually
in the form
W ∗ = argmax P (O|W )αP (W )β .
(8)
∀W

We will call α the word insertion penalty and β the language model scale. Their values have
to be determined empirically which is shown in figure 2. Language model scale tuning has not
led to any performance increase with our testing data.
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Fig. 2: Word insertion penalty and language model scale for 300 class bigram language model.
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6. CONCLUSION
The paper describes our first attempts at large vocabulary speech recognition with the train
schedule corpus. Even though there was an evident lack of data for the language model training, the tests have shown that the conception of pruned single pass search with tree structured
lexicon is feasible and we are planning to use the same architecture for experiments with larger
dictionaries. The best recognition results were obtained with 300 class bigram language model
leading to %Corr = 94.43 and %Acc = 91.89. We have also shown that the method of state
duplication can lead to accuracy increase and even to an increase in recognition speed.
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1. INTRODUCTION
State estimation is an important subtask of a range decision making problems. Kalman filtering
(KF) (Jazwinski, 1970) is the first-option method for its addressing. However, still there is
no well-established methodology of selecting innovation covariances. Also, it is difficult to
combine KF with hard restrictions on state ranges. Both these drawbacks can be avoided by
assuming that the model innovations are uniform.
In this contribution, state-space model with uniformly distributed innovations is introduced and
the Bayesian state estimation proposed, (Peterka, 1981). This extends parameter estimation
of the controlled autoregressive model treated in (Kárný and Pavelková, 2005 - submitted).
Similarly as in the latter case, the off-line evaluation of the maximum a posteriori probability
(MAP) estimate of unknowns in the linear state-space model with uniform innovations reduces
to linear programming (LP). The solution provides either estimates of the noise boundary and
parameters or of the noise boundary and states.
The on-line estimation is obtained by applying LP on the sliding window, i.e., by considering
only the fixed amount, say 0 < ∂, of the newest last data and states items.
By swapping between state and parameter estimations, joint parameter and state estimation
is obtained. The use of Taylor expansion for approximation of products of unknowns solves
also the joint parameter and state estimation. Simulation studies help to get an insight on the
potential and restrictions of these heuristic method. This contribution shares the experimentally
gained experience with both these solutions of the joint state and parameter estimation.
2. MODEL DESCRIPTION
We consider the standard linear state-space model
xt = Axt−1 + But + xet ,
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yt = Cxt + Dut + yet ,

(1)

known in connection with from Kalman filtering theory. In it, x, u, y are unobserved state,
known input and observed output of the system, respectively. They are real column vectors. The subscript t ∈ {0, 1, 2, . . .} labels discrete time. The involved time-invariant matrices
A, B, C, D have appropriate dimensions. The model parameters A, B, C, D are collected into
parameters Θ.
Unlike in the KF case, the distributions of vector innovations xet and yet are assumed to be
uniform
f ( xet ) = U (0, xr) , f ( yet ) = U (0, yr) .
(2)
U (µ, xr) denotes uniform probability density function (pdf) on the box with the center µ and
half-width of the support interval xr.
Equations (1) together with the assumptions (2) define the linear uniform state-space model
(LU).
3. OFF-LINE ESTIMATION
Here, the joint posterior pdf of states and parameters is derived. Then, its maximization is
converted into a standard formulation of linear programming (LP).
3.1 Posterior pdf
We assume that the generator of the inputs u1:t ≡ [u01 , . . . , u0t ]0 meets natural conditions of
control (Peterka, 1981). They formalize assumption that information about unknown quantities
for generating ut can only be extracted from the observed data d1:t−1 , where dt = (yt , ut ).
Then, for a given initial state x0 , half-widths xr, yr and parameters Θ, the joint pdf of data and
the state trajectory x1:t of the LU model is
1:t

f d ,x

1:t

n
m
Y
 Y
x −t
y −t
ri
rj χ(S).
x0 , r, r, Θ ∝
x

y

i=1

(3)

j=1

χ(S) is the indicator of the support S; ∝ denotes equality up to a constant factor. The convex
set S is given by inequalities,
− xr ≤ xτ − Axτ −1 − Buτ ≤ xr
− yr ≤ yτ − Cxτ − Duτ ≤ yr,

(4)

where τ = 1, 2, . . . , t. Bayesian estimation of x0 , xr, yr requires to complement the conditional
pdf (3) by a prior pdf f (x0 , xr, yr|Θ). For known Θ, it can be chosen as uniform pdf on support
S0 defined by inequalities
S0 = {x0 ≤ x0 ≤ x0 ,

0 < xr ≤ xr, 0 < yr ≤ yr} .

(5)

The bounds x0 , x0 etc. determine support of the prior pdf.
For unknown Θ, the uniform prior pdf f (x0 , xr, yr, Θ) is chosen on the set (5) extended by
conditions Θ ≤ Θ ≤ Θ.
For fixed observations, d1:t , and uniform prior (5), the expression (3) – on support S ∩ S0 – is
proportional to posterior pdf.
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3.2 MAP estimation via LP
Without loss of generality, we assume that elements of xr and yr are (significantly) smaller
than 1. Under this assumption, the negative logarithm of the posterior pdf can be approximated
by sum of elements of xr and yr on the convex, linearly restricted set S ∩ S0 . If the inequalities
(4) are linear in the unknowns, the MAP estimation is equivalent to the problem of linear
programming (LP) and can be solved by any of the available algorithms. This condition is
satisfied if either (i) parameters Θ, or (ii) states x1:t , are known. Note that convexity of the set
S ∩ S0 is determined by choice of the prior bounds (5). LP will fail if these are chosen too
restrictive.
In this Section, we derive solutions to both cases mentioned above, i.e. (i) estimation of states
x1:t , and xr, yr, given Θ, and (ii) estimation of parameters Θ and xr, yr, given the state x1:t .
Solutions are presented in the standard form of linear programming used by Matlab function
linprog, i.e.
Find a vector X such that J ≡ C 0 X → min
while AX ≤ B, X ≤ X ≤ X,

(6)

where known matrices and vectors A, B, C, X, X will be derived for each case.
3.3 Estimation of the state and the noise bounds
In the case of known parameters Θ, the unknowns are the state x1:t and the noise bounds xr, yr.
Hence, the vector X of (6) is defined as follows:
 t:0 
x
x

r .
X=
(7)
y
r
Where xt:0 ≡ [x0t , x0t−1 , . . . , u00 ]0 The matrices A, B, C, X, X will be defined using the following conventions:
M(α,β) is a matrix with α rows and β columns.
I(α) is the square identity matrix of the order α
0(α,β) is zero matrix of given dimensions.
K ≡ [−1 1]0 is a repeatedly used vector.
1(α) , 0(α) are column vectors of ones, and zeros, respectively, both of length α.


G11 H . . . G1β H


..
..
Kronecker product G(α,β) ⊗ H ≡ 
.
.
.
Gα1 H . . . Gαβ H
Operator Rcol (M ) extends a matrix M(α,β) by the zero matrix 0(α,col) from the right, Rcol (M ) ≡
[M, 0(α,col) ].
Operator Lcol (M ) extends a matrix M(α,β) by the zero matrix 0(α,col) from the left, Lcol (M ) ≡
[0(α,col) , M ].
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col(M ) stacks the rows of the matrix M into a column vector.
Using these definitions, the set (4) can be written in the form of (6) as follows:
C 0 ≡ [00((t+1)x̊,1) , 10(x̊+ẙ) ],



0
A11 A12
A =
, B = B10 B20 , with
A21 A22
A11 = Rx̊ (I(t) ⊗ K ⊗ I(x̊) ) − Lx̊ (I(t) ⊗ K ⊗ A),
A12 = −1(2t) ⊗ Rẙ (I(x̊) ),
A21 = Rx̊ (I(t) ⊗ K ⊗ C),
A22 = −1(2t) ⊗ Lx̊ (I(ẙ) ),


B1 = I(t) ⊗ K ⊗ B ut:1 ,




B2 = − I(t) ⊗ K ⊗ D ut:1 + I(t) ⊗ K ⊗ I(ẙ) y t:1 .
Similarly, the set S0 (5) is represented by the following assignments:



−∞ × 1(2tx̊,1)
∞ × 1(2tx̊,1)



x0
x0
, X = 
X=
x



0(x̊,1)
r
y
0(ẙ,1)
r

(8)

(9)



.


(10)

3.4 Estimation of the parameters and the noise bounds
In the case of known state trajectory x1:t , the unknowns are parameters A, B, C, D and halfwidths xr, yr. This case may arise in situations with directly measurable state. Moreover,
these results will be needed for joint estimation of state and unknown parameters which will be
addressed in the next Section. The unknowns form the vector X of the standard LP form (6) as
follows:
0
X ≡ [col(A)0 , col(B)0 , col(C)0 , col(D)0 , xr0 , yr0 ] .
(11)
Using the introduced conventions, the following assignments transform the set S (4) into the
standard form (6):
C ≡ [00(x̊x̊+x̊ů+x̊ẙ+ůẙ,1) , 10(x̊+ẙ,1) ]0 ,



A11 A12 A13
A ≡
, B = B10
A21 A22 A23

I(x̊) ⊗ K ⊗ x0t−1 I(x̊) ⊗ K ⊗ u0t

..
..
A11 ≡ 
.
.
I(x̊) ⊗ K ⊗

x00

I(x̊) ⊗ K ⊗

u01

B20


,

A12 ≡ 0(2tx̊,x̊ẙ+ẙů) , A13 ≡ −1(2t) ⊗ Rẙ (I(x̊) ),
A21 ≡ 0(2tẙ,x̊2 +x̊ů) , A23 ≡ −1(2t) ⊗ Lx̊ (I(ẙ) ) ,


I(ẙ) ⊗ K ⊗ x0t I(ẙ) ⊗ K ⊗ u0t


..
..
A22 ≡ 
,
.
.
I(ẙ) ⊗ K ⊗ x01 I(ẙ) ⊗ K ⊗ u01


B1 = xt:1 ⊗ K, B2 = I(t) ⊗ K ⊗ I(ẙ) y t:1 .
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0

,

(12)

4. ON-LINE ESTIMATION
Standard Bayesian filtering and smoothing with a fixed lag ∂ ≥ 0 integrates out from the posterior pdf the superfluous state xt−∂−1 in each time step, t. However, with increasing t, this operation yields increasingly complex support of the posterior pdf and soon becomes intractable.
The unknown-but-bounded approaches (Milanese and Belforte, 1982; Polyak et al., 2004) face
this problem by a recursive construction of simple (typically outer) approximation of the support. In order to avoid these approximations, we propose to use a sliding window of length ∂
and apply LP in order to find MAP estimate of the states xt:t−∂ ≡ [x0t , . . . , x0t−∂ ]0 on the intersection of sets S and S0 considered for τ = t−∂, . . . , t. This approximates the limited-memory
filter of Jazwinski (Jazwinski, 1970) and provides an attractive alternative to forgetting. In this
context, we relax the assumptions of previous Section, i.e. the necessary knowledge of either
the state, or parameters Θ. However, this relaxation violates the assumptions of LP and further
approximations are needed to restore tractability. In this Section, we outline two possible approaches (i) heuristically motivated technique based on swapping of techniques from Sections
3.3 and 3.4, and (ii) linearization of the inequalities around the last point estimates.
4.1 Swapping-based joint estimation
The idea of this approach is to estimate the state xt:t−∂ using technique from Section 3.3, with
parameters Θ fixed at their last point estimates. The resulting estimates of states, x̂t:t−∂ are
subsequently used in technique from Section 3.4 to obtain new estimates of the parameters
Θ. Initial values of the estimates can be found in off-line mode using Note - it is practically
important that the estimates of the noise bounds can be very inaccurate.
4.2 Expansion-based joint estimation
Linearization of non-linear equations at point estimates is common idea, used in various extensions of KF. It could be applied to inequalities (4) using approximations of the following kind:
Axτ ≈ Ât xτ + Ax̂τ |t − Ât x̂τ |t , τ ∈ {t − ∂, t + 1 − ∂ . . . , t}.

(13)

where Ât , x̂τ |t are newest available estimates of parameters and states, respectively. Using
equivalent expansion for Cxτ , the resulting inequalities can be transformed in the standard
form of LP (6). The exact assignments are omitted for brevity. The resulting algorithms has
two principal distinctions from extended KF. First the algorithm updates estimates of the whole
window of length ∂ hence, more sophisticated approaches (such as moving average of point
estimates) can be used to improve quality of the points of expansion Ât , x̂τ |t in (13). Second
the realistic hard bounds on the estimated quantities reduce the ambiguity of the model (arising
from estimating a product of two unknowns). From these distinctions we conjecture that the
estimation is better conditioned and more robust than extended KF.
5. ILLUSTRATIVE EXAMPLE
Consider a single-input single-output LU system (1) with two-dimensional state. The model
parameters are


 
1
0.5
1
A=
, B=
, C = 10(2) , D = 0(1,1) ,
(14)
−0.5 0
3
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Fig. 1: Estimated state and estimate error

and noise half-widths (2)
x

r = 0.3 × 1(2) , yr = 0.3.

(15)

The system was driven by white zero-mean uniform noise with half-width 0.5 and 120 data
samples were recorded.
The on-line swapping-based joint parameter and state estimation (Section 4.1) and expansionbased joint parameter and state estimation (Section 4.2) were used with window length ∂ = 5,
and prior distribution (5) restricted by the following bounds: (i) on individual entries of Θ,
the bounds were set 30% above and below the actual simulated value, with the exception of
A2,2 = 0 which was set to A2,2 = 0.3, and A2,2 = −0.3; (ii) upper bounds on half-widths are
set to xr = yr = 1, and are automatically extended when LP fails, see note in Section 3.2; and
(iii) bounds ±5 on all entries of the window, xt−∂:t
The results of the swapping-based estimation are displayed on Figures 1–3. Trajectories of
the simulated and estimated states and the estimation error are on Fig. 1. The simulated and
predicted output and prediction error are on Fig. 2. The estimates of the matrix A and of the
estimates of half-width xr, yr are on Fig. 3.
The presented experiments serve for illustration only. Our current experience can be summarized as follows:
• individual state or parameter estimation (Section 3) works well,
• quality of the joint swaped-based estimation depends strongly on the quality of initial
estimates
• joint expansion-based estimation give good result for output prediction
• finite window serves as forgetting hence no convergence of parameters is to be expected
• window length influences the estimation quality
• the quality of state estimates may outperform the quality of parameter estimates (or vice
versa) when estimated jointly
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Fig. 2: Predicted output and prediction error
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Fig. 3: Parameter A estimation and noise boundary estimation
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6. CONCLUSIONS
The proposed approach opens a way for on-line parameter and state estimation for a class of
non-uniform distributions with restricted support as well as for Bayesian filtering of non-linear
systems.
The main current contributions include feasible care about hard bounds of estimated quantities;
joint estimation of parameters, state, and noise bounds; parameter tracking via windowing the
joint estimation.
The current effort aims to improve the quality of the expansion based joint expansion.
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α, β, κ

⎡

xk+1

⎤

⎡

λ

⎤
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1
⎢
⎥
⎢
0
0 ⎦ ·xk + ⎣ 0.5 ⎥
= ⎣ 1
⎦ · uk + wk
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yk =



A
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⎤
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A B C

3
⎡

⎤

⎡

⎤

0.0865
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−0.7439
⎢
⎥
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A = ⎣ −0.9145 0.0763 0.2224 ⎦ B = ⎣ −0.2220 ⎥
⎦
0.0154 −0.0969 0.8443
−0.8414
C=
K=




−0.9591 0.4591 −0.3872
−0.0252 0.5658 −0.2670




D = −0.0929
R = 0.6716

td = 1.1250 s
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A = −0.6648
B = −0.2232
C = −1.4508
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R = 12.509
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R = 12.509
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Abstrakt: In practical applications of the control theory, there is lack of approximation
techniques applicable to intractable dynamic-programming equations describing the optimality controller. In the paper, we consider use of the technique coming from chemistry
and called high dimensional model representation (HDMR). Its main advantages are finite
order of expansion and rapid convergence for “well-defined” systems. The system model
is “well-defined” if higher-order variable correlations are weak, permitting the model to
be captured by the first few low-order terms of expansion. In fact, this is the only assumption for a meaningful application of HDMR. Provided it is satisfied, HDMR could play
a role similar to neural networks. However it has clear mathematical background, which
increases chance for success and offers novel opportunities for applications and theoretical
research.
Use of the HDMR expansion to Bellman function – a solution of the the dynamic programming – is tempting. It separates original high dimensional input–output mapping into
sum of low-order (possibly non-linear) mappings acting on orthogonal subspaces. The
presented example indicates the way how the HDMR can be tailored to the control design
and serves for inspection whether the basic HDMR assumption is applicable.
Keywords: nonlinear function approximation, HDMR, integral equations

1. INTRODUCTION
The key question in many scientific problems is to find the map between sets of high dimensional input and output system variables. That is the place where so called “curse of dimensionality” arises. Full space analysis without any a priori assumption has an exponentially growing
computational complexity. Thus, some smart approximation is necessary.
High dimensional model representations (HDMR) (Rabitz and Alis, 1999) is a set of general
approximative tools stimulated by applications in chemistry. In its background there stands the
simple observation: only low-order correlations amongst the input variables have a significant
impact upon the outputs. Such a presumption permits expressing single multidimensional mapping as a sum of many low dimensional mappings. The general form of the resulting expansion
is:
f (x1 , x2 , . . . , xn ) ≡ f (x) ≡ f0 +

n
X
i=1

fi (xi ) +

n X
i−1
X
i=1 j=1

157

fij (xi , xj ) + ... + f12..n (x1 , x2 , ..., xn )

Here f0 denotes effect of zero-order correlations, i.e., it is a constant value over the domain
of f (x); f1 (x1 ) describes an independent effect of x1 ; f12 (x1 , x2 ) represents the joint effect
of variables x1 and x2 and so on. Considering full nth order expansion we get only different,
but still exact representation of the original mapping. Experience shows that even a low order HDMR expansion provides often a sufficient description of f (x) in real problems. This
motivates the usage of the second order expansion throughout this paper:
f (x) ≈ f˜(x) ≡ f0 +

n
X

fi (xi ) +

i=1

n X
i−1
X

fij (xi , xj )

i=1 j=1

Such a function approximation (representation) provides two main advantages. The first is data
reduction. The exponentially growing amount of function values is represented via polynomially growing tables holding each function component (term in the general expansion). This
property helps us to cope with high dimensional problems of real world. The second advantage
is reduction of computational complexity. As we see below, HDMR is generated by a family
of (linear) projections Pijk... . Consequntly, it allows splitting of any linear problem into easier
low-dimensional subproblems.
Both these properties are promising in the context of control theory, where we face huge data
spaces and unmanageable computational requirements. Unfortunately, the basic optimality condition arising from dynamic programming is highly non-linear. It is the well-known Bellman
equation (Bellman, 1967), roughly written in this form:
Vt (d(t−1)) = min
{E [z(yt , at ) + Vt+1 (d(t)) |at , d(t − 1)]} , dt ≡ (yt , at ), d(t) ≡ (d1 , . . . , dt ),
a
t

where E[·|·] denotes conditional expectation. The strategy generating actions at satisfying this
relation for all t minimizes the expectation of the overall loss Z(yT , aT , ..., y1 , a1 ) ≡
PT
t=1 z(yt , at ). Its non-linearity is caused by the operator of minimization, which strongly reduces the possibility of using the HDMR.
That is why we formulate our problem in terms of fully probabilistic control design (Kárný et al.,
2005). Its optimality condition is also non-linear, but it allows us to make linear approximations
easily. Resulting equations are linear integral equations for upper and lower bound of the exact solution. Then HDMR projectors are well-fitting not only for memory savings: important
synergies arise also from the problem simplification.
Illustrative example is included at the end of this paper.
2. MATHEMATICAL BACKGROUND OF HDMR
The HDMR expansions are based on exploiting the correlated effect of the input variables.
Let us assume that our input-output mapping is represented by a real scalar function f (x) ≡
f (x1 , x2 , ..., xn ) defined on the unit hypercube K n = [0, 1]n . On the same domain, we consider
non-negative weight function w(x) and define inner product of functions f and g as follows:
hf, gi ≡

Z
Kn

f (x)g(x)w(x)dx

Let X be vector space of functions with finite norm k.k inducted by this product and f ∈ X.
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For convenience, we introduce a slightly generalized form of the inner product:
hf, giM ≡

Z
K n−|M |

f (x1 , ..., xn )g(x1 , ..., xn )w(x1 , ..., xn )

Y

dxi

i6∈M

It returns |M |-dimensional scalar function of all xi for indices i ∈ M ⊆ {1..n}. Using 0 ≡ ∅,
we get hf, gi ≡ hf, gi0 .
Our aim is to find decomposition components f0 , fi (xi ) and fij (xi , xj ) minimizing the approximation error kf (x)− f˜(x)k. Its components are generated by projector operators defined in the
following manner:
hf, 1i0
P0 [f ] ≡ f0 =
h1, 1i0
hf, 1ii
Pi [f ] ≡ fi (xi ) =
− f0
h1, 1ii
hf, 1ii,j
− fi (xi ) − fj (xj ) − f0
Pij [f ] ≡ fij (xi , xj ) =
h1, 1ii,j
Construction of higher order HDMR decompositions is a simple generalization of this procedure.
The subsequent property of zero order component f0 is crucial. For any real constant h it holds:
hf (x) − f0 , hi = 0
It easily implies kf (x) − f0 − hk2 = hf (x) − f0 − h, f (x) − f0 − hi = hf (x) − f0 , f (x) − f0 i −
− 2hf (x) − f0 , hi + hh, hi = kf (x) − f0 k2 + khk2 ≥ kf (x) − f0 k2 . In other words, f0 is the
best constant approximation of the original function f (x). Similar identities are fulfilled also
by higher order components and their meaning is analogous. Each HDMR component is the
best approximation of fr (x) in the relevant class of functions with the same domain (here fr (x)
denotes residuum of f (x) after substraction of all lower order HDMR components).
There is one important class of HDMR decompositions which is very comfortable to use. It
Q
is the case of separable weight function w(x) ≡ ni=1 wi (xi ). Then, all HDMR projectors are
mutually orthogonal and the function space X could be written as a direct sum of their ranges.
We can reconsider our weight function and moreover require Rits normalization, w(x) becomes
probability density distribution over K n whenever h1, 1i = K n w(x)dx = 1. Now our wellhf, 1ii
corresponds to the mean value of f (x) over the conditional probability
known term
h1, 1ii
w(x1 , .., xi−1 , xi+1 , .., xn | xi ). Reinterpretation of other terms is similar.
3. FULLY PROBABILISTIC DESIGN
This control design is based on two connected ideas. The first is to express loss function fully in
probabilistic terms, i.e., to define desired probability densities of user actions at and observable
output values yt . Both are called ideal probability density function or briefly ideal pdf.
Next we search for the nearest admissible randomized strategy which is again some pdf. On that
account we need to measure the distance of two pdfs. So called Kullback-Leibler divergence
(Kullback and Leibler, 1951) is widely used in this context.
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Let f, g be a pair of pdfs acting on a common set. Then, the Kullback-Leibler divergence
D(f ||g) is defined by the formula
D(f ||g) ≡

f (x)
f (x) ln
g(x)

Z

!

dx

Basic properties of KL divergence are the following ones:
1. D(f ||g) ≥ 0
2. D(f ||g) = 0 iff f = g (a.e.)
3. D(f ||g) = ∞ iff on a set of a positive dominating measuref > 0 and g = 0
4. D(f ||g) 6= D(g||f )
The joint pdf f (yt , at , ..., y1 , a1 ) is fully describing all observable values for any t ∈ {1..T }
where T is horizon of optimization. We assume that this pdf can be factorized by a repetitive
use of the well-known chain rule:
f (yt , at , ..., y1 , a1 ) =

T
Y

f (yt |at , d(t − 1))f (at |d(t − 1))

t=1

Where the first factors {f (yt |at , d(t − 1))}t describe possible reactions of the system on the
decision at under the experience d(t − 1) ≡ (yt−1 , at−1 , ..., y1 , a1 ). These pdfs form so called
outer model of the system. Similarly, the pdfs {f (at |d(t − 1))}t represent an outer model of the
randomized decision strategy to be chosen. Next we factorize the desired ideal pdf consisting
of ”ideal system” pdf and ”ideal input” pdf:
bI

f (yt , at , d(t − 1)) =

T
Y

bI

f (yt |at , d(t − 1)) bIf (at |d(t − 1))

t=1

Now, the fully probabilistic design can be formulated. The optimal admissible, possibly randomized, decision strategy is defined as a minimizer of D f || bIf . In (Kárný et al., 2005;
Kárný and Guy, 2006) we can found explicit formula for optimal strategy:
f (at |d(t − 1)) =

bI

f (at |d(t − 1))

exp[−ωγ (at , d(t − 1))]
,
γ(d(t − 1))

where γ(d(T )) ≡ 1 and γ(d(t − 1)) is just pdf normalization factor:
γ(d(t − 1)) ≡

Z

exp[−ωγ (at , d(t − 1))] bIf (at |d(t − 1)) dat

Function ωγ (at , d(t − 1)) is determined by the following integral equation:
ωγ (at , d(t − 1)) = ω(at , d(t − 1)) −

Z

f (yt |at , d(t − 1)) log(γ(yt , at , d(t − 1))) dyt

(1)

where ω(at , d(t − 1)) is known function defined this way:
ω(at , d(t − 1)) ≡

Z

f (yt |at , d(t − 1)) log

f (yt |at , d(t − 1))
bIf (y |a , d(t − 1))
t t

!

d yt

We try to approximate equation (1) using second order HDMR projections. Optimal strategy
f (at |d(t − 1)) then arise from the knowledge of ωγ easily.
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4. APPROXIMATION OF BASIC FPD EQUATION
We must firstly linearize equation (1) to apply HDMR projectors efficiently. The use of the
well-known Jensen inequality is promising. For convex function exp, probabilistic measure
µ(x) and any integrable function h(x) it reads:
Z

exp[h(x)]dµ(x) ≥ exp

Z



h(x)dµ(x)

(2)

4.1 Upper bound of ωγ
There are two possible applications of the Jensen inequality. The first give us lower bound for
log(γ(d(t))):
Z

log



bI

exp[−ωγ (at+1 , d(t))] f (at+1 |d(t))dat+1 ≥ −

Z

ωγ (at+1 , d(t)) bIf (at+1 |d(t))dat+1

and so the original exact equation (1) transform this way:
ωγ (at , d(t − 1)) ≤ ω(at , d(t − 1)) +

Z

ωγ (at+1 , d(t)) bIf (at+1 |d(t))f (yt |at , d(t − 1)) dat+1 dyt

This is the right time to redefine ωγ as we need to fix its domain. We postulate the existence of
sufficient statistic σ and define ω̂γ (σ(at+1 , d(t))) = ωγ (at+1 , d(t)) where for all t ∈ {1..T } and
all possible actions at+1 and realizations d(t) it holds v = σ(at+1 , d(t)) ∈ V . Than V is the
domain of ω̂γ . As the statistic is sufficient, all other functions dependant on at+1 or d(t) can be
represented by functions of v ∈ V , e.g. f (yt |at , d(t − 1))) = fˆ(yt |σ(at , d(t − 1))) ≡ fˆ(yt |v).
Now we rewrite the last inequality in more comfortable notation (omitting sign ’ˆ’):
ωγ (u) ≤ ω(u) +

Z

k(u, v) ωγ (v) dv, u = σ(at , d(t − 1))

The probability densities bIf (at+1 |yt , u) and f (yt |u) are hidden in the kernel function k(u, v).
It must also describe the dynamics of controlled system, i.e., k(u, v) is nonzero only for compatible pairs of u = σ(at , d(t − 1)) and v = σ(at+1 , d(t)). The construction of such kernel
function can be quite complicated, but it is always feasible. Considering only the equality part
of above formula we conclude:
ω̄γ (u) = ω(u) +

Z

k(u, v) ω̄γ (v) dv

(3)

It is a linear integral equation for ω̄γ and its solution fulfills ω̄γ ≥ ωγ . On the finite control
horizon there is not any problem with the existence and uniqueness of solution (it could by
analytically derived from boundary condition similarly to backward evaluation of the original
equation (1)).
4.2 Lower bound of ωγ
Multiplying equation (1) by -1 and applying exponential function on both sides we get:
Z

exp(−ωγ (at , d(t−1))) = exp(−ω(at , d(t−1))) exp
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log(γ(yt , at , d(t − 1)))f (yt |at , d(t − 1))dyt



The result is arranged for straight application of the Jensen inequality (2). After the introduction
of the same sufficient statistics as in previous case and using identical kernel function k(u, v)
we get the following equation:
exp(−ωγ (u)) ≤ exp(−ω(u))

Z

k(u, v) exp(−ωγ (v)) dv

Rewriting it using definitions Ωγ ≡ exp(−ωγ ) and K(u, v) ≡ exp(−ω(u)) k(u, v) we obtain:
Ωγ (u) ≤

Z

K(u, v) Ωγ (v) dv

Now considering again only the equality part we get upper bound for Ωγ (u):
Ω̄γ (u) =

Z

K(u, v) Ω̄γ (v) dv

(4)

It is again linear integral equation and in fact its solution gives us the lower bound of ωγ :
ω γ ≡ −log(Ω̄γ ) ≤ −log(Ωγ ) ≡ ωγ
Now we try to find numerical approximation of solution of both integral equations (3) and (4)
which are formally almost equal.
5. HDMR BASED SOLVING OF LINEAR INTEGRAL EQUATIONS
Here we consider general integral equation of the second kind for unknown real scalar function
n
Y

φ(x) defined for all x ∈ X, dim(X) = n, X =

Xi , and f (x), κ(x, y) are also real scalar

j=1

functions dom(f ) = X, dom(κ) = X × X:
φ(x) = f (x) +

Z

κ(x, y) φ(y) dy

(5)

X

The classical technique of successive approximation is well developed for integral equations
of this kind. Even though we do not use it, mainly for colossal memory demands of our data.
We try HDMR based approximation. The idea is straightforward: split this equation through
HDMR projections and solve it separately on each component. Firstly we must decompose the
data, still up to the second order.
φ(x) ≈ φ̃(x) ≡ φ0 +

n
X

φi (xi ) +

i=1

f (x) ≈ f˜(x) ≡ f0 +

n
X

n X
i−1
X

φij (xi , xj )

i=1 j=1

fi (xi ) +

i=1

n X
i−1
X

fij (xi , xj )

i=1 j=1

The function κ(x, y) is decomposed only in the first variable, i.e. for all y ∈ X we decompose
κy (x) ≡ κ(x, y) and then for each component we return to the expanded notation:
κ(x, y) ≈ κ̃(x, y) ≡ κ0 (y) +

n
X

κi (xi , y) +

i=1
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n X
i−1
X
i=1 j=1

κij (xi , xj , y)

Now introduce set Λn which contains all possible indexes of HDMR projectors up to second
order, In = {1..n}:
!
!
!
In
In
In
Λn =
∪
∪
0
1
2
Then for each λ, ν ∈ Λn we define ensuing marginalization of each kernel function component:
Mνλ (yλ ) ≡

Z

κν (xν , y)

Y

dyi ,

i∈λ
/

where yλ is usable shortcut with following meaning: f (y{i,j} ) stands for f (yi , yj ) and f (y{0} ) ≡
f (∅) denotes real constant. Other cases are similar. One more particular example will help to
understand this notation properly:
{2,4}

M12,4 (y2 , y4 ) ≡ M{1} (y{2,4} ) =

Z

κ1 (x1 , y1 , ..., yn )

Y

dyi

i6∈{2,4}

Substituting φ̃(x),f˜(x) and κ̃(x, y) into the original integral equation (5) we get system of linear
equations indexed by λ ∈ Λn :
n Z
X

φλ (xλ ) = fλ (xλ )+φ0 Mλ0 (xλ )+


φi (yi )M i (xλ , yi )+
λ

i=1 Xi

i−1 Z
X
j=1 Xj



φij (yi , yj )Mλij (xλ , yi , yj )dyj dyi

Where the dimension of each equation correspond to the size of xλ ∈ Λn . For λ = {0} it
reduces to just one equation. For λ = {i} is xλ vector corresponding to the sample points in
subspace Xi and this equation can be rewritten into classical matrix notation. For λ consisting
of two elements is situation more complicated but the key observation is still valid: for each
unknown scalar variable on the left side we have exactly one linear algebraic equation. Thus
we have complete system of linear equations and we can determine all φλ (xλ ). In other words
we determine the HDMR aproximation of φ(x) which is the exact solution of general integral
equation (5).
6. ILLUSTRATIVE EXAMPLE
In last section we developed HDMR based technique for solution of linear integral equations
to solve equations (3) and (4) for exact solution bounds ω̄γ (u) and ω γ (u). Here we show one
example of proposed method.
Our problem is one of the simplest control problems, the problem of Unknown coin tossing.
We play hazard game with (two-sided) coin. Only one side is the winning one as usual in such
games. What is more, this coin is unfair and we do not know the pay-off probability of any side.
We do not even know if the result of tossing depends somehow on the coin starting orientation.
Our only, but crucial knowledge is that the pay-off probabilities are fixed, i.e. we still play with
the same coin. The very last note to the rules: we are lazy players, as usual, and therefore we
prefer not to turn coin between subsequent game turns. If the coin fall on tail, for instance, we
will let it be and toss again - if the expected gain of coin turning is low.
Using previous notation have T > 0 as a number of game turns, yt , at ∈ {0, 1} for all t ∈
{1..T } where yt represent observed value (side of coin) and at our action (selected coin side
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before tossing). As the coin is still the same, we can easily define sufficient statistics. For any
P
combination of k, l ∈ {0, 1} let ntk/l ≡ ti=1 δyi ,k δai ,l , then
σ(at , yt−1 , at−1 , ..., y1 , a1 ) = (at , nt0/0 , nt0/1 , nt1/0 , nt1/1 )
It implies form of solution domain V = {0, 1} × {0..T }4 with one important constraint: for
any k, l ∈ {0, 1} we see n0k/l ≡ 0, than in each game turn must occur exactly one of these four
possibilities, therefore nt0/0 + nt0/1 + nt1/0 + nt1/1 = t ≤ T . This is our motivation for usage of
general non-separable weight in HDMR decomposition. It will be the characteristic function of
set realizing this constraint.
By the technique of Bayesian estimation (Kárný et al., 2005) we get the pdf of system model:
ntyt /at + 1
f (yt |v) ≡ f (yt |at , d(t − 1)) = t
n0/at + nt1/at + 2
Now we must express our aims in terms of ideal pdfs. Both are defined over two point discrete
set, therefore each of them is characterized by one scalar constant. Ideal system model express
our aim of achieving just one, winning side of coin (let us say it is the side ”0”). This pdf is
parameterized by  ∈ (0, 1):
bI

f (yt | at , d(t − 1)) ≡

bI

f (yt ) =  δyt ,1 + (1 − ) δyt ,0

Our  is small but nonzero, as support of bIf must coincide with set of observable values. Ideal
user input express our ”laziness” which is parameterized by τ ∈ (−1, 1):
bI

f (at | d(t − 1)) ≡

bI

f (at | yt−1 ) =

1−τ
+ τ δat ,yt−1
2

For τ ≥ 0 it penalize coin turning, τ = 0 means we are coin-turning indifferent and τ ≤ 0
express even our positive fixation on coin-turning.
Take look at equations (3) and (4) we now miss only the formula for kernel function k(u, v). It
could be written this way: for u ≡ (ā, n̄0/0 , n̄0/1 , n̄1/0 , n̄1/1 ) and v ≡ (a, n0/0 , n0/1 , n1/0 , n1/1 )
k(u, v) =

X

Y

δn̄ij ,nij +δy,i δa,j bIf (a | y)f (y | u)

y∈{0,1} i,j∈{0,1}

The rest of work consist mainly from kernel function marginalization and composition of following linear system, which could be easily solved as common problem of numerical mathematics.
7. CONCLUSIONS
We made just few experiments with values T = 10,  = 0.1 and τ = 0.5. The choice of such
a low horizon is determined by need of the exact solution to compare with. Lower and upper
bounds of ωγ seem to be rather good, their maximal difference is only about 30%. Other results
are strange for a first sight, optimal strategy tends to give worse results than its approximation.
Now we can not conclude anything more as this idea is fresh and needs more examination.
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Abstrac: An advanced pattern recognition based supervision algorithm for an indirect
adaptive controller is proposed. It was developed to improve control performance under
certain conditions that are common in the industrial environment, in which indirect
adaptive controllers with simple supervision are known to perform poorly or unreliably.
Specifically, the problem of large invasive unmeasured disturbances of short or longer
duration is addressed. The supervisor is designed recognize such events by analysis of
recent control signals with no additional measurements used. Based on predefined features
and thresholds, it switches to appropriate strategy. This way it prevents model degradation
by learning from misleading data and to maintain acceptable performance under
unfavorable conditions. As an illustration, it has been applied to the control of a model of
a semi-cleanroom HVAC installation subsystem.

1. INTRODUCTION
Adaptive control was introduced to handle processes with varying parameters and it is still the
subject of scientific examination. An adaptive controller adjusts its parameters in order to
retain good performance throughout the varying operating conditions operation. The main
advantages and disadvantages of several common approaches to adaptation are presented in a
survey study [6] and a comprehensive description of adaptive control methods is given in [1].
There are two main types of adaptive controllers:
• indirect adaptive controllers that compute controller parameters based on on-line
identified plant model parameters, and
• direct adaptive controllers that directly update controller parameters from process
signals.
Adaptive controllers are present in industrial applications but are not as widespread as was
once expected. Despite the obvious need for controller self-tuning and adaptation, the
percentage of adaptive controllers remains small due to their complexity and the practical
problems associated with application to specific processes [7], [9].
Available industrial adaptive controllers typically belong to the direct type [4], where the
tuning rules for adaptation of controller parameters are based on features of the process
signals, such as rise-time, overshoot, damping ratio and noise band, determined using
heuristics and pattern recognition techniques [3], [8], [11]. Usually they are pre-configured for
specific applications in order to decrease the complexity of implementation. One comparison
study of such algorithms is given in [7].
Indirect adaptive controllers are not as common as the direct type in industrial use, mostly
because they are less suitable for handling specific problems of practical process operations
and exceptional working conditions. Short unmeasured invasive disturbances are examples of
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situations where most indirect adaptive controllers fail to stop the adaptation and consequently
degrade the model. Several methods of adaptation supervision were developed, such as
conditional start/stop of adaptation, exponential and directional forgetting, leakage and
covariance resetting ([1], p. 465-480; [9]). However, these methods appear to be less effective
and robust in selecting useful signal segments for tuning than pattern recognition based
approaches used by industrial direct adaptive controllers. On the other hand, for certain
industrial applications there is a need for indirect adaptation since it does not require the
special step-like shape of excitation signals, for example in cascade control inner loops.
Related literature on the supervision of adaptive controllers was found, but the issue of
response to short unmeasured invasive disturbances is not elaborated in detail. Comprehensive
work concerning the building of higher-level information and using it for adaptation
supervision is presented in [12]. Expert control is applied to a self-tuning voltage regulator in
a case study [5]. A supervisory scheme for an indirect adaptive controller for fermentation
control is presented by Babuška et al. [2], in which a supervisor based on a state automaton
with a fuzzy rule-based inference system is used. Related approaches are also found in fault
detection and isolation literature [18], [19].
Most supervision algorithms for indirect adaptive controllers only decide whether to update
the model parameters or freeze adaptation based on current data and possibly the state of the
supervisor automaton. This approach extends the decision-making with the detection of events
in the buffer of process signals, using pattern recognition techniques [22] and predefined
expert knowledge about the process. It is able to recognize critical events (e.g. unmeasured
disturbances) from the shape of the signals and react quickly with appropriate action.
The proposed adaptive system consists of a basic adaptive controller, a diagnostic module and
supervision module. The diagnostic module scans the signal buffer, analyzing recent values,
statistics and the transient behavior of the process signals to detect characteristic events. The
supervisor is a finite state machine (FSM) [20], [21]. Based on the calculated features, the
supervisor evaluates the situation in light of predefined knowledge about the characteristic
disturbances. Therefore, the whole adaptive system may be seen as a discrete hybrid
automaton.
For performance illustration, the operation of the system is presented in a simulation casestudy of a heating-ventilating-air conditioning (HVAC) process. Nevertheless, the
phenomenon of short invasive disturbances is common in many industrial processes, and the
approach is essentially not model-specific, so it can be easily modified for other applications.
The outline of the paper is as follows: in Section 2, the model of the HVAC subsystem is
presented. Sections 3 and 4 briefly present a fixed outer cascade loop controller and a basic
adaptive inner loop controller, respectively. Section 5 focuses on the advanced diagnostic and
supervision modules of the adaptive controller. The simulation study in Section 6 compares
control performance with fixed parameters, the basic adaptive controller and the supervised
adaptive controller. Finally, conclusions are given in Section 7.
2. PROCESS DESCRIPTION
The performance of the adaptive system is evaluated on a model of the relevant subsystem of
a semi-cleanroom HVAC installation in Fig. 1.
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Fig. 1. Process scheme.
The model describes the hall heating process using hot air with constant flow ΦmA, which is
defined by the ventilation requirements. The air path starts with the fan blowing air (at
temperature TAin of outside (environmental) air) into the heat exchanger. Heated air at TAout
then flows through the duct (whose length causes a time delay; in reality it also affects the
temperature, which is neglected here) leading to the hall. Finally the air exits the hall at the
outlet. In the heat exchanger, the air is heated by water coming from the heating station with a
mean temperature TWin of 85°C. Two sensors measure hall temperature Thall and hall inlet air
temperature TAout before it enters the hall.
A counter-flow heat exchanger ([15], [16], [17]) is used. Its model is based on the following
equation
P = µ ⋅ ∆Tln ⋅ ATOT
(1)
where P is the heat transfer rate [W], µ the overall heat transfer coefficient [W/m2K], ∆Tln the
logarithmic mean temperature difference [K], and ATOT the total effective heating surface area
[m2].
The logarithmic mean temperature difference is calculated via
∆T − ∆T
∆Tln = 1 ∆T1 2
(2)
ln ∆T2
with
∆T1 = TWin − TAout

∆T2 = TWout − TAin ,

(3)

where:
TAin, TAout are the heat exchanger inlet and outlet air (cold side) temperatures and
TWin, TWout are the heat exchanger inlet and outlet water (hot side) temperatures.
Presuming known hot (water) and cold (air) stream mass flows in the heat-exchanger ΦmW and
ΦmA, respectively, the output temperatures are calculated from the power transfer equation
P = (Tin − Tout ) ⋅ Φ m ⋅ c p ,
(4)
yielding
TAout = TAin +

(TWin − TWout ) ⋅ Φ mW ⋅ c pW

.

(5)

The water flow ΦmW is set by the valve position u and the relation
Φ mW = u ⋅ Φ mW , max ,

(6)

Φ mA ⋅ c pA

where the range of u is from 0 to 1. The hall heating model is represented by
dThall
dt

=

(TAout − Thall ) ⋅ Φ mA ⋅ c pA − (Thall − Toutside ) ⋅ Gth ,

(7)

C th

where Thall is the hall temperature, Toutside the outside air temperature, m the mass of air in the
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hall, cpA the heat capacity of the air, Cth the thermal capacity of the hall and Gth the thermal
conductivity of the hall walls.
The nature of the process is time-varying and non-linear. The process dynamics can be
divided into two parts: the faster – heating of the hall inlet air by water, and the slower –
heating of the hall by the hall inlet air. A cascade control scheme is used. The outer loop
controls the temperature of the hall by setting a reference for the hall inlet air temperature. The
latter is controlled in the inner loop by the heating water flow valve. In the inner loop,
adaptive control is applied with the purpose of achieving efficient control over a wide range of
operating conditions and reducing the effect of disturbances as quickly as possible.
Two types of external influence on local process dynamics must be considered. Firstly, there
are several gradually changing parameters that are considered as regular, and the controller is
expected to adapt to them. Two of them are considered in the model:
• outside air temperature (daily and yearly cycle, noise)
• heating water temperature (small step changes represent switching on/off of other
systems connected to the heating station).
The second type is short invasive disturbances. In this process, such disturbances are caused
by temporary cut-outs of the heating station, which is a common problem due to switching of
another large consumer of heat. These disturbances have large amplitudes but short duration
and require special treatment in order to minimize deviation from the set-point and the
degradation of model parameters in the adaptive controller.
3. OUTER LOOP CONTROLLER
The hall temperature is controlled using a constant continuous-time PI (proportional-integral)
controller (proportional gain K = 2.2, integral constant Ti = 2.75). The controller reads the
room temperature sensor and sets a reference temperature for the air blown into the hall. This
temperature represents the set-point for the inner heat exchanger loop. The outer loop
controller also includes an anti-windup function [14]. The control scheme is given in Fig. 2.
Estimation
& tuning
Supervision
Buffer update
& diagnostics

reference

Outer loop
Controller

uouter

Inner loop
Controller

uinner

Heat
exchanger

yinner

Hall
heating

youter

Fig. 2. Scheme of supervision and adaptation modules applied to the inner loop controller
4. INNER LOOP CONTROLLER – BASIC INDIRECT ADAPTIVE CONTROL
In the inner loop, a P controller is used. The integral term is omitted for the sake of simplicity,
because offset-free tracking is not required in the inner loop, since it is provided in the outer
loop controller. Due to the presence of noise, the use of the derivative term is not in place.
A. Identification and controller tuning
A standard recursive least-squares (RLS) method is used for estimation of the model
parameters from on-line data [10]. After a thorough examination, the structure of a first order
model with offset and predefined time delay was selected, due to the nonlinear nature of the
process.
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The RLS estimator is executed as follows:
Ψ = [u (k )
K=

y (k − 1 − d ) 1]

P⋅Ψ

(λ + Ψ ' PΨ )

,

(8)

ϑ (k + 1) = ϑ (k ) + K ( y − Ψ '⋅ϑ )
P(k + 1) =

(I − KΨ ')P
λ

where Ψ is the regressor vector, P the covariance matrix, K the correction factor, and θ the
vector of estimated parameters. Basic supervision of adaptation is employed: if the freshly
updated model parameters are outside specified limits (unstable, too high or negative gain),
then the last good θ and P are retained. Sufficient excitation is provided by the outer loop.
Based on the estimated parameters, the inner loop proportional gain is tuned using the
Magnitude Optimum Multiple Integration (MOMI) method [13] (PI or PID tuning would also
be possible). To prevent the rapid change of controller parameters, the tuned controller
parameters are passed to the controller through a low-pass filter.
5. INNER LOOP CONTROLLER – DIAGNOSTICS AND SUPERVISION
A. Diagnostic module
The function of this module is to gather as much information as possible from the process
signals. It maintains a memory buffer of the recent values of the process signals (reference r,
process input u and output y); see Fig. 2. Its length is set so that it includes approximately 5–
10 dominant time constants of the process. The module examines the buffer and calculates
certain signal features, listed in Table 1. At the end their values are compared to prescribed
thresholds and converted to logic variables for the decision-making procedures in Table 2.
TABLE 1
SIGNAL FEATURES PREPARED BY THE DIAGNOSTIC MODULE

TABLE 2
LOGIC VARIABLES CALCULATED FROM THE FEATURES FOR AUTOMATON STATE TRANSITION
CONDITIONS
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Since a P controller is used, efficient supervision is even more difficult because the steadystate offset is not eliminated. Therefore, the calculation of the moving average (MA) of the
error was introduced to evaluate process condition, as the error value alone is not relevant.
The MA of the control error signal stays within limits during slow changes due to adaptation,
while it changes considerably in a more radical change of the environment.
B. Supervision module
This module monitors controller operation and controls the adaptation of model parameters in
order to retain good performance in spite of imperfect conditions for adaptation. It is
structured as an FSM that changes between modes of operation based on performance analysis
logic signals from the diagnostic module and a table of expert rules.
Signs of short disturbance can be read from the data in the closed loop. Several test statements
were made to distinguish invasive disturbances from regular conditions:
• change of y is fast and large enough
• change in u follows after a change of y
• u changes in the opposite direction of y with almost no lag – compensates for the
disturbance (presuming a minimum-phase process with positive gain)
• u comes into saturation.
When an invasive disturbance is recognized, the adaptation of model parameters is stopped
until the disturbance is over. By design the controller and the actuator are not required to
maintain control performance under such conditions. It is important to retain control as soon
as possible after the disturbance stops. In case of a short invasive disturbance, this is best
achieved by continuing operation from the last set of model parameters. If the disturbance
remains present for a longer time, a reset of model parameters and covariance is required.
The FSM consists of four states, summarizing the process operating conditions. In these
states different types of control are executed as shown in Table 3.
TABLE 3
FSM STATES AND CONTROL MODES

The states, and possible (admissible) transitions between them, are shown in the hybrid
automaton state graph in Fig. 3. In case of disturbance, the supervisor switches from an
operational (1) to a disturbance-wait state (3) for a short time. There, the estimator and
consequently controller parameters are held and no checking is performed. After a defined
amount of time the automaton switches to state 4 (estimation and tuning still held), where it
waits until all signals return to near-normal values before it switches back to normal
operation. If control performance degrades, the estimator covariance is reset at the switch to
speed up controller retuning.
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Fig. 3. Transition diagram of the finite state machine (FSM) and control modes.
6. SIMULATION STUDY
Three different types of inner loop controllers were compared: a fixed P-controller, a
conventional indirect adaptive P controller (with basic supervision only) and an adaptive
controller with advanced supervision. The model described in Section 2 was used. The sample
time was 36 s.
First the comparison of both adaptive controllers and the fixed controller under the influence
of the gradually changing environment is shown across a longer time interval. Time plots of
outside temperature and heating water temperature are shown in Fig. 4.
Heat−exchanger Air (TAin − gray) and Water (TWin − black) input temperatures

T [°C]

100

50

0
0

1

2

3

4

5
6
time [days]

7

8

9

10

Fig. 4. Inputs to the heat exchanger representing disturbances
Fig. 5 of the fixed controller indicates that the process parameters change considerably during
process operation. While controller output uinner is sluggish at the beginning of the simulation,
it becomes oscillatory towards the end of the simulation. The estimated process gain (K) rises
from 50 at the beginning towards 300 at the end of simulation and the estimated time constant
(τ) from 15 to almost 100.
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Fig. 5. Simulation using a fixed-gain controller in the inner loop.
The adaptive controller in Fig. 6 lowers its gain over time and provides more uniform
performance over the whole range of operation. Aside from the visible difference, the measure
I was used to evaluate control performance.
2
(9)
I = ∑ (router (k ) − y outer (k )) 2 + w ⋅ ∆u inner (k ) .
k

[

]

The measure I comprises a sum of squared outer loop tracking errors and a weighted sum of
squared changes of the inner loop actuator signal uinner(k), where w = 100 is a weighing factor.
The results are Ifixed P, 1 = 13170 and Iadv_superv, 1 = 12796.
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Fig. 6. Plots of simulation using a basic adaptive controller.
The second set of experiments in Fig. 7 is focused on a shorter time interval to test the ability
of the two adaptive controllers to overcome short invasive disturbances. At time 0.9 day, a
short drop in the temperature of the heating water supply appears (Fig. 7 d). The adaptive
controller with advanced supervision (black line) freezes adaptation under inappropriate
conditions and restores normal operation immediately after the signals settle to near-normal
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working conditions in less than 0.3 day. The adaptive controller with basic supervision (grey
line) continues adaptation during the presence of the disturbance, which results in model
degradation and a rise of controller gain lasting over 1 day. The performance measure I results
for this test are: Ibasic adapt, 2 = 7554, Iadv_adapt, 2 = 5918.

Thall [ oC]

24

20

a)

16
uinner

1

basic adapt.
superv. adapt.

0.5

b)

0
p

0.03
K

c)
0.01

TWin [°C]

100
d)

50
0

0

0.5

1

1.5

2

2.5

time [days]

Fig. 7. a) Outer loop set-point and response to short invasive disturbance for the adaptive
controller (gray line) and supervised AC (black line), b) Inner loop actuator signal, c) Inner
loop controller gain, d) Disturbance: temperature of heat exchanger hot water input TWin.
The next test in Fig. 8 shows the performance comparison of the two adaptive controllers in
the case of an invasive disturbance of longer duration, starting at 0.5 day. The basic adaptive
controller adapts the parameters relatively slowly, which results in some performance
degradation for 1.6 day. The supervised adaptive controller recognizes the disturbance from
the rapidly rising MA of the inner loop error signal, although the actuator does not saturate.
Then, it waits until TAout returns close to the set-point. Since the error MA is above the
specified threshold, the supervisor resets the covariance matrix P, allowing the estimator to
obtain new parameters in less than 0.5 day. The comparison of the cost function I shows: Ibasic
adapt, 3 = 6429, Iadv_adapt, 3 =4839.
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7. CONCLUSION
In this paper, an advanced algorithm for indirect adaptation supervision based on pattern
recognition was described. The simulation study on an HVAC installation subsystem model
shows that the supervised adaptive controller is able to cope with time-varying and nonlinear
conditions as well as the invasive disturbances which are characteristic for the process.
Comparisons made for three typical scenarios show that the supervised adaptive controller
performs better than the basic adaptive controller and the controller with fixed parameters.
The advanced supervisor successfully prevented estimator model degradation in the case of a
short invasive disturbance and facilitated rapid learning after a change of the operating point.
As is typical in adaptive control practice, considerable performance improvements are
achieved by tailoring the supervision system to the needs of the particular process, which
requires a great deal of expert knowledge and time. However, the solutions presented are
useful for a wider range of industrial control problems where invasive disturbances are present
(massive load changes, temporarily unreliable measurements, etc.). Furthermore, the analysis
is based on examining control signals r, u and y only, without the need for first-principles
process modelling and additional measurements.
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Abstract: The traditional way of controlling urban traffic is using centralised control approaches: There is a single control centre where decisions are made about the traffic control in the whole urban area. Currently, this paradigm is shifting towards more decentralised hierarchical approaches with smaller control centres serving sub-regions of the
intersection network in a city. The paper reviews possible directions of future development in this area, which are the use of distributed or multi-agent systems in the form of
peer-to-peer networks of decision-makers.
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1. INTRODUCTION
Many current urban traffic control (UTC) strategies make use of vehicle actuated signal switching to improve throughput of single intersections. While this method significantly outperforms
fixed signal control, the conflicting preferences of particular intersections present a major challenge in case of coordinated control of a larger traffic network. A traditional way of coping
with this problem is the use of centralised control strategies where a single macro-controller
limits the autonomy of intersection controllers.
A more scalable and flexible scheme is based on distributed control, where intersections are
represented by intelligent agents that mutually cooperate in order to reach an optimum traffic
state. A first attempt for real-world deployment of agent-based decision-making application
was probably the distributed decision support system installed in Barcelona (Ossowski et al.
1998). While it provided support for traffic management at urban motorways and at several
critical approaches to the city, it was not used for traffic control in the inner city.
Control strategy can be also devised by playing a distributed stochastic game between agents
(Camponogara and Kraus Jr 2003). This technique makes use of reinforcement learning to find
an globally optimal policy which maps observed states to control actions. At least for a simple
simulation scenario it gives very promising results.
Most of the presented systems use agents as impersonation for an intersection or even a group
of intersections. Some approaches, however, use even finer granularity and place agents at individual signal groups at an intersection (Kosonen 2003). These agents then negotiate optimum
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signal plan setting for the intersection, given the constrains from other signal group agents at
the intersection and constraints imposed by neighbouring intersections.
The most advanced example of an agent coordination strategy based on distributed evolutionary
game models different variants of traffic control policies and offers them to a traffic manager
(Bazzan 2005).
While all the methods presented above address one very important issue of urban traffic control, namely the uncertainty between causes and actions that is present in the system, the communication between agents is closely related to the physical construction of the underlying
intersection controllers. A different approach is proposed by the Bayesian Agents (Šmı́dl and
Přikryl 2006) where every agent describes the whole intersection (traffic model, control aims,
control actions) in form of probability density functions. In such a way, agents cooperate by
exchanging their “wishes” as pdfs and the task of devising an optimum control strategy can be
represented by the merging operation.
2. COOPERATION MECHANISMS
We will review three basic cooperation mechanisms used for distributed urban traffic control
approaches. Section 2.1 presents an overview of game-theoretic methods in traffic control, the
following Section 2.2 shows an interesting signal plan negotiation method using fuzzy agents.
The overview ends by presentation of a Bayesian approach to negotiation in Section 2.3.
2.1 Distributed games
Many researchers fell that game theory is a powerful means of negotiation between isolated
agents. In game-theoretic approaches, game participants learn their optimum strategy by observing the actions of other players, which leads to an equilibrium state where all players receive maximum possible payoffs. In a similar way, an agent will learn its optimum behaviour
by observing interactions in which it is involved.
The main problem of the below mentioned methods is that they do not guarantee that a globally
optimal equilibrium state will be found. In traffic control, two methods have been used to avoid
the non-optimal equilibria:
• Stochastic games (Q-learning)
• Evolutionary games
Let us now look at both approaches in more detail.
Stochastic games (Q-learning) present a reinforcement learning technique which is able to
compare the expected utility of actions without requiring a model of the environment. This
makes the
The learning process works by estimating the values of state-action pairs. It is governed by
function Q(st , at ) which describes the utility of selecting action at at time t from a set of
possible actions a∗ , given the current state st ,
Q(st , at ) ← Q(st , at ) + α · [rt+1 + φ · max∗ Q(st+1 , a) − Q(st , at )].
a∈a
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Here, rt is the reward read from the environment, α ∈ h0, 1i is the learning rate, and φ ∈ h0, 1i
is the discount rate which specifies if the agent prefers immediate rewards (φ closer to zero) or
if it considers long-term payoff of its actions (φ closer to one).
The traffic control application (Camponogara and Kraus Jr 2003) simulated a simple scenario
on two intersections connected over a single arm. The quality of the control was expressed by
total waiting time of a vehicle.
Four scenarios were considered:
• Random policy – random selection of a signal at every intersection. The results were used
as the ground truth for comparing other methods, which is quite unrealistic (it would be
fair to use a fixed control scenario).
• Best effort – a control policy discharging the longest queue. This prefers the directions
with maximum traffic intensity and blocks conflicting flows.
• One Q-learning, one random – in this case maximum 18% gain over the random policy
was reached.
• Both Q-learning – if both agents devise their strategy using Q-learning, approximately
40% gain over random policy can be reached.
The agents are isolated, they do not have possibilities to influence each other directly, but
as they can observe the full state of the system, the optimum policy is created in an indirect
way by converging to a stable strategy for given state st . The best effort policy significantly
outperforms Q-learning for low traffic intensities where queues can be discharged quickly. As
the traffic intensity grows and the system moved towards saturated conditions, the Q-learning
process clearly wins.
Evolutionary games are inspired by evolutionary algorithms which are used to find solutions
for computationally demanding problems by simulation of reproduction and mutation of small
genetic entities. In order to avoid non-optimum equilibria, all players search for an evolutionary
stable strategy, that is, a strategy of the whole population that cannot be beaten by some other
mutation.
In the evolutionary traffic control approach (Bazzan 2005) the play game with the aim to minimise the number of cars on their inputs. The evolutionary stable strategy is constructed through
payoff analysis and a particular strategy is chosen by extrapolating moves from the past.
The sketch of the approach is presented in Figure 1. The aim of the methods is to create a “green
wave” at an arterial by selecting a unique signal plan from a predesigned set of signal plans
a∗ . Players are not informed about strategies played in their neighborhood, the convergence
follows from the genetic nature of the algorithm. However, as with all genetic algorithms, the
convergence is not guaranteed.
The method does not take into account external disturbances (like traffic accidents, or platoons)
and these cause problems. Also, the conflicting traffic flows may get delayed quite a lot.
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Fig. 1: Signal plan selection at an arterial using distributed game-theoretoc reasoning. Reproduced from
Bazzan (2005).

Fig. 2: Signal coordination at a single intersection. Reproduced from Kosonen (2003).

2.2 Fuzzy reasoning
The fuzzy control approach is based on the fact that traffic control has been in general controlled by rules, which makes fuzzy rule-based signal control a plausible choice. Membership
functions can be used to define such terms like “short-queue” and “long-queue” by means of
fuzzy logic. These functions can be then used to describe the current situation to other agents,
hence creating a distributed multi-agent signal controller.
The approach we will discuss here (Kosonen 2003) is slightly different from other distributed
traffic control methods as it uses signal group agents impersonating particular parts of a signal
plan at an intersection that negotiate through fuzzy inference whether to extend or terminate the
active green signal and which signal shall be selected next (see Figure 2). The advantage of this
approach is that there are no fixed stages, and any reasonable phase picture can be formed as
needed. The inherent disadvantage is the difficulty to synchronise neighbouring intersections.
The signal group agents negotiate a control strategy that takes care of several objectives: safety
(providing plausible inter-green lengths), equality (each direction will get a possibility to go
green, this is a variant of a phase ring), adequate timing, and transition minimisation (an optimal
rest state of the intersection).
The fuzzy control has been also applied by the same author to area control. In that case a
microsimulator is used to predict traffic states and the fuzzy control is used just to negotiate
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Fig. 3: Signal coordiation of a microregion. Reproduced from Kosonen (2003).
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Fig. 4: Signal coordination between a pair of Bayesian traffic agents. Reproduced from Šmı́dl and
Přikryl (2005).

downlink green extension (see Figure 3). The main problem of the approach is the need to
resolve conflicts caused by conflicting traffic flows. The method also does not provide the
possibility of an intersection to shorten the uplink green signals in case of a traffic jam.
2.3 Bayesian agents
Surface traffic in dense urban areas is a typical example of a system with both strong presence
of uncertainty, and the need for decentralized controllers. It has been shown by Šmı́dl and
Přikryl (2006) that Bayesian distributed control can be used to address this problem using an
existing model of traffic flow.
The traffic flow is modelled using a particle flow model, where the state θt consists of the queue
lengths ξt and some extra entries. The probabilistic version of the model can be written as:
f (Θt |Θt−1 , ut−1 , y[in],t−1 ) = tN (At Θt−1 + Bt ut−1 , Qt , h0, Θmax i),
f (y[out],t |Θt , ut , y[in],t−1 ) = tN (Ct Θt + Dt ut , Rt , h0, ymax i).
where tN (µ, V, hxmin , xmax i) is the truncated Gaussian distribution.
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The global aim of this traffic control approach is to minimize the total time spend by cars in
the network by minimization of the waiting queues ξt while maximizing the output intensities
I[out],t . This gives the following ideal distributions on queue length and outputs, that every
traffic agent aims for:
I

f (ξt ) = tN (0, Vξ , h0, ξmax i),


I

D

f (I[out],t |ξt ) = tN I[out],max , VI[out] , 0, I[out],max

E

Since the maximization of outgoing intensities may be counterproductive if the neighbouring
agent is facing a congestion, each agent also formulates its ideal pdf on its incoming intensities,
I[in],t and negotiates it with its negihbours:
I



D

f (I[in],t |ξt ) = tN Iw (ξt ) , VI[in] , 0, I[in],max

E

The negotiation process is implemented as the classical algorithm of probability density function merging.
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Ossowski, Sascha, José Cuena and Ana Garcı́a-Serrano (1998). A case of multiagent decission support: Using autonomous agents for urban traffic control. In: Proceedings of IBERAMIA’98 (Helder
Coelho, Ed.). Vol. 1484 of Lecture Notes in Artificial Intelligence. Springer-Verlag. pp. 100–111.
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Abstract: The paper deals with an active change detection problem in a stochastic discretetime linear multiple model framework. An active detector decides on changes in an observed system and also generates an auxiliary input signal that should improve change
detection. Design of the optimal active detector is formulated as minimization of an appropriate criterion. The general solution is obtained using Bellman’s principle of optimality. The main contribution of the paper is an analysis of active change detection in case of
two scalar models and detection horizon of two steps. It is shown that the auxiliary input
signal can improve change detection only if two models differ in certain parameters.
Keywords: Active change detection, input signal design, Optimization

1. INTRODUCTION
A change detection problem arises in many practical applications, ranging from the time series
analysis to the fault detection in industrial processes. Its importance is still growing and the
availability of faster computers allows to use advanced approaches to detector design.
In general, the aim is to design a detector that provides information about changes in the observed system. There are many design approaches, but stress will be laid on the model-based
approach, where detector design is based on a given model of the observed system. Detectors
can be divided on passive and active detectors. Passive detectors use measurements to decide
on changes without influencing the observed system. More advanced detectors are called active
because they generate an auxiliary input that improves change detection.
The observed system is usually described by a multiple model in known approaches to the
active change detection problem. Stochastic discrete-time linear Gaussian models and the sequential probability ratio test (SPRT) are considered in (Zhang, 1989). Firstly, only two models
are considered and the SPRT is used to detect a change. The auxiliary input signal is designed
to optimize a selected property of the SPRT, namely the average sampling number (ASN) and
the probability of a wrong decision. In the case of more than two models the SPRT must be
modified (extended SPRT) to accommodate such situation. The extended SPRT is not optimal
and design of the auxiliary input signal is based on minimization of the weighted sum of the
criteria, where the weights are given by belief that the observed system will behave according
to particular model after the change. This leads to the auxiliary input signal that can increase
the probability of a wrong decision.
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Another approach uses a deterministic multiple model and disturbances are modelled as signals
bounded in their amplitude or energy (Nikoukhah, 1998). It is considered that system behavior
does not change during a test period and the membership approach is used to determine the
valid model. The aim is to find the auxiliary input signal that allows to surely determine the
valid model at time of the test period. If such auxiliary input signal exist then the detector
provides exact information about current behavior of the observed system. Unfortunately, it is
not possible to guarantee that system behavior does not change during the test period.
In (Kerestecioğlu, 1993) an attempt to provide more general active change detection formulation was presented. The active detector was designed by minimization of a criterion that
penalizes a terminal decision and the cost of all measurements needed to take this decision.
The similar idea was also presented in (Šimandl and Herejt, 2003). A solution for the case,
where the auxiliary input signal depends on the decision was elaborated deeply using three information processing strategies (IPS’s), namely open loop, open loop feedback and closed loop
strategy. The solutions obtained using these three IPS were related to solutions obtained using
approaches that are well-known in change detection field. Further extensions of the idea are
summarized in (Šimandl and Punčochář, 2006).
This paper presents an analysis of the active change detection problem. The goal is to discuss
the influence of the auxiliary input signal on change detection in dependence on the difference
between models. Only two scalar Gaussian models are considered in this analysis because a
general analysis would be too difficult to perform. Firstly, the change detection problem for this
special case is formulated and the solution for the detection horizon F = 1 is presented. A state
estimation problem is briefly mentioned and then the analysis is provided. The improvement
in change detection depends on the amplitude of the auxiliary input signal and the differences
between corresponding parameters of two models. It is shown that some parameter differences
are important and if these differences are zeros than the auxiliary input signal can not lead to
better decisions.
The paper is organized as follows. Section 2 is devoted to the formulation of the active change
detection problem. The observed system, the general form of the active detector and an additive
criterion are described. The general solution based on the dynamic programming and a brief
description of the state estimation problem are presented in Section 3. Section 4 is focused on
the analysis of the active change detection. The last Section 5 provides a conclusion.
2. PROBLEM FORMULATION
The change detection problem is considered on the finite detection horizon F and the observed
system is described at each time step k ∈ T = {0, 1, . . . , F } by the linear Gaussian model in
the state space form
xk+1 = A (µk ) xk + B (µk ) uk + G (µk ) wk ,
yk = C (µk ) xk + H (µk ) vk ,

(1)

where xk ∈ Rnx is the immeasurable state of the system, uk ∈ Uk ⊆ Rnu and yk ∈ Rny denote
input and output of the system, respectively. The noises wk ∈ Rnw and vk ∈ Rnv are mutually
independent white Gaussian sequences with zero-mean and identity covariance matrices. The
initial condition of the state x0 is independent of the noises and it has also Gaussian probability
0
. The scalar discrete
density function (pdf) with mean value x00 and covariance matrix Px,0
immeasurable variable µk ∈ M = {1, . . . , N } denotes the model, which is valid at time step
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k. The set M is given in advance and the known matrices A (µk ), B (µk ), C (µk ), G (µk ) and
H (µk ) have appropriate dimensions. The switching between models is described by transition
probabilities Pi,j = P (µk+1 = j|µk = i) and initial condition of the model is given by the
known probability P (µ0 ).
The aim of active detection is to determine the true model and the auxiliary input signal at
each time step. The active detector should be a causal system. It means that the active detector
can use only information obtained up to the current time step. The general form of the active
detector for each time step k ∈ T is the following
·
¸
¡ ¢
dk
= ρk Ik0 ,
(2)
uk
where ρk is unknown vector function describing the active detector. The decision dk ∈ M is a
point estimate of the variable µk and all available information received up to the time step k is
h
iT
T
T
k−1 T
,
d
. Note that the time sequence of a variable from time step
denoted Ik0 = y0k , uk−1
0
0
£
¤T
i to time step j, where i, j ∈ T , i < j is denoted as yij = yiT , . . . , yjT .
The active detector should make as less as possible wrong decisions. This request is expressed
by the additive criterion over whole detection horizon F
)
( F
X
L (dk , µk ) → min,
(3)
J(ρF0 ) = E
k=0

where E {·} is expectation operator and L (dk , µk ) is a cost function satisfying
∀i, j ∈ M : L (i, i) < L (i, j) .

(4)

The cost function is chosen by the designer and it should respect real costs connected with
wrong decisions. If these costs are known exactly, then proposed design provides the active
detector that minimizes average costs over whole detection horizon. It should be noted that
this formulation of the active change detection problem is very similar to the formulation of the
optimal stochastic control.
3. ACTIVE DETECTOR DESIGN
The goal is to find the active detector (2) minimizing the additive criterion (3) given the constraints (1). The solution can be obtained using Bellman’s principle of optimality, which leads
to the well-known dynamic programming. The general backward recursive equation for time
steps k = F, F − 1, . . . , 0 is
ª
¡ ¢
©
¡ k+1 ¢ k
∗
(5)
I0
|I0 , uk , dk ,
Vk∗ Ik0 = min E L (dk , µk ) + Vk+1
dk ∈M

uk ∈Uk

¡ ¢
where E {·|·} is the conditional expectation operator and the Bellman function Vk∗ Ik0 represents the minimum of the conditional mean value of the current and future costs. The initial
condition for backward
recursive
equation is VF∗+1 = 0 and the value of the criterion can be
¢
¡
∗
expressed as J ∗ = J ρF0 = E {V0∗ (I0 )}.
¢
¢
¡
¡
It is obvious that the conditional probability P µk |Ik0 , uk , dk and the pdf p yk+1 |Ik0 , uk , dk
are needed to evaluate the recursive equation (5) at each time step k. Using properties of the
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system (1) it is possible to write the following identities
¡
¢
¡
¢
P µk |Ik0 , uk , dk = P µk |y0k , uk−1
,
0
¢
¡
¢
¡
k
k
k
p yk+1 |I0 , uk , dk = p yk+1 |y0 , u0 .

(6)

Then the recursive equation (5) can be modified in the following¡way.
¡ k using
¢ Firstly,
¢identik−1
∗
k
∗
ties (6) it can be easily shown that the Bellman function satisfies Vk I0 = Vk y0 , u0
, ∀k ∈
T . Further, the conditional mean value of the cost function L(dk , µk ) is independent of the input
signal uk and the conditional mean value of the Bellman function Vk+1 (y0k+1 , uk0 ) is independent of the decision dk . Now, it is obvious that the backward recursive equation (5) can be
rewritten as
¡
¢
©
ª
Vk∗ y0k , uk−1
= min E L (dk , µk ) |y0k , uk−1
0
0 , dk +
dk ∈M
© ∗ ¡ k+1 k ¢ k k ª
(7)
min E Vk+1
y0 , u0 |y0 , u0 .
uk ∈Uk

The optimal decision d∗k and the optimal auxiliary input signal u∗k are
©
ª
d∗k = arg min E L (dk , µk ) |y0k , uk−1
0 , dk ,
dk ∈M
© ∗ ¡ k+1 k ¢ k k ª
∗
uk = arg min E Vk+1
y0 , u0 |y0 , u0 .
uk ∈Uk

(8)
(9)

Hence, the active detector consists of two independent parts, the optimal detector and the optimal input signal generator.
The state estimation
and output
prediction problem will be briefly discussed. The conditional
¡
¢
k−1
k
probability P µk |y0 , u0
can be expressed as
X ¡
¡
¢ X
¢ X ¡ k k k−1 ¢
P µk |y0k , uk−1
=
...
P µk0 |y0k , uk−1
=
P µ0 |y0 , u0
,
(10)
0
0
µ0

µk−1

µk−1
0

where µk0 is the model sequence and its conditional probability can be recursively computed
using the equation
¡
¢
¡ k−1 k−1 k−2 ¢
k
¡ k k k−1 ¢ p yk |y0k−1 , uk−1
0 , µ0 P (µk |µk−1 ) P µ0 |y0 , u0
¡
¢
P µ0 |y0 , u0
=
.
(11)
p yk |y0k−1 , uk−1
0
¡
¢
The pdf p yk |y0k−1 , uk−1
is only normalization constant independent of the model sequence
0
¢
¡
and the probability P µk−1
|y0k−1 , uk−2
is known from previous time step. The predictive pdf
0
0
¡ k+1 k k ¢
p y0 |y0 , u0 can be written as
¢
¢
¡
¢ X ¡
¡
.
(12)
P (µk+1 |µk ) P µk0 |y0k , uk−1
p yk+1 |y0k , uk0 , µk+1
p y0k+1 |y0k , uk0 =
0
0
µk+1
0

¢
¡
k
In general, the predictive pdf’s p yk |y0k−1 , uk−1
0 , µ0 have to be known to evaluate the equations (11) and (12). These predictive pdf’s can be computed easily, because given the model
sequence µk+1
it is possible to use standard Kalman filter to find the predictive pdf of the output
0
yk+1 and the pdf of the state xk at each time step k. The number of needed Kalman filters grows
exponentially with time according to N k+1 , but this issue will not be discussed in this article.
There are some approaches dealing with this problem, see e.g. (Boers and Driessen, 2005) for
more information and references.
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4. ANALYSIS OF ACTIVE DETECTION FOR TWO SCALAR MODELS
The general analysis of the active change detection problem would be too complex. Therefore,
the case of two scalar models and the detection horizon F = 1 is analyzed. At each time step
k ∈ T = {0, 1} the system is described by one of the following model
µk = 1 : xk+1
yk
µk = 2 : xk+1
yk

=
=
=
=

a(1)xk + b(1)uk + g(1)wk
c(1)xk + h(1)vk
a(2)xk + b(2)uk + g(2)wk
c(2)xk + h(2)vk

(13)
(14)

The cost function is chosen in the following form
L (dk , µk ) = 0
L (dk , µk ) = 1

⇐⇒
⇐⇒

µk = dk ,
µk 6= dk .

(15)

This cost function leads to the decision dk that is the point estimate of the variables µk in the
maximum a posteriori probability sense.
Firstly, the backward recursive equation will be presented. Considering the initial condition
V2∗ = 0 the Bellman function at time step k = 1 is
X
¡
¢
¡
¢
V1∗ y01 , u0 = min
L (d1 , µ1 ) P µ1 |y01 , u0 =
d1 ∈M

µ1

£ ¡
¢
¡
¢¤
min P µ1 = 1|y01 , u0 , P µ1 = 2|y01 , u0 ,

(16)

where the function min[·, ·] returns the minimum value of two input arguments. The optimal
decision d∗1 is exactly given by the minimization, but the optimal input signal u∗1 is not determined. This is caused by the fact that the input signal u1 can not influence the output of the
system on the considered detection horizon. Thus, the input u1 can take an arbitrary value from
the subset U1 . The Bellman function at time step k = 0 is
X
V0∗ (y0 ) = min
L (d0 , µ0 ) P (µ0 |y0 ) +
d0 ∈M

min

u0 ∈U0

µ

Z0

¡
¢
V1∗ y01 , u0 p (y1 |y0 , u0 ) dy1 .

(17)

In this case, both the optimal decision d∗0 and optimal input signal u∗0 are determined as arguments of corresponding minimizations.
The question is how the input signal u0 influences the value of the criterion J or equivalently the
conditional mean value of the Bellman function V1∗ (y01 , u0 ). By subsequent substitution (16),
(10) and (11) into (17) and after cancellation out common terms the second term of the sum
in (17) can be written as
"
Z
X
min min
p (y1 |y0 , u0 , µ0 , µ1 = 1) P (µ1 = 1|µ0 ) P (µ0 |y0 ) ,
u0 ∈U0

µ0 ∈M

X

#
p (y1 |y0 , u0 , µ0 , µ1 = 2) P (µ1 = 2|µ0 ) P (µ0 |y0 ) dy1 .

µ0 ∈M
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(18)

Given the fixed input u0 the both arguments of inner minimization in the above expression
are two terms weighted Gaussian sums with respect to the variable y1 . Considering standard
Kalman filter it is obvious that the input signal u0 influences only mean values of the pdf’s
p (y1 |y0 , u0 , µ10 ) = N {mµ0 ,µ1 , Cµ0 ,µ1 }, µ10 ∈ M × M. The relations for computing these
mean values are given in Table 1, where the columns corresponds to the Gaussian sums and
x̂0 (1), x̂0 (2) are the state estimates obtained from Kalman filter for situations µ0 = 1 and
µ0 = 2, respectively. Considering the expression (18) it is clear that the optimal input signal
¡
¢
Table 1: Mean values of the predictive pdf’s p y1 |y0 , u0 , µ10

µ1 = 1
µ1 = 2
µ0 = 1 m1,1 = c(1)a(1)x̂0 (1)+c(1)b(1)u0 m1,2 = c(2)a(1)x̂0 (1)+c(2)b(1)u0
µ0 = 2 m2,1 = c(1)a(2)x̂0 (2)+c(1)b(2)u0 m2,2 = c(2)a(2)x̂0 (2)+c(2)b(2)u0
u∗0 minimizes an area under function that is given as minimum of the Gaussian sums, see
Figure 1. This area is determined by overlap between the Gaussian sums. It leads to the
general conclusion that the optimal input signal u∗0 moves the Gaussian sums apart as much
as possible. The important question is how the differences between parameters of the models
influence the active change detection. In the following four cases only the relevant parameters
will be considered and conclusions are based directly on expressions in Table 1.
• The parameters of the models satisfy a(1) = a(2), b(1) = b(2), c(1) = c(2). All
differences between mean values m1,1 , m1,2 , m2,1 and m2,2 are independent of input
signal u0 . Thus, the input signal can not improve change detection.
• The parameters of the models satisfy a(1) 6= a(2), b(1) = b(2), c(1) = c(2). Again,
the input signal can not improve change detection because the differences between mean
values are not functions of the input signal. If a longer detection horizon is considered
then input signal can improve change detection.
• The parameters of the models satisfy a(1) = a(2), b(1) 6= b(2), c(1) = c(2). The
differences m1,1 − m1,2 and m2,1 − m2,2 are zero. It means that mean values of the first
Gaussian sum are the same as mean values of the second Gaussian sum. There are two
subcases.
– It holds that h(1) = h(2) andP (µ1 = i|µ0 ) = P (µ1 = j|µ0 ) ∀i, j, µ0 ∈ M : i 6= j.
In this case the both Gaussian sums are exactly the same functions of the output y1
and the input signal u0 . Hence the overlap is whole Gaussian sum and this overlap
does not change in dependence on the input signal. Hence input signal can not
improve change detection.
– In other cases the input signal can improve change detection because of differences
between Gaussian sums. If the input signal tends to infinity then the distance between mean values of the first and second Gaussian sum tends to infinity. However,
the overlap of Gaussian sums does not tends to the zero but to a value that depends
on the parameters of both models. Thus, even infinity input signal can not guarantee
that the optimal decision d∗1 will be almost surely right.
• The parameters of the models satisfy a(1) = a(2), b(1) = b(2), c(1) 6= c(2). The
shape of both Gaussian sums is independent of the input signal but their relative position
depends on the input signal. Hence, the input signal can improve change detection. If
the infinity input signal is used then the overlap between Gaussian sums tends to zero. It
means that the optimal decision d∗1 will be almost surely right.
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Fig. 1: Gaussian sums: (..) Gaussian sum for µ1 = 1, (.-) Gaussian sum for µ1 = 2, (–) minimum of the
Gaussian sums
0.9

0.8

0.7

0.6

p(y1)

0.5

0.4

0.3

0.2

0.1

0
−3

−2

−1

0

1
y1

2

3

4

5

5. CONCLUSION
The paper deals with the analysis of the active detector behavior in the case of two scalar linear
Gaussian models and detection horizon of two steps. It was shown that active detection is
advantageous only if the models differ in the parameter b or c. For longer detection horizon the
active change detection can be also advantageous when the models differ only in the parameter
a. Further, it is obvious that the statistical properties of the noises are not important from this
point of view. An extension of this analysis to multidimensional system is not straightforward.
The following two aspects have to be taken into account: infinite number of equivalent state
space representations and a delay longer than one time step. Therefore, this case and the case
with more then two models should be addressed in the future.
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Abstract: Information and Communication Technologies (ICT) are increasingly becoming more pervasive of peoples lives, both for individual and collective usage. Hence, it
becomes tempting to develop quality tools that can be used in the context of societal debates on public policies.
The e2FocusGroup (http://alba.jrc.it/eFG/) is a multimedia platform that allows a small
group of people to meet, through internet connection, in a virtual room and discuss a predefined subject or topic.
Each discussion group is composed of at least by one moderator and by several participants (ideally not more than twelve). The virtual room offers the participants the means
for a successful debate.
During the participatory session we demonstrated all the functionalities of the
e2FocusGroup platform and explore how they can be used in remote and distributed focus
group sessions.
Keywords: Electronic Focus Group, ICT, Public Participation, Water governance

1. INTRODUCTION
The e2FocusGroup (http://alba.jrc.it/eFG/) is a multimedia platform that allows a small group
of people to meet, through internet connection, in a virtual room and discuss a pre-defined
subject or topic.
Each discussion group is composed of at least by one moderator and by several participants
(ideally not more than twelve). The virtual room offers the participants the means for a positive debate.
The e2FocusGroup has the following features:
− An area for Introductory Presentation, where the Organiser of the debate may include
a short PowerPoint presentation about the issue under discussion.
− A Participants Table, which is a graphic metaphor of a table with all participants and
moderators participating in the debate.
− A Discussion Chat, where participants can write their own opinions about the topic being debated. It is in this area where the main discussion takes place.

190

− A Virtual Library, where is possible to store material and links essential for the debate.
− A Collaborative Whiteboard, where it is possible to contribute with real time drawings.

2. PARTICIPATORY SESSION DESCRIPTION
The objective of the participatory session was to demonstrate a focus group session using the
e2FocusGroup platform, explore its functionalities and gather user’s feedback. In order to do
this, a fictional water governance issue was elaborated. To each participant of the focus group
session, a specific role was attributed, representing a different social actor with specific interests, which will be described in the remaining of this paper. The aim of the focus group session was to reach a basis for discussion, among all social actors in search of options for the
water governance issue, using only the functionalities of the e2FocusGroup. The discussion
was supported by fictional material, including documents, reports and images that all social
actors had access through the e2FocusGroup platform and could use them to support their
points of view.
The participants of the focus group session were randomly chosen from the list of the conference participants and were contacted / invited to participate in the session ‘a priori’. They
were informed about the way the e2FocusGroup operates and got acquainted with the fictional
argument under discussion. In this way, each participant had time to identify with the assigned role and also view the material available for the session.
During the focus group session, the participants were connected through the Internet using
different computers, being in contact with each other only through the functionalities provided
by the e2FocusGroup platform. The e2FocusGroup platform is freeware and accessible by
Internet, not being necessary to make any type of download or installation in the computer.
Once the participant has been registered by the organiser of the session, he/she just needs to
login with a previously assigned user name and password.
The full discussion is automatically stored in a database and can be saved, printed and analysed later on by the Moderator. Unlike face-to-face focus groups there is no need for audiotape transcriptions.
2.1 Context
“The Northwest River is the longest river in the Republic of Laguty, having a great importance from an environmental, social and economic perspective in the development of the
country. Activities based on the river, such as paper manufacturing and agriculture, are fundamental to the local and national economy.
In the last years, especially during summer, large blooms of toxic cyanobacterial have appeared in the river, compromising its quality. The reason for their appearance is still being
studied, but all the social actors are aware of the importance of this problem and are committed in achieving a resolution that can be beneficial for all.
A focus group session is being organised by the Ministry of Environment with all the parties
involved or with interests in the affected area. The aim of this meeting is to explore the problem and possible approaches by taking into account the economic, social and environmental
aspects of the issue.”
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1. Urban area
2. Paper manufacturing industry
3. Agriculture fields

Fig. 2: Northwest River basin
2.2 Social actors involved
For this fictional focus group meeting the following social actors were imagined:
− Moderator
The Moderator was contracted by the Ministry of Environment to conduct the Focus Group
session. His/her goal for this session was to establish a shared ground for discussion regarding
which future measures should be taken to improve, and maintain, the quality of the Northwest
River.
The Moderator was instructed to try to identify, with the help of the others participants, what
were the main questions and concerns about the issue being discussed and then, to focus the
discussion in exploring possible solutions by helping the participants to reach a consensus
about a possible solution or solutions. During this process he should always be alert for possible partnerships that might be explored in a latter stage.
− Municipality
The Municipality is willing to put all means into practice in order to stop the algae booms.
However, for this social actor, others issues are also important, like unemployment and urban
development, so all options have to be carefully studied, especially because this year budget is
low.
The Municipality proposes to stop the algae booms focusing on two strategic measures. The
first one consists of improving the old water treatment plant, once it is becoming insufficient
to treat the sewers of the city due to the increase of the municipality population, while the
second measure consists of creating “protected zones”, around the most sensitive areas of the
Northwest River, where any type of activity is possible.
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The Municipality was instructed to always have a firm position in defending his interest, once
any measure or solution that might be studied will eventually need the approval or support of
the Municipality. He was also aware of the economic importance of the paper mill in the region.
− Environmental NGO “Protect Earth”
For a long time, “Protect Earth” has been alerting the local authorities for this problematic
situation and argues that, if the river is not protected and severe restrictions are not applied to
all activities within the river basin, all live in the river will be lost.
They argue that as a first step, a secure perimeter should be built around the Northwest River,
where any type of activity, including agriculture, shouldn’t be tolerated. If not properly managed, fertilisers, herbicides, pesticides, and animal wastes may pollute groundwater and the
river. Introducing plants and animals that compete with native species further alters the environment.
A new water treatment plant should be constructed once the old one is already insufficient to
treat the current city sewers and the paper manufacturing company should be obliged to treat
its own sewage and forced to improve their production line with new and less polluting technologies.
A strict legislation should be placed, penalising polluters even more.
− Paper Mill Representative
The paper mill near the Northwest River is one of biggest and most productive in Laguty,
having a market share of 75%. The paper mill employs more than 400 persons, being the main
employer located in the Northwest River basin. The paper mill has a strong economic position
that should not be neglected and that can be used for negotiate what is most suitable for the
future of the industry.
The representative of the Paper Mill, argues that the paper mill is not responsible for the
growing cyanobacterial blooms, and therefore, should not be penalised in any way. For more
than 50 years that the paper mill has been in activity and only in the last years this kind of
phenomena started appearing. Also, there are evidences of algae bloom upstream of the paper
mill.
The paper mill production line could be improved but currently there are no available funds
for that. They are only wiling to consider this option if there is some financial support.
− Farmers Association
Agriculture is one of the main activities developed in the margins of the Northwest River. In
the last years, the use of pesticides has continuously increased. Farmers use pesticides to increase crop production and produce insects and blemishes free fruits, vegetables and grains.
This allows them to obtain and maintain competitive prices and have a strong presence in the
market.
The Farmers Association is aware of the problems that the high use of pesticides can have in
the surrounding ecosystems. If not properly managed, fertilisers, herbicides, pesticides, and
animal wastes may pollute groundwater and the river. For them, the challenge is to maintain
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the high agricultural productivity in the long term, without producing adverse impacts in the
ecosystem.
They defend that the government should encourage and subsidised farmers to produce pesticides free crops or to use as few chemical pesticides as possible, and to explore alternate
methods of reducing the number of crop pests. However, they are also aware that the farmers
can not be held as the only responsible for the increase of the algae boom. The paper mill is
also one of the main responsible once their production line is “out of date” and a large amount
of its sewers are not properly treated. Also, the algae blooms are more intense south of the
paper mill.

3. FINAL REMARKS
The participatory session allowed us to observe the reaction of the users to the tool and obtain
feedback on its functionality and usability.
It is obvious that given the little preparation of the participants and time constraints, consensus among participants about what measures to apply in order do solve and prevent the algae
bloom in the fictional case was not achieved during the focus group session. Even as a fictional case, the problematique is complex and needs careful examination; the focus group
helped with preliminary exploration of each participant’s line of reasoning. That is surely in
line with the overall objectives of such platforms.
The participants provided us with comments on the platform and possible improvements.
Their suggestions and comments were related with available and desirable functionality. As
an example, they suggested that integration of audio and video as a supplementary means of
communication and the possibility of having private conversations between the moderator and
the participants could add value to the platform and differentiate it from existing products in
the market. These suggestions are being taken into account in the development of the second
version of the e2FocusGroup platform.
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Abstract: One of the important parameters for tuning the response of a system in closed loop is the decay ratio. In this
paper three tuning methods are compared: the DRMO tuning method [15,16], the KT tuning method [1] and the non-convex
tuning method [3,17]. The latter method is based on setting the value of maximum sensitivity function Ms. The results have
shown, that the DRMO method sets a closed-loop response such, that the decay ratio is within a relatively tight interval with
regard to other two methods, despite the fact that the DRMO method isn’t based on optimization procedure (as is the case
with non-convex method).
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1. Introduction

PID controllers are the most widely used controllers in the process industry. It has been acknowledged
that more than 95% of the control loops used in the process control is of the PID type, of which most
are the PI type [1].

1
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Today, the most often applied tuning rules for PID controllers are those based either on the
measurement of process step response or on the detection of a particular point on the Nyquist curve of
the process (usually one related to the ultimate magnitude and frequency of the process by using relay
excitation).
Apart from standard tuning rules, such as Ziegler-Nichols, Cohen-Coon, Chien-Hrones-Reswick, or
refined Ziegler-Nichols rules, more sophisticated tuning approaches have been suggested. They are
usually based on more demanding process identification algorithms or tuning procedures, like nonconvex optimization, gain and phase specification, IMC controller design, or identification of multiple
points in frequency domain [3,4,5,6,7,8,17].
One of the frequent demands in the time domain when dealing with closed-loop regulation is, amongst
other requirements, the closed-loop response decay ratio. In order to satisfy the prescribed decay ratio
the closed-loop response has to be optimized in time domain which is a relatively demanding
procedure. Some popular methods [3,17] tend to make use of an indirect approach that should
guarantee acceptable decay ratios by optimizing the minimal distance of the open-loop transfer
function to the critical point in the polar plot. The mentioned approaches result in stable closed-loop
responses for different process models. However, the values of the decay ratios, despite being within
acceptable range, may vary considerably.
On the other hand, while using the disturbance rejection magnitude optimum (DRMO) tuning method
[9,10,15,16,23], it came to our attention that the decay ratios have quite similar values for a diversity of
process models. Furthermore, the DRMO method is relatively simple to apply since, in its basic form, it
does not require any form of optimization (i.e. retuning). In this paper the DRMO method will be tested
on some process models often encountered in process and chemical industry, decay ratios will be
analyzed and compared with two other modern tuning methods based on frequency-domain
optimization.

2
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This paper is set out as follows. Section 2 provides some basic definitions. A study on uniformity of the
decay ratios of the DRMO method is given in Section 3. Section 4 provides a comparison of the decay
ratios obtained with the DRMO method and two other modern tuning methods [1,3,17]. Lastly, the
conclusions are provided in Section 5.

2. Basic definitions

2.1 Decay Ratio

In the time domain a noteworthy characteristic of a closed-loop response on a step input disturbance is
its decay ratio, which is defined by the following relation:
dr =

B
,
A

(1)

where B is the difference between the second peak and the second valley of the closed-loop response
and A is the difference between the first peak and the first valley, as depicted in Fig. 1 [22].
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Fig. 1. Definition of decay ratio
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2.2 Maximum Sensitivity

Maximum sensitivity Ms is defined as an inverse of the minimum distance of the open-loop transfer
function to the critical point (-1+0*j) in the polar plot:

M s = max
ω

1
1 + G p (iω )Gc (iω )

,

(2)

where Gp(iω) and Gc(iω) are the process transfer function and the controller transfer function,
respectively.

2.3 Magnitude optimum method
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Fig. 2. Typical closed-loop configuration with the 1DOF controller.
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Fig. 14Fig. 2 shows the process in a closed-loop configuration with the controller, where signals r, u,

d, y and e represent a reference, controller output, input disturbance, process output and control error,
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respectively. One possible controller design objective is to maintain the closed-loop magnitude
(amplitude) as flat and as close to unity over as wide frequency range as possible [10].
If we assume, that there is no input disturbance (d = 0), the transfer function between the reference and
the process output is:
GCL ( s ) =

G P ( s )GC ( s )
Y (s)
=
.
R ( s ) 1 + G P ( s )GC ( s )

(3)

The controller is determined in such a way that
GCL (0) = 1 ,

(4)

 d 2 k GCL ( jω ) 
lim 
 = 0 ; k = 1,2,..., k max ,
ω →∞
dω 2 k



(5)

for as many k as possible [9,10,15]. This technique is variously called magnitude optimum (MO) [21],
modulus optimum [1], or Betragsoptimum [9], and results in a fast and non-oscillatory closed-loop time
response for a large class of process models [11,12,20].
Eq. (4) is simply fulfilled by using a controller structure containing the integral term1, because the
steady-state control error is zero. The number of conditions in Eq. (5) that can be satisfied depends on
controller order. For a PI controller:
GC ( s ) = K P +


Ki
1
= K P 1 +
s
 sTi


 ,


(6)

where KP, Ki, and Ti are respectively the proportional gain, the integral gain and the integral time
constant, the MO method results in the following expressions for controller parameters [15]:

1

KP =

A3
,
2( A1 A2 − A0 A3 )

(7)

Ki =

A2
.
2( A1 A2 − A0 A3 )

(8)

Under the condition that the closed-loop response is stable
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If the process is described by the following transfer function:

G P = K PR

1 + b1 s + b2 s 2 + ... + bm s m
,
1 + a1 s + a2 s 2 + ... + a n s n

(9)

where KPR is the static gain of the process, then the so called »characteristic areas« A0-A3 of the
process can be defined as [12, 13, 15]:

A0 = K PR
A1 = K PR (a1 − b1 + Tdel )

T2 
A2 = K PR b2 − a2 − Tdel b1 + del  + A1a1
2! 

.
.

.

(10)

.
k

T i b  k −1
Ak = K PR (−1) k +1 (a k − bk ) + ∑ (−1) k +i del k −i  + ∑ (−1) k +i −1 Ai a k −1
i!  i =1
i =1


Note that A0 equals the steady-state gain of the process. The name “characteristic areas” is associated
with the fact that they can be calculated from nonparametric process model in time domain by changing
the steady state of the process and performing multiple integrations on the process input (u) and output
(y) signals [7, 12]. This procedure is relatively easy to perform in practice and does not require explicit
identification of the process transfer function parameters.
However, by using the original MO method, disturbance rejection is degraded when dealing with
lower-order processes, since slow process poles might become almost entirely cancelled by controller
zeros. This phenomenon is expected, since the MO method aims at achieving good reference tracking,
so it optimizes the transfer function between the reference and the process output (r=1, d=0)
GCL(s)=Y(s)/R(s) instead of the transfer function between the input disturbance (r=0, d=1) and the
process output GCLD(s)=Y(s)/D(s). Optimizing the latter would prove itself a fruitless attempt, since this
transfer function is not compatible with MO criterion (4) as GCLD(0)=0.
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The modification of MO criteria, hereafter denoted as the disturbance rejection magnitude optimum
(DRMO), which has been previously proposed in [15], optimizes a modified transfer function between
the input disturbance (r=0, d=1) and the process output:
GCLD1 ( s ) =

Ki
GP ( s)
.
s 1 + GP ( s )GC ( s )

(11)

This transfer function is then applied to equations (4) and (5) instead of the transfer function (3). For
the PI controller structure the following expressions have been obtained [15]:
KP =

ξ 2 − sgn(ξ 2 ) A1 A22 − A1 A3
,
ξ1

(12)

(1 + K P A0 ) 2
,
2 A1

(13)

Ki =
where ξ1 and ξ2 are

ξ1 = A02 A3 − 2 A0 A1 A2 + A13
.
ξ 2 = A1 A2 − A0 A3

(14)

The proposed DRMO method is quite efficient in improving disturbance rejection performance,
especially for lower-order processes. The sufficient stability conditions are given in [15,20].

3. Study of decay ratios for DRMO tuning method

As previously mentioned, one possible criterion in time domain that determines the closed-loop
systems time response, is the decay ratio. The aim of this chapter is to calculate the decay ratios for a
wide batch of process models in a closed-loop configuration with a PI controller tuned by using the
DRMO method. Anticipation is that the method in question gives decay ratios that are, in most cases,
relatively similar for many different process models. The following batch of process models, covering
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processes of lower and higher orders, processes with delay, non-minimum phase processes and
processes with zeros in left half-plane, has been selected:

e − sTdel
; Tdel = {12,11,10,6,2,1} ; T = 12 − Tdel ,
1 + sT

(15)

12 − Tdel
e − sTdel
; Tdel = {11,10,8,6,4,1} ; T =
,
2
2
(1 + sT )

(16)

1
; T = {11,10,9,8,7,6} ; T2 = 12 − T1 ,
(1 + sT1 )(1 + sT2 ) 1

(17)

12 − 2T1
1
,
; T1 = {5.5,5,4.5,4,3.5,3} ; T2 =
2
2
(1 + sT1 ) (1 + sT2 )

(18)

12
1
; n = {3,4,5,6,7,8} ; T = ,
n
n
(1 + sT )

(19)

1
11
; k = {0.9,0.7,0.5,0.4,0.3,0.2} ; T =
,
2
3
(1 + sT )(1 + skT ) 1 + sk T 1 + sk T
k + k2 + k3

(20)

1 − sTz
12 − Tz
,
; Tz = {1,2,3,4,5,6} ; T p =
3
3
(1 + sTp )

(21)

G P1 =

GP 2 =

GP3 =

GP 4 =

2

GP5 =

GP 6 =

(

)(

GP 7 =

GP8 =

1 + sTz

(1 + sT )

3

)

; Tz = {0.5,1,2.5,4.5,5.5,7} ; T p =

p

GP9 =

12 + Tz
,
3

1
; α = {0.2,0.3,0.4,0.5,0.7,1} .
(1 + 4s )(1 + 4s(1 − iα ))(1 + 4s(1 + iα ))

(22)

(23)

These process models were used in the closed-loop configuration (Fig. 2) with input step disturbance of
magnitude 1 (d=1(t) in Fig.2). The calculated decay ratios (1) for all the process models are depicted in
Fig. 3.
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Decay ratios in % for selected batch of process models
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Fig. 3. Decay ratios for closed-loop systems with PI controller and processes GP1 to GP9

Similar decay ratios (values between 0.017 and 0.024) can be observed for all the process models
except the non-minimum phase process models. Some of the non-minimal phase processes (GP7) give
noticeably lower decay ratios. The histogram of decay ratios is shown in Fig. 4.
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Histogram of decay ratios for selected batch of process models
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Fig. 4. A histogram of the decay ratios for closed-loop systems with PI controller tuned with DRMO
method

4. Comparison with decay ratios of some other methods

The DRMO tuning method was compared with two frequency domain tuning methods. Two of the
more popular such tuning methods are the Ästrom and Hagglund (Kappa-Tau or KT) tuning method [1]
and the non-convex tuning in frequency domain [3,17]. A short description of the mentioned tuning
methods follows in the next two sub-sections.

4.1 Kappa-Tau tuning method

This method [1] basically leans on the original Ziegler-Nichols rules. However, the process is
characterized by three (instead of two) parameters. Desired maximum sensitivity (2) is used as a tuning
parameter. If the process is stable, its dynamics is characterized by three parameters: the static gain KP,

10

204

the apparent lag T, and apparent dead time L (Fig. 5), which can all be obtained from a simple openloop experiment.

y(t)

Kp

T

t

L

Fig. 5. Determination of process static gain, lag time and apparent dead time

The procedure of calculating the parameters is given in [1].

4.2 Non-convex based optimization tuning method

This method [3] is based on non-convex optimization in frequency domain. The controller parameters
are being adjusted until a certain value of sensitivity Ms (2) is achieved is achieved at maximum
integral gain (Ki). This method requires either the process model transfer function or the frequency
characteristics of the process.

4.3 Results

Previously described sets of tuning rules for PI control [1,3,15] have been applied to the following
process models:
1
,
( s + 1) 3

(24)

1
,
(s + 1)(1 + 0.2s )(1 + 0.04s )(1 + 0.008s )

(25)

G P1 =

GP 2 =

11
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GP 3 =

e −15 s
,
(s + 1)3

(26)

GP 4 =

1 − 2s
,
(s + 1)3

(27)

GP 5 = e − s .

(28)

The PI controller parameters for all three tuning methods are given in Table I.
Table I Controller parameters for processes (24) to (28).

Tuning method

Parameters

DRMO

KP

0,651 2,176 0,276 0,328

0,268

Ki

0,455 4,041 0,045 0,176

0,804

KP

0,535

0,005

Ki

0,334 2,289 0,018

KP

0,633

KT Ms=1.4

KT Ms=2

NC Ms=1.4

NC Ms=2

GP1

GP2

1,32

GP3

GP4

0,077 0,141

GP5

0,11

0,020

0,164 0,179

0,158

Ki

0,325 2,591 0,027 0,101

0,472

KP

1,145 3,036 0,280 0,340

0,023

Ki

0,715 5,266 0,064 0,266

0,097

KP

1,22

0,266 0,294

0,255

Ki

0,685 6,988 0,048 0,184

0,854

1,93

4,13

Fig. 6 to 10 show the closed-loop responses on input disturbance for processes (24) to (28). In Fig. 11
the decay ratios are depicted for all three tuning methods.
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Fig. 6. Response on input disturbance (r=0, d=1) of process (24)
Process GP2 with PI controller
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Fig. 7. Response on input disturbance (r=0, d=1) of process (25)
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Fig. 8. Response on input disturbance (r=0, d=1) of process (26)
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Fig. 9. Response on input disturbance (r=0, d=1) of process (27)
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Fig. 10. Response on input disturbance (r=0, d=1) of process (28)

The decay ratios of the DRMO tuning method span between 0.009 and 0.022, while the other two
methods have significantly wider intervals of decay ratios (0.017 to 0.09 for NC method and 0 to 0.185
for KT method). The results show that the responses on input disturbance, when the PI controller
parameters are tuned with DRMO method, are more uniform in terms of decay ratios than responses
from other two methods.

Fig. 11 depicts the maximum sensitivity function (2) for all the process models and tuning methods.

From Fig. 12 it is clear that the NC method guarantees constant maximum sensitivity over the tested
batch of process models, since it sets Ms to a fixed value (by using optimization). On the other hand,
the measured maximum sensitivity of the KT method varies significantly, even more than DRMO
method.
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Fig. 11. Decay ratios of processes (24) to (28) for DRMO tuning method (+), KT tuning method with

Ms=1.4 (○), KT tuning method with Ms=2 (◊), non-convex tuning method with Ms=1.4 (*) and nonconvex tuning method with Ms=2 (□).
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non−convex M =2
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Fig. 12. Maximum sensitivity function for processes (24) to (28) for DRMO tuning method (+), KT
tuning method with Ms=1.4 (○), KT tuning method with Ms=2 (◊), non-convex tuning method with

Ms=1.4 (*) and non-convex tuning method with Ms=2 (□).
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5. Conclusions

Disturbance rejection magnitude optimum (DRMO) tuning method applied to a PI controller results in
efficient input disturbance rejection for many process models frequently encountered in process and
chemical industries. The aim of this paper was to determine whether the closed-loop time responses are
uniform in terms of the decay ratios. The experiment on a wide batch of process models established
that decay ratios, except for non-minimal process- models, are between 0.017 and 0.024. Decay ratios
of the non-minimum phase process models are significantly smaller.

The DRMO method, when compared with two other tuning methods, gives more uniform closed-loop
responses in terms of decay ratios.
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Fig. 15. Decay ratios for closed-loop systems with PI controller and processes GP1 to GP9
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Histogram of decay ratios for selected batch of process models
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Fig. 17. Determination of process static gain, lag time and apparent dead time
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Fig. 18. Response on input disturbance (r=0, d=1) of process (24)
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Process GP2 with PI controller
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Fig. 19. Response on input disturbance (r=0, d=1) of process (25)
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Process GP3 with PI controller
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Fig. 20. Response on input disturbance (r=0, d=1) of process (26)
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Process GP4 with PI controller
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Fig. 21. Response on input disturbance (r=0, d=1) of process (27)

27

221

Process GP5 with PI controller
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Fig. 23. Decay ratios of processes (24) to (28) for DRMO tuning method (+), KT tuning method with
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LIST OF FIGURES LEGENDS
Fig.6, Fig.7, Fig.8, Fig.9 and Fig.10 – (solid blue line) DRMO method; (solid green line)
Astrom&Hagglund method with Ms=1.4; (red dashed line) Astrom&Hagglund method with Ms=2;
(cyan solid line) Panagopoulos method with Ms=1.4; (black dashed line) Panagopoulos method with
Ms=2
Fig.11 – (+) DRMO tuning method, (○) KT tuning method with Ms=1.4, (◊) KT tuning method with

Ms=2, (*) non-convex tuning method with Ms=1.4, (□) non-convex tuning method with Ms=2.

Fig.12 – (+) DRMO tuning method, (○) KT tuning method with Ms=1.4, (◊) KT tuning method with

Ms=2, (*) non-convex tuning method with Ms=1.4, (□) non-convex tuning method with Ms=2.
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Abstract: The paper deals with the Kalman filtering in the factorized form. The target application area is the urban traffic control, which main controlled variable – queue length,
expressing the optimality of a traffic network most adequately, can not be directly observed and has to be estimated. Additional problem is that some state variables are of a
discrete-valued nature. Thus, estimation of mixed-type data (continuous and discrete valued) models is highly desirable. A potential solution to this problem calls for a factorized
version of the state-space model, which describes respective state factors individually. The
present work considers the problem of the factorized filtering with Gaussian models and
offers the solution, based on applying the L0 DL decomposition of the covariance matrix.
The result of such a filtering is the posterior state estimate with the mean value and the
factorized matrix of covariance.
Keywords: State Estimation, Factorized Filters, Traffic Control

1. INTRODUCTION
The paper deals with the Kalman filtering in the factorized form. The research in the area of
factorization of the Kalman filter generated many results, which are worthy of notice. Only
to enumerate some of them, one can note, for example, the following works. The paper
(Dimitriu, 2005) describes the factorization of the covariance matrix in Kalman filter, where
the covariance matrix was decomposed with the help of square root factorization. The QRfactorized filter and smoother algorithms for use on linear time-varying discrete-time problems, that can handle the general case of a singular state transition matrix, are discussed in
(Psiaki, 1999). The U D-factorization of Kalman filter for the multi-sensor data fusion is presented in (Girija et al., 2000). Another work, devoted to the U D-factorized covariance filter
application, is concerned with development of a connected element interferometer (Morrison
et al., 2002). The method for particle filtering, which factorizes the likelihood, was proposed in
(Patras and Pantic, 2004). It considers the problem, when the state space can be partitioned in
groups of random variables, whose likelihood can be independently evaluated. As regards the
nonlinear estimation, the following research works should be noted here. The square root form
of unscented Kalman filter (UKF) for the state and parameter estimation, which, in its turn,
was proposed as an alternative to the extended Kalman filter, used for nonlinear estimation,
is described in (van der Merwe and Wan, 2001). This square-root UKF has better numerical
properties and guarantees positive semi-definiteness of the underlying state covariance. The
factorization of the covariance matrices is also used in problems of systems classification, dealing with multivariate Gaussian random field (Saltyte-Benth and Ducinskas, 2003).
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Inspite of the variety of the mentioned works, their global aim was, primarily, to increase the
numerical stability of the Kalman filter. The objective of the present work is to obtain the
estimates of the individual state entries. The solution to this problem in general is concerned
with a factorized version of the state-space model, which would enable to model the factors of
the state individually. Use of the Gaussian state-space model and Gaussian observations calls
for the Kalman filter.
The target application area for the present research is the urban traffic control. The motivation
for the work is absolutely clear: nobody is surprised by the congestions in the crossroads of
the cities, when the modern powerful cars have to move slowly and inefficiently within permanently extending peak hours and waste the time. Extension of the traffic network is expensive
and often impossible, especially in historical cities. To solve the problem, all available means
can be exploited: starting from economical pressure, various regulative measures up to the
modern, ideally adaptive, feedback control. One of the main controlled variables in traffic systems is a queue length, which expresses the optimality of a traffic network most adequately. It
can not be directly observed and has to be estimated. At the same time, other state variables
might be of a discrete-valued nature. In this way, estimation of mixed-type data (continuous
and discrete valued) models is highly desirable.
The layout of the paper includes the following sections. Section 2 reminds the basic facts
about the Kalman filter and provides necessary notations, used throughout the text. Section 3
describes the idea of the presented version of the factorized Kalman filtering along with the
model and algorithm used. Section 4 demonstrates examples of application of the algorithm to
the system with different dimensions of the state. The remarks in Section 5 close the paper.
2. BASIC FACTS OF KALMAN FILTER
Throughout the text the following notations are used:
xt is a quantity x at the discrete time instant labelled by t ∈ t∗ ≡ {1, . . . , t̊};
x̊ denotes the number of members in the countable set x∗ or the number of entries in the vector
x;
xt is directly unobservable state of the system;.
yt is a measured output of the system;
ut is an optional input of the system.
2.1 Model
Let’s assume, that the system is described by the state-space model
xt+1 = Axt + But + ωt ,
yt = Cxt + Dut + et ,

(1)
(2)

where ωt and et are Gaussian white noises with zero mean values and covariances Q and R
correspondingly.
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2.2 Algorithm
Kalman filter (Welch and Bishop, 1995) includes the following two steps of equations.
Time updating, which predicts the state estimate ahead in time

x̂−
t+1 = Ax̂t + But ,
−
Pt+1
= APt A0 + Q.

(3)
(4)

Data updating, which corrects the predicted estimate by the actual measurements

−
−
Kt+1 = Pt+1
C 0 (CPt+1
C 0 + R)−1 ,
−
x̂t+1 = x̂−
t+1 + Kt+1 (yt − C x̂t+1 − Dut ),
−
Pt+1 = (I − Kt+1 C)Pt+1
.

(5)
(6)
(7)

The result of the algorithm application is the normal distribution of the state with mean value
x̂t+1 and covariance matrix Pt+1 . The initial values x̂0 , P0 are known.
3. FACTORIZED KALMAN FILTERING
The state-space model, supposed to be used for the factorized Kalman filtering, has practically
the same form as (1-2), with the exception of covariance matrices of noises:
xt+1 = Axt + But + H 0 ωt ,
yt = Cxt + Dut + F 0 et .

(8)
(9)

Here ωt and et are Gaussian white noises, for which f (ω) ∼ N (0, Q), f (e) ∼ N (0, R).
H 0 QH and F 0 RF are L0 DL decomposed matrices, where L is lower triangular matrix with
unit diagonal and D is a diagonal matrix. The matrix A is of dimension (x̊ × x̊), B – (x̊ × ů),
C – (ẙ × x̊) and D – (ẙ × ů).
The state estimate is assumed to be calculated with L0 DL-factorized covariance matrix, i. e. as
N (x̂t+1 ; Pt+1 ), where Pt+1 = L0P (t+1) DP (t+1) LP (t+1) . The initial values x̂0 , P0 = L00 D0 L0 are
known. Now let’s consider in details the time updating and the data updating procedures for
the factorized filter.
3.1 Time updating
Let’s calculate the prior state estimate for the time t + 1. Here we multiply equation (3) by
inverse matrix H 0−1 .
0−1
H 0−1 x̂−
Ax̂t + H 0−1 But .
t+1 = H

(10)

Denote H 0−1 = G, we obtain
˜
Gx̂−
t+1 = G Ax̂t + GB
|{z} ut = Gx̂t + B̃ut ,
|{z}
˜t
x̂

B̃
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(11)

˜ t is a known vector, G is the upper triangular matrix with unit diagonal,
where new state x̂
matrix B̃ is of dimension (x̊ ×ů). The structure of matrices in equations (11) can be illustrated
in the following way (for the case x̊ = 3, ů = ẙ = 2).
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Considering equation (11) in the form of individual factors, we can present the predicted estimate for the i-th state factor with dimension of the state vector, equal to x̊, as
x̂−
i(t+1) +

x̊
X

x̊
X

˜
gik x̂−
k(t+1) = x̂i(t) +

k=i+1

˜ k(t) +
gik x̂

x̊
X

b̃ij uj(t) ,

(12)

j=1

k=i+1

˜
x̂−
i(t+1) = x̂i(t) +

ů
X

ů
X

˜ k(t) − x̂−
gik (x̂
k(t+1) ) +

b̃ij uj(t) .

(13)

−
Pt+1
= APt A0 + H 0 QH = AL0P t DP t LP t A0 + H 0 QH = L0 P (t+1) DP−(t+1) L−
P (t+1) .

(14)

j=1

k=i+1

The calculation of covariance matrix is done as
−

The illustration of the structure of matrices is the following one.
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Note, that the result in (14) is obtained as the L0 DL-decomposed matrix of covariance. The
calculation exploits the algorithms from the toolbox Mixtools (Nedoma et al., 2003) and does
not contain numerically dangerous operations.
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3.2 Data updating
Let’s begin untraditionally from calculation of the covariance matrix. The advantages of such
a calculation will be clear later. The straightforward procedure of the covariance matrix calculation is based on the matrix inversion lemma (Peterka, 1981).
Proposition 3.1 (Matrix Inversion Lemma)
(A + BCD)−1 = A−1 − A−1 B(C −1 + DA−1 B)−1 DA−1

(15)

Proof: See (Peterka, 1981).
The matrix of covariance is calculated in the step of data updating as
−
−
−
Pt+1 = (I − Pt+1
C 0 (CPt+1
C 0 + F 0 RF )−1 C)Pt+1
,

(16)

−
−
Pt+1
C 0 (CPt+1
C 0 + F 0 RF )−1 = Kt+1

(17)

where
is the Kalman gain matrix. We will need it later, but let’s now return to equation (16) in the
−
form, as it is presented. After multiplying Pt+1
from the right of the brackets we obtain
−
−
−
−
Pt+1 = Pt+1
− Pt+1
C 0 (CPt+1
C 0 + F 0 RF )−1 CPt+1
,
−
−
0
0
−
0 −1
−
= Pt+1 − Pt+1 C (F RF + CPt+1 C ) CPt+1 ,
−1

−
= (Pt+1
+ C 0 (F 0 RF )−1 C)−1 ,
= L0P (t+1) DP (t+1) LP (t+1) .

(18)
(19)
(20)
(21)

Proof: The relation (20) is calculated straightforward, based on application of the matrix
inversion lemma.
The covariance matrix is obtained in L0 DL-factorized form, which can be illustrated similarly,
as it was shown in Section 3.1. For calculating the algorithms from toolbox Mixtools (Nedoma
et al., 2003) are used.
Now we can return to the Kalman gain matrix, calculated in (17). It results in the matrix Kt+1
with ẙ columns and x̊ rows, where ẙ is dimension of the output vector. With its help we can
calculate the posterior state estimate as it follows.
−
x̂t+1 = x̂−
t+1 + Kt+1 (yt − C x̂t+1 − Dut ),

|
|

{z

denote by ŷt

{z

or denote by vector ∆t

}

x̂t+1 = x̂−
t+1 + Kt+1 ∆t ,

(23)

where ∆t is a known vector with ẙ rows. The schematic representation of (23) looks like
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(22)

}

{z

Kt+1

}

∆t

Thus, we can consider the equation (23) from the point of view of estimates for the individual
factors of the state. We have
x̂i(t+1) = x̂−
i(t+1) +

x̊
X

kij ∆j(t) ,

(24)

j=1

where
∆i(t) = yi(t) −

ẙ
X

cij x̂−
j(t+1) −

j=1

ů
X

dij uj(t) .

(25)

j=1

Summarizing the section, the suggested factorized Kalman filtering involves the following algorithm.
Time updating
0−1
Ax̂t + H 0−1 But ,
H 0−1 x̂−
t+1 = H
−
Pt+1
= APt A0 + H 0 QH,

(26)
(27)

Data updating
−
−
Kt+1 = Pt+1
C 0 (CPt+1
C 0 + F 0 RF )−1 ,

Pt+1 =
x̂t+1 =

(28)

− −1
+ C 0 (F 0 RF )−1 C)−1 ,
(Pt+1
−
x̂−
t+1 + Kt+1 (yt − C x̂t+1 − Dut ).

(29)
(30)

4. EXAMPLES
Three examples of the factorized state estimation are shown at this section. 200 data, matrices
A, B, C and D and covariances have been simulated for the state-space model with rather small
noise, taking into account the dimension of the system. The first example is a system with
single input, single output and single state. The results – the simulated and the estimated states
(left) and prediction of the output (right) – are plotted in Figure 1. The second example uses
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Fig. 1: Factorized Kalman filter for one-dimensional system

the system with two states, single input and single output. The estimation of two-dimensional
states and predicted output can be seen at Figure 2. The last example provides the case with
x̊ = 3, ů = ẙ = 2, see Figure 3. The different initial values confirm the functioning of
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Fig. 2: Estimation of two-dimensional state and output prediction

factorized Kalman filter for 3−dimensional state
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Fig. 3: Estimation of 3-dimensional state and prediction of 2-dimensional output

the filter. The results have been compared with the results, obtained from the Kalman filter.
For all the cases the state mean value calculation gives the same quantity. The covariance
matrices calculation (after multiplying the L0 DL decomposition) results in very close values
(a difference is about 8.0085e − 17). Results of the whiteness test (Wonnacott and Wonnacott,
1984) for the prediction error are given in Table 1. Increasing the noise, one can obtain the
Table 1: Whiteness test of the prediction error

Example
1
2
3

p-value
0.1975
0.0009071
0.0003164

higher values of the probability of the elements independence. Nevertheless, the results show,
that there is no more information to be extracted from the sample.
5. CONCLUSIONS
The paper presents the factorized version of the Kalman filter. The described filtering is expected not only to contribute to higher numerical stability of the filter, but also to enable handling with the mixed-type (continuous and discrete valued) data. The present work demonstrates the specialization of the general solution of the factorized state estimation to linear
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Gaussian model. The experiments with the mixed-type data will be the part of future work.
Testing on realistic simulation of traffic control problem is also planned.
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Abstract: An iterative method for estimationg the stability region by constructing a sequence of Lyapunov functions is analyzed and improved in this paper. Vanelli and Vidyasagar
proved that there exists a sequence of special kind of Lyapunov functions Vm that can be
used to estimate the domain of attraction (DOA) for an asymptoticaly stable equilibria.
Based on this idea a corrected proof is given and the iterative method has been implemented in a Mathematica-package to find the appropriate approximating functions Vm .
The use and the properties of the method is illustrated on three simple examples.
Keywords: region of attraction, maximal Lyapunov functions

1. INTRODUCTION
The stability and the stability region of (controlled) industrial systems are important properties
to be determined. The reason for that is that it is highly desirable to have a system which
is globally stable; that is why stability theory is continuously in the focus of both theoretical
researchers and industrial partitioners.
A substantial part of the different methods described in the literature is based on the classical
results of Lefschetz and La Salle using a suitably chosen Lyapunov function, see for example
(Chesi, 2005), (Camilli et al., 2000), (Kaslik et al., n.d.), (Vanelli and Vidyasagar, 1985) and
(Yoshizawa, 1966). The subject of this paper is to use the idea of Vanelli and Vidyasagar
(Vanelli and Vidyasagar, 1985) to develop a practically useful algorithm to estimate the stability
region (or domain of attraction, DOA) of autonomous nonlinear systems by improving the
original method.
In the following we will consider the nonlinear autonomous system centered such that the origin
is its asymptotically stable equilibrium point:
ẋ(t) = f (x(t))

(1)

By the region or domain of attraction S(M ) of the set M (which need not to be an attractor)
we mean the union of all trajectories with the property that their limit sets are non-empty and
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contained by M itself. Based on this composition we can define the domain of attraction of the
origin as a set having only one element. The domain of attraction of the origin is the set
S(0) = {x0 : x(t, x0 ) → 0 as t → ∞}
where x(t, x0 ) denotes the solution of the system in (1) corresponding to the initial condition
x(0) = x0 .
In this paper it is shown by following the ideas of (Vanelli and Vidyasagar, 1985) that there
exists a sequence of special kind of Lyapunov functions Vm that can be used to estimate the
set S(0) through estimating a Lyapunov function of special kind. An iterative method will be
given to find these appropriate functions Vm . The given algorithm is able to find unbounded
domains of attraction, too. Usually, the first few number of iterations can show if the domain is
bounded or not. Throughout the paper it is assumed that the function f is smooth enough that
(1) has unique solution corresponding to each initial condition x(0) = x0 .
2. MAXIMAL LYAPUNOV FUNCTIONS
The proofs of the statements in this section can be found in (Vanelli and Vidyasagar, 1985).
Theorem 2.1. Suppose we can find a set A ⊆ Rn containing the origin in its interior, a continuous function V : A → R+ and a positive definite function φ such that
1. V (0) = 0, V (x) > 0∀x ∈ A \ {0}
2. The function V̇ (x0 ) = lim+
t→0

V (x(t,x0 ))−V (x0 )
t

is well defined at all x ∈ A and satisfies

V̇ (x) = −φ(x), ∀x ∈ A.
3. V (x) → ∞ as x → ∂A and/or kxk → ∞.
Then A = S.
Suppose V is a continuous function on some ball Bδ such that V (0) = 0 and V̇ is negative
definite. Then one could prove that V is positive definite. This fact shows that if we can find
a function V and a positive definite function φ such that V (0) = 0 and ∇V (x)′ f (x) = −φ(x)
then V is guaranteed to be positive definite.
Definition 2.2. A function Vm : Rn → R+ ∪ {∞} is called maximal Lyapunov function for the
system described in (1) if
1. Vm (0) = 0, Vm (x) > 0, x ∈ S\{0}
2. Vm (x) < ∞ ⇔ x ∈ S
3. Vm (x) → ∞ as x → ∂S and/or kxk → ∞
4. V˙m is well-defined and negative definite over S.
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3. COMPUTATION OF THE DOMAIN OF ATTRACTION (DOA)
We need a function V and a positive definite function φ satisfying V (0) = 0 and
V̇ (x) = −φ(x)

(2)

over some neighborhood of the origin. Then the boundary of the domain of attraction is defined
by the limit V (x) → ∞.
A systematic procedure will be described and discussed here to solve (2) supposing that the
Taylor series expansion exists for f around the origin. Express f as
f (x) =

∞
X

Fi (x)

i=1

where the functions Fi , i ≥ 1 are homogeneous functions of degree i. For i = 1 we have
F1 (x) = Ax, A ∈ Rn×n .
For the sake of brevity let Fi (x) = 0, i ≤ 0.
Our candidate Lyapunov function should excess any limit as x gets closer to the boundary of
set S or as kxk → ∞. For this reason we put a function D(x) to the denominator, i.e.
N (x)
D(x)

V (x) =

where N (x) and D(x) are polynomials in x. Thus, V (x) → ∞ as x → ∂S and this suggests
that x ∈ ∂S when D(x) = 0. According to our results so far, the boundary of S is defined by
solving D(x) = 0 for x. We obtain a recursive technique to find this boundary by defining
∞
P

Ri (x)

i=2
∞
P

V (x) =

1+

Qi (x)

i=1

where Ri and Qi are homogeneous functions of degree i. The most straightforward idea for φ
is x′ Qx where Q > 0. Substituting this expression into (2) we obtain
V̇ (x) = ∇V (x)′ f (x) = −φ(x) = −x′ Qx.
Based on these two equations we get
!2
! ∞
! ∞
! ∞
∞
∞
∞
X
X
X
X
X
X
′
′
′
Fi = −x Qx 1 +
∇Ri −
1+
Qi .
Ri
Qi
∇Qi
i=1

i=2

i=1

i=2

i=1

i=1

From this finally we obtain
∞ X
∞
X
i=2 k=1

′

∇Ri Fk +

∞ X
∞ X
∞
X
i=1 j=2 k=1

′

Qi ∇Rj Fk −

∞ X
∞ X
∞
X

Qi ′ Rj Fk =

i=1 j=2 k=1
′

− x Qx 1 + 2

∞
X
i=1
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Qi +

∞ X
∞
X
i=1 j=1

Qi Qj

!

.

Equating the coefficients of the same degrees of the two sides of this equality we get for degree
2 that
∇R2 ′ F1 = −x′ Qx
and the general solution when degree k is greater than or equal to 3 is
k
X

∇Ri ′ Fk+1−i +

i=2

k−2 X
k−1
X

(Qi ∇Rj ′ − ∇Qi ′ Rj ) Fk+1−i−j =

i=1 j=2

− x′ Qx 2Qk−2 +

k−3
X
i=1

!

Qi Qk−2−i .

Thus in each step of the algorithm we get the following linear under-determined set of equations as the equivalent form of the previous two equations:
An · y = bn

(3)

where An are matrices of appropriate dimension. Consider the nonlinear system of equations
ẋ = f (x) =

∞
X

Fi (x).

(4)

i=i

First, select homogeneous functions Rn and Qn−2 , n ≥ 3, such that the coefficients of Rn and
Qn solve the constrained minimization problem yielded by (3)
min en (y)
s.t. An · y = bn

(5)

where en (y) is the square of 2-norm of the coefficients of degree greater than or equal to n + 1
in the expression of V˙n . Furthermore, according to the theorem of La-Salle about invariant sets
one can choose the largest positive value C ∗ such that the level set
n
P
Ri
i=2
Vn =
= C∗
n−2
P
Qi
1+
i=1

is contained in the region given by

Then the set

n
o
Ω = x : V˙n (x) ≤ 0 .
SA = {x : Vn (x) < C ∗ }

(6)

is contained in the region of attraction S. If this is the case then the iteration should be stopped
as soon as the desired accuracy has been reached.
If en (y ∗ ) = 0 for some y ∗ then the iteration can be stopped and
V˙n = −x′ Qx
where Q > 0. In this case the domain of attraction is defined by D(x) = 0. This means that
the domain of attraction S is given by the formula
( n−2
)
X
S= x:
Qi > −1 .
(7)
i=1

Would any of the afore-mentioned cases happen for the major part of the systems, the iteration
usually stops in less then 10 cycles.
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Figure 1: DOA of the Van der Pole system

4. CASE STUDIES
In this section three examples will be shown. In the first and second examples the minimization
problem in (5) cannot be solved such that e(n) becomes small enough that we could apply
(7). Instead, (6) is used for the estimation of the domain of attraction. In the last example the
minimization problem can be solved and one can use (7) to get a proper region.
In the picture showing the level sets figure 1(a) the red colour curve shows V = C ∗ while the
blue one shows those points where V̇ = 0.
4.1 Van der Pole-equation
The Van der Pole system we took as example is described with the equation-system
z˙1 = −z2
z˙2 = z1 − z2 + z1 2 z2
The origin is an asymptotically stable equilibrium point of the system thus the method based
on maximal Lyapunov functions can be used in this case. Applying the iteration steps 9 times
we get C ∗ = 6.6 and the the minimum value of e(n) was found to be 0.0168945. The stability
region is the innermost area bounded by the red colored curve in figure 1(a). We stopped the
iteration at step 9 because further steps could not increase the minimum significantly.
To verify the given region we used a direct method by scanning the points over the region
[−3, −3] × [−3, −3] and examining if the system remains stable or not. The resulted set can be
seen in figure 1(b). We can ascertain that the regions found by the two different methods are
pretty the same.
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Figure 2: DOA of the Lotka-Volterra system

4.2 Lotka-Volterra
In this example we take a Lotka-Volterra system described by the equations


1
z˙1 = −z1 (z1 − 1) (z1 − 3) + z2
2
z˙2 = z2 (−2.1 + z1 )
Both the origin and point (2.1, 1.98) both are equilibria of the system. By shifting the second
equilibrium to the origin we get the following centralized system
1
x˙1 = −0.42x1 − 2.3x1 2 − x1 3 − 1.05x2 − x1 x2
2
x˙2 = 1.98x1 + x1 x2
Similarly to the previous case after 6 steps we get C ∗ = 1.65 and the minimum of e(n) is
2915.040375. See the region in figure 2(a) bounded by the inner red curve.
By scanning the points over the region [−1, 1.5] × [−1.5, 1.5] we find that the region estimated
by the Vanelli-method is a subset of the one we found by direct search, see figure 2(b).
4.3 Fermentation system
In this example we show a simple model of a fermentation system (Szederkényi et al., 2002)
described by the equations
z1 z2
z˙1 = −0.802228z1 +
0.03 + z2 + 0.5z2 2
z1 z2
z˙2 = 0.802228 (10 − z2 ) −
0.03 + z2 + 0.05z2 2
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which has one asymptotically stable equilibrium point (4.89067, 0.218662). Shifting the system by this point we get the transformed equation system
2.13881 + 0.437324x1 + 9.79134x2 + 2x1 x2
0.545137 + 2.43732x2 + x2 2
−4.27762 − 0.874648x1 − 19.5627x2 − 4x1 x2
x˙2 = 7.84686 − 0.802228x2 +
0.545137 + 2.43732x2 + x2 2

x˙1 = −0.802228 (4.49067 + x1 ) +

After 3 steps of iteration the minimization problem can be solved that e(n) becomes zero so
we can apply (7) and we get the region of stability as it is seen in figure 4.3. Note that the
given region is very small and it meets our expectations as it is described in (Szederkényi et
al., 2002).
0.09
0.06
0.03
-0.06-0.03

0.03 0.06

-0.03
-0.06
-0.09

Figure 3: Stability region of the fermentation system

5. CONCLUSION AND FUTURE WORK
In this paper an improved algorithm based on constructing maximal Lyapunov functions (Vanelli
and Vidyasagar, 1985) is shown to estimate the DOA of nonlinear autonomous systems. The
advantage of this algorithm is that one does not have to know the solution of the system starting form different initial values; only a minimization problem (a linear programming problem)
needs to be solved in each step of the recursive approximation procedure. Moreover, the applicable system class is wider than that of the majority of available algorithms can handle (they
are mainly restricted to polynomial systems). And lastly, this algorithm is faster than Zubov’s
method as only about maximum ten steps are needed instead of a few times ten. In addition,
it is accurate enough that one could use it instead of the cumbersome (however more exact)
scanning approach.
A few problems arose during the analysis and implementation of the described algorithm, they
can be divided into two main area. One of them is the deeper investigation of the method
to find broader class of systems which can be analyzed, for example, the class of periodic
non-autonomous systems or the so-called partial stable systems (for definitions see (Rouche
et al., 1977)) are promising. An other important problem is to seek for restrictive conditions
under which the number of iterations could be estimated.
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DISTRIBUTED BAYESIAN DECISION MAKING: EARLY
EXPERIMENTS
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Prague, Czech Republic,
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1. INTRODUCTION
Decision-making under uncertainty is a natural part of everyday life of every human being. In
societal science, various aspects of decision-making were studied, mostly in the area of psychology. In technical science, the process was formalized using probability theory yielding so
called Bayesian theory of decision making (Berger, 1985). However, one of the key assumptions of this theory is that the decision-maker is the only entity that intentionally influences
the system. This assumption is certainly violated in more complicated systems, such as human
society or distributed control. Recently, a serie of papers attempts to offer an extension of the
Bayesian theory for many decision-makers (Kárný and Guy, 2004), i.e. decentralized stochastic
control. Since there are no proofs of optimality of the proposed Bayesian distributed decision
making in the literature, we study this approach via experimental simulation studies. In this
paper we present the first experimental results of the approach.
2. SUMMARY OF DISTRIBUTED BAYESIAN DECISION MAKING
Bayesian decision making (DM) is based on the following principle (Berger, 1985): Incomplete knowledge and randomness have the same operational consequences for decision making. Therefore, all unknown quantities are treated as random variables and formulation of the
problem and its solution are firmly based within the framework of probability calculus.
This task of designing of a decision-maker consists of the following sub-tasks:
Model Parametrization: Each agent must have its own model of its neighbourhood, i.e. part
of the overall environment. Uncertainty in the model is described by parametrized probability density functions.
Learning: Is an operation that reduces uncertainty in the neighbourhood model, using the
observed data. In Bayesian paradigm, this task is reduced to estimation of the model
parameters.
DM Strategy Design: Is an operation that produce a rule for generating decisions based on
the observations. The goal of this task is to design the best possible strategy in order to
reach presribed aims of the decision-maker.
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parameters
Θt

Enviroment

Enviroment
actions
ut

data
yt

observed data
dt

actions
data

actions
Agent 1

data
Agent 2

decision-maker
communication
Figure 1: Illustration of Bayesian (left) and distributed Bayesian decision-making (right).

The previous operations are defined in standard Bayesian decision-making. In order extend the
paradigm for distributed decision-making, extra sub-task must be addressed:
Communication & Negotiation: Decision-makers echange messages with information about
models and aims. The goal of this sub-task is to design proper handling of this information which ensures that individual decision-makers do not act against each other, but
cooperate whenever possible.
With this extra operation, the decision-makers behave like intelligent agents in multi-agent
systems (Weiss, 2000). Hence, we will refer to the extended decision-makers as agents. The
above sub-tasks will be now described in detail.
2.1 Model Parametrization
All quantities observable on the environment at time t will be denoted dt . These quantities can
be either data, yt , or actions, ut , dt = [yt0 , u0t ]0 . Θt is an unknown parameter of the model of the
environment. In Bayesian framework, the closed loop—i.e. the environment and the agent—is
described by the following probability density function:
t
 Y

f d1:t , Θ1:t =
f (yτ |uτ , Θτ ) f (Θτ |uτ , Θτ −1 ) f uτ |d1:τ −1 .

(1)

τ =1

Here, f (·) denotes probability density function (pdf) of its argument. d1:t denotes the observation history d1:t = [d1 , . . . , dt ]. The model represents the whole trajectory of the system,
including inputs ut which can be influenced by the agent. The chosen order of conditioning in
(1) distinguishes the following important pdfs: (i) observation model f (yt |ut , Θt ) , (ii) internal
model f (Θt |ut , Θt−1 ) , and (iii) decision-making strategy f (ut |d1:t−1 ).
We suppose that the observation model and the internal model are given (or chosen from given
alternatives), while the decision-making strategy is being designed.
2.2 Learning via Bayesian filtering
In Bayesian paradigm, the task of learning is equivalent to evaluation of posterior distribution of
unknown parameters conditioned on the observed data, f (Θt |d1:t ). This pdf can be computed
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recursively as follows:
1:t−1

f Θt |ut , d



Z
=



f Θt |ut , d1:t−1 , Θt−1 f Θt−1 |d1:t−1 dΘt−1 ,

f (yt |ut , d1:t−1 , Θt ) f (Θt |ut , d1:t−1 )
,
f (yt |ut , d1:t−1 )
Z



1:t−1
f yt |ut , d
=
f yt |ut , d1:t−1 , Θt f Θt |ut , d1:t−1 dΘt .
f Θt |d1:t



∝

(2)
(3)
(4)

In general, evaluation of the above pdfs is a complicated task, which is often intractable and
many approximate techniques must be used (Chen, 2003). In this text, we are concerned with
conceptual issues and we assume that all operations (2)–(4) are tractable.
2.3 Design of DM strategy
In this Section, we review fully probabilistic design (FPD) of the DM strategy (Kárný, 1996).
This approach is an alternative to the standard stochastic control design, which is formulated as
minimization of an expected loss function with respect to decision making strategies (Astrom,
1970; Bertsekas, 2001). The FPD starts with specification of the decision making aim in the
form of ideal pdf of the closed loop. This ideal pdf—which is the key object of this approach—
is constructed in the same form as (1), from which it is distinguished by superscript I:


f d1:t , Θ1:t → If d1:t , Θ1:t .
(5)
Similarly to (1), the ideal distribution is decomposed into ideal observation model, internal
model, and ideal DM strategy. Recall, from Section 2.1, that model (1) contains the DM strategy, which can be freely chosen. Therefore, the optimal DM strategy can be found by functional
optimization of the following loss function
 



 
L f ut |d1:t−1 , t̊ = D f d1:t̊ , Θ1:t̊ || If d1:t̊ , Θ1:t̊ ,
(6)
where D (·, ·) denotes the Kullback-Leibler divergence between the current (learnt) and the
ideal pdf (Kullback and Leibler, 1951), and t̊ > t is the decision making horizon.
Minimum of the loss (6)—i.e. the optimal DM strategy—is found in closed form:

exp[−ω(ut , d1:t−1 )]
f ut |d1:t−1 = If (ut |d1:t−1 ))
,
γ(d1:t−1 )


Z
f (yt |ut , d1:t−1 )
1:t−1
1:t−1
ω(ut , d
) = f (yt |ut , d
) ln
dyt .
γ(d1:t ) If (yt |ut , d1:t−1 )
Z
I
γ(d1:t−1 ) =
f (ut |d1:t−1 ) exp[−ω(ut , d1:t−1 )] dut .

(7)
(8)
(9)

The decisions are then generated backward in time starting at horizon t̊ with initial value γ(t̊) =
1.
2.4 Communication & Negotiation
Cooperation between autonomously acting agents can arise if their aims an models are mutually compatible. This can be assured at the beginning of an experiment by design. However, the
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models and aims can diverge, since each agent is continually updating them using the observed
data. The process of synchronizing of aims is known as negotiation in multi-agent systems
(Weiss, 2000). In Bayesian paradigm, this operation must also be formalized by means of
probabilistic calculus. No such operation exists in standard Bayesian theory. In (Kárný and
Guy, 2004), one possible formalization of negotiation was proposed using probabilistic merging. In general, merging refers to a process of creating one target pdf from two source pdfs.
When we want to synchronize the aims defined on the same variable, e.g. via ideal distribution
on observation yt , we seek a distribution defined on the same variable. For this purpose, we will
use direct merging operation (Kracík, 2004). Synchronization of models is more demanding,
since each decision maker may have different model, moreover its parametrization is unknown
to the neighbour. The agents may exchange only distributions on commonly known variables.
The task is then to use the neighbours distribution on the data d1:t to modify the posterior
distribution f (Θt |d1:t ). This operation is known as indirect merging (Kracík, 2005).
Direct merging In this Section, we restrict our attention to cases where the sources, and thus
the target, are defined on the same multivariate variable. For merging of partially overlapping
multivariate variables see (Kracík, 2004). Merging is defined as optimization problem, where
the target distribution is found as follows:
f˜ (yt ) = arg min (αD (f1 (yt ) ||f (yt )) + (1 − α) D (f2 (yt ) ||f (yt ))) .
f

(10)

Here, D denotes the Kullback-Leibler divergence, and scalar parameter α ∈ h0, 1i is used to
tune the importance of each source. Functional minimization of (10), yields the solution in the
form of probabilistic mixture:
f˜ (yt ) = αf1 (yt ) + (1 − α) f2 (yt ) .

(11)

Note that complexity of this solution grows with repeated use of this rule, and soon it may
become computationally prohibitive. Therefore, an alternative approach is to minimize (10)
under the restriction of f () being from a class parametrized by multivariate parameter Φ. Then,
the necessary condition for an optimum is equality of all moments of f˜() that depends on Φ,
e.g.
Ef˜(yt |Φ) (yt ) = Eαf1 (yt )+(1−α)f2 (yt ) (yt ),

(12)

for the first moment and similarly for higher moments. Here, E [ ] denotes expected value of the
argument with respect to pdf defined in the subscript. The subscript can be omitted in situations
when it is clear which pdf is being used.
Alternatively, the problem can be formulated in the reverse KL divergence
f˜ (yt ) = arg min (αD (f (yt ) ||f1 (yt )) + (1 − α) D (f (yt ) ||f2 (yt ))) .
f

(13)

Optimum of (13), is found in the form of a geometric mean of the source pdfs:
f˜ (yt ) = (f1 (yt ))α (f2 (yt ))(1−α) .
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(14)

Indirect merging This operation is closely related to Bayesian estimation, and thus it can be
formalized using formula for evaluation of sufficient statistics (Kracík and Kárný, 2005) as
follows:

 Z


1:t
1:t
˜
(15)
f Θt |d
= f1 Θt |d exp β f2 (Ψt ) ln f1 (Ψt , Θt ) dΨt .
Here, Ψt denotes the regressor, i.e. a vector of delayed observation Ψt = [d0t , d0t−1 , . . .]0 , scalar
parameter β governs the importance of the communicated information.
Negotiation Is a process of finding such an aim (or model) that would be acceptable for both
agents. In distributed Bayesian DM, the task of negotiation is reduced to selection of weights α
and β for direct and indirect merging respectively. It is possible to formulate several strategies
how to choose these parameters (Kárný and Guy, 2004), however in this paper, we will assume
that they are chosen a priori.
3. ILLUSTRATIVE EXAMPLE: ROOM TEMPERATURE CONTROL
Consider the following autoregressive two-input one-output model of the environment:
yt = ayt−1 + byt−2 + cu1,t + du2,t + et ,

(16)

where a, b, c, d are scalar parameters and et ∼ N (0, σ) is a realization of normally distributed
noise with zero-mean and variance σ. The environment is influenced by two agents, each
controlling one of the inputs u in (16), i.e. A1 decides on strategy of u1,t and A2 on strategy of
u2,t . However, the agents have incomplete model of the environment:
A1 :
A2 :

yt = a1 yt−1 + b1 yt−2 + c1 u1,t + 0u2,t + σ1 e1,t ,
yt = a2 yt−1 + b2 yt−2 + 0u1,t + c2 u2,t + σ2 e2,t ,

(17)
(18)

Incompleteness of the model is hard-coded by zero coefficients of input actions of the other
agent, which means that the agents are, by design, unaware of the actions of the neighbour.
The task is to compensate for this ignorance via communication of knowledge.
3.1 Learning
Since both agents are using the same model structure, we derive the learning algorithm only for
one of them. The unknown parameters, a, b, c, and σ, are aggregated into a vector θt = [a, b, c] ,
Θt = [θt , σ]. The parameters are assumed to be stationary, i.e. the parameter evolution model
is
f (Θt |Θt−1 ) = δ (Θt − Θt−1 ) ,
where δ(·) denotes the Dirac delta function. Under the assumption of Gaussian noise, the
observation model is Normal distribution

(19)
f yt |ut , Θt , d1:t−1 = N (θt0 ψt , rt ) ,
where ψt = [yt−1 , yt−2 , ut ]’. Since (19) is from the dynamic exponential family (Kárný et
al., 2005), it is reasonable to choose the prior distribution as conjugate to it, i.e. Normalinverse-gamma distribution:
f (Θt ) = N iG (V0 , ν0 ) .
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(20)

Then, the solution of one step update (3) has also the form of (20) with statistics Vt , νt updated
as follows:
Vt = Vt−1 + ϕt ϕ0t , νt = νt−1 + 1.
−1
Here, ϕt = [yt , ψt0 ]0 . Using assignment λt = Vyy,t − Vψy,t Vψψ,t
Vyψ,t and decomposition Vt =


Vyy,t Vyψ,t
, moments of the posterior distribution are:
Vψy,t Vψψ,t
−1
E [θt ] = θ̂t = Vψψ,t
Vyψ,t ,

E [rt ] = r̂t =

1
λt .
ν−7

The predictive distribution (4), is of Student-t type with νt − 1 degrees of freedom



1
1:t
f yt+1 |d
λt , νt − 1 ,
= St θ̂t ψt+1 ,
1 + ζt

(21)

−1
ψ. Moments of (21) are
where ζt = ψt0 Vψψ,t

ŷt+1 = θ̂t ψt+1 ,


E (yt+1 − ŷt+1 )2 = r̂t (1 + ζt ).
With growing t, (21) rapidly converges to a Gaussian distribution with the same mean and
variance, yielding a computationally tractable approximation.
3.2 Design of DM strategy
Ideal distributions
sian pdfs:

Each agent assigns its own aims of decision making in the form of Gaus
ŷt , Irt ,

I
f (ut ) = N Iût , Iρt ,
I

f (yt ) = N

I

(22)
(23)

where constants Iŷt , Iût , and Iρt can be chosen arbitrarily, however, Irt is chosen as Irt = rˆt
for each participant. This choice reveals important computational simplifications in solution of
(7)–(9).
Fully probabilistic design Note that equation (7) involves predictive distribution f (yt |ut , d1:t−1 )
which is the Student-t pdf (21) for the chosen model. Evaluation of (7) with for Student-t distribution is computationally intractable, however, it is tractable for the following approximation:


 2 
1:t−1
0
f yt |ut , d
≈ N θ̂t ψt , E σt .
Under this simplification and the chosen ideal distributions, the functional recursions (7)–(9)
have the following algebraic form:
− log γ(yt , yt−1 ) = [yt , yt−1 , 1]Jt [yt , yt−1 , 1]0 ,
ω(ut , yt−1 , yt−2 ) = [ut , yt−1 , yt−2 , 1]Kt [ut , yt−1 , yt−2 , 1]0 .
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Kernels Kt and Jt can be evaluated recursively:

ĉ â b̂ 0
ĉ, â, b̂, − Iŷt ĉ, â, b̂, − Iŷt + ĉ, â, b̂, − Iŷt Jt  0 1 0 0 
0 0 0 1

0 0
0

0 0
0
,

0 0
0
Ir
r̂t
t
0 0 0.5 ln( r̂t ) − 1 + Irt + J1,1;t r̂t


Iû
1
t
0
0
−
2ρt

 2ρt
 
Xuu Xuψ
0 0
0
 0

Xt = Kt + 
,
=
Xψu Xψψ
0 0
0
 0

I
I
− 2ρûtt 0 0 2ρûtt + 0.5 log(2πρt )


1
Kt = I
2 rt

0
 0
+
 0
0

i0 h

h

Jt−1 = Xψψ −

i

h

i

Xψu Xuψ
.
Xuu Xuu

The stochastic controller is then:

f ut |d1:t−1 = N (ût , ηt ) ,
Xuψ
1
ût = −
,ηt =
.
Xuu
sXuu

(24)

3.3 Direct Merging
In this application, direct merging will be applied for merging of ideal distributions on the
output yt ,
I˜
f i (yt ) ←− If i (yt ), If j (yt ).
where j is used as an index of the neighbouring pdf, in our case j = 3 − i. We will distinguish
two types of merging, each is optimal in one sense of Kullback-Leibler divergence.
Merging via linear combination Since the previous results heavily depends on the assumption
of Gaussian ideal distributions, we seek the best possible target distribution from this class. For
the case of linear combination, the optimal solution is found using moment matching (12) as
follows:


2
I˜
f i (yt ) = N Iỹi,t , Iσ̃ i,t ,
I

ỹi,t = α Iyi,t + (1 − α) Iyj,t ,




I 2
I 2
I 2
I 2
I 2
2
σ̃ i,t = α σ i,t + yi,t + (1 − α) σ j,t + yj,t − Iỹi,t
.
Merging via geometric combination Geometric combination of Gaussian distributions in (14)
is again a Gaussian distribution, hence, the optimal distribution is:


2
I˜
f i (yt ) = N Iỹi,t , Iσ̃ i,t ,


2
−2
−2
I
ỹi,t = Iσ̃ i,t α Iσ i,t Iyi,t + (1 − α) Iσ j,t Iyj,t , ,


−2
−2 −1
I 2
σ̃ i,t = α Iσ i,t + (1 − α) Iσ j,t
.
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3.4 Indirect merging
Indirect merging will be used for merging of information about the environment from one
agent to the other. An agent that receives knowledge from its neighbour will update its posterior distribution using (15). Note however, that we can not use this formula directly, since
the agents can exchange information only about mutually known variables. In our case, ϕ1,t =
[yt , yt−1 , yt−2 , u1,t ] and ϕ2,t = [yt , yt−1 , yt−2 , u2,t ], which have an intersection on ϕ̃t = [yt , yt−1 , yt−2 ].
Therefore, in our experiment, we will use the following approximation.
1. ith agent send to its neighbour the following marginal:
Z
Z
fi (ϕ̃t ) = f (yt , yt−1 , yt−2 , ui,t ) dut = f (yt |u1,t , yt−1 , yt−2 ) f (u1,t |yt−1 , yt−2 ) ×
f (yt−1 |yt−2 , yt−3 ) f (yt−2 |yt−3 , yt−4 ) dut .
Here, yt−3 denotes the observed value of yt at time t − 3. Note that the result depends
not only on the estimated parameters θ̂t , E [σt2 ] via (21), but also on the designed strategy
(24). Hence, even if the agents observe the same data, their predictors f (ϕ̃t ) will be
different if they follow different aims.
2. The recipient (jth agent) complements the obtained fi (ϕ̃t ) by its own DM strategy
f i (ϕt ) = f (u2,t |yt−1 , yt−2 ) fi (ϕ̃t ) ,
which can be substituted into (15).
Under the adopted approximation, the result of (15) for the jth agent is again in the Normalinverse-gamma form (20) with statistics:
Ṽj,t = Vj,t + βV i,t ,

ν̃j,t = νj,t + β.

Here, V i,t denotes matrix of expected values
V i,t = Ef i (ϕt ) [yt , yt−1 , yt−2 , ut ]0 [yt , yt−1 , yt−2 , ut ],
which is easy to evaluate, since f i (ϕt ) is a Gaussian pdf.
4. SIMULATION EXPERIMENTS
The example from Section was studied in simulation. The environment parameters were chosen
as follows: a = 0.8, b = 0.2, c = 1, d = −1 and σ = 0.1. The agents were initialized with
flat non-informative prior knowledge on the model, and prior aims Iŷ1,t = 20, Iŷ2,t = 10,
and Iσ1,t = Iσ2,t = 1. These parameters were chosen intentionally to yield conflict when both
agents act in autonomous mode. The devices are chosen to have the same power, which is
restricted by ideal pdf on input signal (24) with assignments Iû1,t = Iû2,t = 0, and Iρ̂1,t =
I
ρ̂2,t = 1.
In the first experiment, the first 40 steps of the operation are used as training period when the
agents do not apply their DM strategy, but generate their actions randomly. The agents start to
apply their strategy at times t = 50 and t = 80. The resulting temperatures, y 1:t , and control
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Figure 2: Simulation results for two agents with conflicting aims.
1:t
actions, u1:t
1 and u2 , are displayed in Figure 2. Note that since the devices have the same
power, shortly after the second agent starts applying its strategy, both agents are running at
(almost) full power, but none of them is able to reach its aim. This conflicting situation results
in waste of energy.

The second experiment was designed to remedy this situation by merging of agents aims at
time t = 90. The agents fully cooperate, i.e. they both of them choose the negotiation weight
α = 0.5. Two merging techniques were studied: linear and geometric combination of aims.
Results are displayed in Figures 3 and 4 respectively. Note that in this case, after t = 90 the
power generated by both agents drops significantly, and they both cooperate in order to maintain the negotiated temperature which is 15◦ C. The difference between linear and geometric
combination is in the variance of the aim. Linear combination yields wider margins on the ideal
distribution and thus the temperature varies within this range. Geometric combination yields
tighter margins and the agents must apply more aggressive control to keep the temperature
within the limits, Figure 4.
Even with synchronised aims, the agents may still be in conflict since they may predict different
behaviour of the observed system. Therefore, the third experiment was designed to merge
agents models at t = 140, see Figure 5. This operation has less dramatic effect, however, it also
results in decrease of generated power while preserving the ability to control the temperature.
5. CONCLUSION
The theory of distributed Bayesian decision-making was applied to the task of control of an
ARX model with two inputs using two autonomous agents. It was shown that in this case, the
proposed techniques of probabilistic merging are able to resolve possible conflicts of the two
agents. This result is encouraging for further development of the methodology.
Acknowledgement: This work was supported by grants MŠMT 1M0572, AVČR 1ET 100 750
401.
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Kracík, J. (2005). Processing of expert information in bayesian parameter estimation. In: Proceedings
of the 6th International PhD Workshop on Systems and Control - a Young Generation Viewpoint.
Josef Stefan Institute. Ljubljana. p. 4. accepted.
Kracík, J. and M. Kárný (2005). Merging of data knowledge in Bayesian estimation. In: Proceedings of
the Second International Conference on Informatics in Control, Automation and Robotics (J. Filipe,
J. A. Cetto and J. L. Ferrier, Eds.). INSTICC. Barcelona. pp. 229–232.
Kullback, S. and R. Leibler (1951). On information and sufficiency. Annals of Mathematical Statistics
22, 79–87.
Weiss, Gerhard, Ed. (2000). Multiagent Systems: A Modern Approach to Distributed Artificial Intelligence. The MIT Press.

252

CONTINUOUS-TIME MODELING OF URBAN TRAFFIC
Jan Zeman
Department of Adaptive Systems
Institute of Information Theory and Automation
Academy of Sciences of the Czech Republic
Prague, CZECH REPUBLIC
E-mail: zeman@utia.cas.cz

Abstract: The present work concerns continuous-time modeling of traffic flow. The model
is proposed for one lane. The general idea is to use available measurements to compute
global characteristic of the whole lane. The approach models traffic flow by describing the
dynamics of an artificial object, so-called congested area. The considered approach is supposed to form a basis for further modeling of roads, cross-roads and city’s microregions.
Keywords: traffic control, state estimation, state prediction, macroscopic models

1. INTRODUCTION
The main motivation for modeling of traffic systems is the growing quantity of vehicles at
the roads. This phenomena leads to many traffic jams at highways and in cities. Majority of
modern city roads is equipped by detectors providing the information about the state of the
traffic network. And many cross-roads are controlled by signal lights.
This control is often noneffective and is not able to prevent the jams. The noneffectiveness
is given by the local control because the signal schemes are designed for one cross-road and
do not respect each another. Thus it calls for the global optimization of the signal lights. The
present detector technology is able to provide the on-line data which can be used for the on-line
control optimization over some area or microregion.
The good on-line optimization is conditioned by the proposing of the good model. This text
take a part in the finding this model.
1.1 Traffic flow terms
Unit vehicle, [uv] represents the ”normalized” vehicle with known properties: acceleration a,
deceleration d, desired speed V , length of the vehicle and reaction time of the driver
Treak . We use the term ”vehicle” instead the unit vehicle from here onward.
Density ρ(t), [uv/m] characterize the number of vehicles moving at the given part of the lane
normalized per meter.
Detectors are equipments providing information about the microregion. The detectors can
measure only two magnitudes: intensity and occupation.
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Occupancy O(x, t), [%] characterizes ratio of the detector activating time given the detector
sampling time Ts : O = Ta /Ts .
Intensity I(x, t), [uv/s] characterizes number of vehicles passing through the point x per time
unit.
Signal lights are providing four signals repeating in given order: red, orange, green and yellow. The yellow and orange signal are signed by yellow light but they are defined for
the terminological differentiation the red-green and green-red transition. The time of one
repetition is called cycle time TC and the activity period of particular signals is given by
signal plan.
Congested area is the part of the lane, where the vehicles influence each other. We will assume
that congested area is only one and it is at the downstream end of the lane. The rest of
the lane is called free-flow area. The x coordinate of the border between congested and
free-flow area is denoted by l.
Congested

Free flow
-

0

L

l

x

Fig. 1: Congested and free-flow areas

1.2 Assumptions
• The architecture properties of the lane are fixed and known. The position on the lane
is given by coordinate x ∈ [0, L], where L is length of the line. Zero position (x = 0)
corresponds the stop-line (see Fig. 1).
• All vehicles in free-flow area are moving with the desired speed. And the desired speed
V is assumed as equal to the maximal allowed speed.
• The signal plan of the traffic lights is known. The signal equipment has only two signs:
red and green, i.e. Yellow and orange signs have zero length. And the state of signal light
is characterized by function G(t):
(

G(t) =

1,
0,

the green signal in time t,
the red signal in time t.

(1)

• The lane is equipped by three detectors (so-called ”stop”, ”far-away” and ”strategic”)
with known position and length - see Fig. 2. Note: The present model uses only the
strategic detector, but the next version will use all detectors.
For simplify the notation, the strategic detector is assumed to be at the end of the lane
x = L.
1.3 Aim of the work
The measured variables do not characterize the situation. Thus, they cannot be useful for direct
optimization. The main reason for this is that the measured variables have the space-discreet
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Far-away

-

3
Strategic

Fig. 2: Positions of detectors

character and we need the global lane characteristic.
One of several global characteristic is the length of congested area, which corresponds with the
real length of queue. The proposed model is based on description of congested area and its
dynamics.
2. DEVELOPMENT OF THE MODEL
This section concerns with the developing of the model. The models is based on the microscopic description of physical phenomena but it provides the transformation to the macroscopic
variables.
2.1 Modeled phenomena
The congested area can be taken as an artificial object object which proposes the following
phenomena.
Density, condensation and dissolution
The density ρ is the main magnitude, which influences the condensation of the congested area.
From the microscopic point of view, the process of dissolution starts at the downstream end of
the congested area, where the first vehicle leaves the queue - the average density is descending
(dissolution) because the length of the congested area is not changing. The first car makes the
hole and other vehicles are moving forward to fill it. So that the hole is propagating through
the area - but in the opposite direction to the vehicles. When the hole reaches the end of the
congested area, the length l is reducing - the condensation.
There are many holes because all vehicles, left the area, make their own holes. The holes
propagate through the area with the constant speed c. It means that the first condensation
begins after delay ∆T = l/c since the first vehicle left the lane.
We need to describe mentioned process by the macroscopic variables like density and length.
Let us assume the congested area with N vehicles and length l. We obtain the average density
as follows: ρ = N/l. And if the density is not maximal - there are holes to fill - then the length
l will descend and the density will grow to the maximal possible density ρM ax while the length
l will descend to the minimum for the given number of vehicles lmin = N/ρM ax , where ρM ax
is known constant.
The output speed
The output speed V1 is related with the green signal. When the green signal switch on, the first
vehicle starts to move with acceleration a. When the vehicle leaves its place, then the vehicle
behind starts to move, but the second vehicle leaves the lane with a higher speed than the first
one, because it has longer distance to the stop line.
From macroscopic point of view, the output speed is growing with the constant acceleration a.
The drivers reaction-time take the part only by the first vehicle in the queue because the next
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ones have lot of time to prepare for their starting.
End of queue
All vehicles start with acceleration a, so the last vehicle in the queue is also moving with this
acceleration but starts with some delay. The speed of the last vehicle characterizes the speed of
the congested end - the condensation speed - and relies at the dissolution and its propagating in
the congested area.
2.2 Model equations
Despite continuous modeling used, the model variables will be calculated by computer and the
final realization will be discrete. So that the following equations should be in the computerfriendly shape.
Table 1: Used notations
t
∆t
x
V
ρM
a
d
Treak
l
ρ
V3
I3
V1
I1

time
simulation step
coordinate
desired speed
maximal density
vehicles acceleration
vehicles deceleration
reaction time
length of congested area
average density
condensation speed
upstream incoming intensity
outgoing speed
downstream outgoing intensity

Note: The indexing of variables is analogical to the detectors indexing, for example a1 the
acceleration of the speed V1 .
The outgoing speed
The outgoing speed V1 is calculated as the speed of the accelerated moving with an acceleration
a1 (t). Respecting the influence of the signal lights, we obtained:
V1 (t + ∆t) = G(t + ∆t) V1 (t) +

Z

t+∆t

t

!

a1 (τ )G(τ − Treak )G(τ )dτ .

(2)

The terms have following sense: G(t + ∆t) makes the speed equal to zero, if the red sign lights.
G(τ − Treak ) introduces the reaction delay of the first driver, when the green signal switched
on. This delay shifts all drivers by Treak . G(τ ) characterizes the end of the green signal, where
the reaction time is zero.
The positive value of the speed V1 starts the dissolution. It is useful to define the dissolution
function:
(
1,
V1 (t) > 0
δ(t) =
(3)
0,
otherwise.
The condensation speed
The condensation speed V3 can be expressed using the same idea as V1 but with the green signal
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function G(t) replaced by dissolution function δ(t):
V3 (t + ∆t) = V3 (t) +

t+∆t

Z

a3 (τ )δ(τ −

t

l(τ )
)dτ,
c

(4)

where the term l(τ )/c characterizes time delay needed to propagate of the holes from the downstream end of the congested area to the upstream end.
The incoming intensity
The intensity I3 (t) is measured by the strategic detector, which is placed at the coordinate
L. This intensity is only time-depend variable, which can be used via the following formula
(Helbing et al., 2005):
I(x, t) = I(x0 , t − ∆τ (x0 , x))
(5)
where ∆τ (x0 , x) is time needed to reach point x from x0 .
The vehicles are moving with the desired speed V until they reach the end of congested area they slow down to the speed V3 and join the congested area. We obtain:
I(x, t) = I(L, t − ∆τ (L, x)) = I3 (t − ∆τ (L, x)),

(6)

where the time-shift ∆τ (L, x) can be calculated via formula for the moving with constant
deceleration d:
 q
2(L−x)

+
d
∆τ (L, x) =
 2(L−x) ,

L−x
V

−

(V −V3 )2
,
2dV

if
if

V −V3

V −V3
d
V −V3
d

q

≤ q 2(L−x)
d
>

2(L−x)
d

(7)

the first formula corresponds to, when the vehicle has enough distance for decelerating. The
second case characterizes situation when the distance is not enough for decelerating and the
deceleration is greater than d - this case is necessary in situation when the coordinate x is near
to L.
Using the formula (6), (7), the number of vehicles N can be expressed:
N (t + ∆t) = N (t) +

Z

t+∆t

I(l, τ )dτ −

Z
t

t

t+∆t

V1 (τ )ρ(τ )dτ

(8)

where the second term expresses the incoming number and the third one the outgoing number
of vehicles.
The length and density
The length of congested area l depends on the condensation speed V 3 and incoming intensity
I3 :
Z t+∆t
Z t+∆t
I(l, τ )
dτ −
V3 (τ )dτ
(9)
l(t + ∆t) = l(t) +
ρ(τ )
t
t
where the second term characterizes the outgoing vehicles and the third one the incoming vehicles (by analogy with (8)).
The variable ρ(τ ) is the average density at time τ and the term I(l, τ )/ρ(τ ) characterizes the
queue enlargement induced by the incoming intensity. The condensation is characterized by
the last integral.
The next time average density can be calculated via formula:
ρ(t + ∆t) =

N (t + ∆t)
l(t + ∆t)
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(10)

2.3 Assumptions and conditions
There are several conditions, which must be fulfilled to easy model implementation:
Maximal speed is the easiest assumption - the speed V1 cannot step over the maximal outgoing
speed V1,M ax which is given by architecture properties of the cross-road. This restriction
influences the values of the acceleration a1 (t) (see (2)) by making it zero, when the
speed V1 reaches the maximal value. By analogy with that, the speed V3 is restricted by
the desired speed V and influences the acceleration a3 (t) in equation (4).
Red signal makes the speed V1 equal to zero. This exception is included in the first term of
the equation (2).
Length of congested area l cannot leave the interval [0, L]. So that the outgoing and incoming
intensity terms in the equations (8) and (9) must be changed to keep the value l in the
mentioned interval.
Minimal density behavior is one of the disadvantages of the model. If the density decreases
under the value ρmin , then the model ”accelerates” the vehicles in the congested area. The
reason is the use of the average density which supposes uniform distribution of vehicles
in the congested area.
Use follows to solve this: ρ ≤ ρmin ⇒ ρ ← 0
Output intensity cannot reach value higher than number of cars in the congested area:
I1 (t) ≤ ρ(t)l(t)

(11)

This condition is related with the mentioned minimal length restriction.
3. PRELIMINARY TEST OF THE MODEL
This section deals with the the preliminary tests of the model. The comparative testing using
the AIMSUN simulation program (GETRAM: AIMSUN version 4.2 User manual, 2004) was
used.
3.1 Model implementation
The developed model was implemented as the MATLAB function. The simulation step was set
to value ∆t = 1 s. The following assumptions were adapted:
• The desired speed V = 50 km/hour was used as the input and maximal output speed.
• The accelerations a1 (t) and a3 (t) are defined by:
(

ai (t) =

3 m/s2 Vi (t) < V
0 m/s2 Vi (t) = V

where i ∈ {1, 3}

(12)

• The used value of deceleration is d = 4 m/s2 .
• Effective vehicle length equals to 5 meters and corresponding value of the maximal density ρM ax = 0.2 uv/m.
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• Drivers reaction time equals 1.83 s.
• The speed c defined by function: c(t) = Treak1 ρ(t) . This dependency is calculated at every
simulation step, because the propagation of the dissolution is function of the density.
The AIMSUN model has the following characteristics: one lane (L = 100 m) with three detectors, one signal equipment and one class of vehicles. This setup has only few variables can be
set: signal lights and the input intensity.
The set of simulations each of length 3600 s is prepared to illustrate the physical behavior of
the model:
Table 2: Set of simulations
NR.
1
2
3
4
5
6
7
8
9
10

Green time [s]
15
15
15
15
15
15
15
20
30
40

Cycle time [s]
75
75
75
75
75
75
75
75
75
75

Intensity [uv/hour]
100
200
300
400
500
600
700
300
300
300

Note
Under-saturated
Under-saturated
Saturated
Saturated
Over-saturated
Over-saturated
Over-saturated
Under-saturated
Under-saturated
Under-saturated

The saturation means the equilibrium between input and output, when the congested area is not
empty at the end of the green signal and the length of congested area grows slow. The saturated
(it means neither under-saturated nor over-saturated) situation is very unreal because the length
of congested is either zero or the maximum and the change between this takes about 5 minutes
and not whole hour.
3.2 Model variables
The length of congested area l is the most important output from the model. The simulation
set number 2 is used as an example of the length modeling (see Figure 3). This case characterize
the under-saturation on the lane when the length l does not reach the maximum - the length of
lane. The disadvantage which can be seen from the Figure 3 is the time shift between model
and AIMSUN, which is one or two seconds - the model has the faster dynamics than AIMSUN
one.
Density and speeds: An example of the density and modeled speeds behavior is shown at
Figure 4. There was used the model output from the over-saturated simulation set number 7.
The density ρ is descending (see t = 600 s) and the output speed V1 starts to grow at the start
of the green signal ant the dissolution also propagates. The propagation takes about 20 s and
then the speed V3 starts growing.
The behavior of these variables seems be good but the descending of the speed V3 is to steep to
real deceleration - this disadvantage should be removed in the further version of the model.
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Fig. 3: Length of congested area

3.3 The results
The quality results compared with AIMSUN data is expressed by (results see Table 1):
Q=

P

100%

|l(t) − lreal (t)|
3600

t∈{1...3600}

maxt∈{1...3600} lreal (t)

(13)

where l is the modeled length of congested area and the lreal are AIMSUN values.
Table 3: The results of simulations
NR.
1
2
3
4
5
6
7
8
9
10

Green time [s] Cycle time [s] Intensity [uv/hour]
15
75
100
15
75
200
15
75
300
15
75
400
15
75
500
15
75
600
15
75
700
20
75
300
30
75
300
40
75
300

Q[%]
3.58
6.91
31.74
29.56
16.71
16.90
13.95
7.59
8.27
9.86

Note
Under-saturated
Under-saturated
Saturated
Saturated
Over-saturated
Over-saturated
Over-saturated
Under-saturated
Under-saturated
Under-saturated

It is easy to see that the model provides good results in under-saturated situations, acceptable
results in over-saturated situation and bad results in saturated situations.
4. CONCLUSION
The continuous-time modeling of the lane was proposed. The set of simulations and their
results illustrate the model potential.
The results of the simulations are acceptable because model provides good results in the typical
under- and over-saturated situations. This property qualifies the model for further use as the
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Fig. 4: Modeled variables

basic structure for designing the model of the microregion including multi-lane roads and crossroads. New relationships must be included into the model for preparation to the connection in
the microregion model - especially variables connected with the propagation of information
from one lane to another one.
The used simulations were restricted by many assumptions. Here is the list of the assumption
which should be generalized in the further research:
• The average density should not be used. The space-continuous density gives better results
- despite the higher complexity of the solution.
• The yellow and orange signal should be used. This feature influence the driver reaction
times.
To reach this features, the model should be enriched about the information from another detectors of neighboring cross-roads because proposed model uses only the strategic detector
information.
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